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GRASSMAN MANIFOLD K3
4 IN THE PROJECTIVE SPACE P7 

WITH CHARACTERISTICS CONSISTING OF A QUADRIC 

AND TWO PLANES 

JOSEF VALA, Brno 

(Received May 17, 1990) 

Summary. Some results in the geometry of four-parametric manifolds of three-dimen
sional spaces in the projective space Py are found. The properties of such a manifold V^ 
with characteristics consisting of a quadric and two planes are studied. The properties of 
the manifold dual to V3 are found. 

Some results in the geometry of linear spaces from [1], [2], [3], [4] are used. The notation 
of the quantities is the same as in [4]. 

Keywords: Differential geometry of systems of linear spaces 

A MS classification: 53A20 

Let us consider a four-parametric manifold V£ in the projective seven-dimensional 
space P7. Let the three-dimensional linear spaces P3 be the generators of V34. With 
each space P3 we associate a frame consisting of independent points A% € P3, t = 
1,2,3,4, Ai £ P3. The fundamental equations of the moving frame are 

' ' ' M = 1,2,3,4 
dAi—u;Ak + &iAk> 

where the forms a;*, u>*, u>f, a;* satisfy the structure equations of the space P7 and 
u>* are principal forms. 

In all calculations we set t, j , fc, r,8 = 1,2,3,4. The tangent space of V34 at a point 
M 6 P3 (the space T(V^4, M)) is the linear space determined by the points Ai and 
the points dM. The point M is called a focal point of order q of V§ if the dimension 
of T(144, M) is equal to 7 - g (Q < q < 4). We assume that Q is a principal form. Q is 
the torsal form corresponding to the focal point M € P3 of order q if the dimension 
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of the subspace Q = 0 of T(V3,M) is less than 7 — q. We shall assume that there 
are two focal points of order 3 in each space P3. We locate A\, A2 at these points. 
We locate A3, A4 at the focal points in general of order 1 of the space P3. 

The forms Qk are linear combinations of one principal form only. We denote this 
form by u>\. Similarly u>% are linear combinations of one principal form. We denote 
this form by u>2. We assume that w\,u)2 are linearly independent and that they are 
torsal forms of .A3, A4% too. The forms UJ3 are linear combinations of three principal 
forms QJ\, u>2, W3, the forms u>4 are linear combinations of three principal forms u\, 
u>2> ^4- We assume that u>\, u>2, u>3i ^4 are linearly independent. Hence we obtain 

( i ) 

dA\ =w}Afc+wip} l Í4 

dA2 =- vkAk +W2<Pk2%k 

d-43 = w3Ak+ u\<PslAk + <*>2<Pz2Ak + w3<p%3Ák 

dA4 = w\Ak +u\<PklÁk +M2<Pk2Ak + u)4<p4
4Ak 

where <pkr are functions of the parameters of the frame. 
The characteristic of the space P3 is the set of the focal points of V3 in P3. We 

find the equation of this characteristic. Let M = x*Ai. Then 

AM = ui[c l<pklAk + x3<pk
3
lZk + x4<pklIk) + u>2[**VpZk + x3<pk2Jk + x4<pk2Ik] 

+ w3x
3<p$3Ak + u4x

4<pk
4
4Ak + [...] 

where [...] are linear combinations of the points A\, A2, A3, A4. M is a focal point 
of P3 if 

* - 3 * - 4 f * . - / * * * -L * .3 ,.->*- -L. ^ 4 / A * 1 * - 2 / « * 2 -L * 3 / ^ 2 1 ~4, Jb2 ,..1:3 ,Jfe4\ _ n 

x x (x <p\ + x <p3 + x <p4 ,x <p2 + x <p3 + X <p4 ,<p3 ,<p4 ) = U 

holds. The rows of the determinant on the left hand side of the equation are deter
mined by k = 1,2,3,4. This equation implies 

• 3 * . 4 J* - *3 .7 / Jkl ,Jfe2 ,Jb3 ,Jk4\ , m\JSgtJk\ ,Jk2 ,Jb3 ,Jfe4\ • ~\~4(,„k\ tJk2 ,Jk3 ,Je4\ 
xx [xx (<px ,<p2 ,<p3 ,<p4 ) + x x (<pt ,<p3 ,<p3 ,<p4 ) + x x (<px ,<p4 ,<p3 ,<p4 ) 

+* V(*>*1, «**, rf», <P?) + (**?(&, A ' , St3, Pi*) + * V [(*$', *?> rf*. <P?) 
HdlM\<P" <P?)l+«V(^s<pk

2
2, A 3 , <P$4) + (x4)2(<pk

4\ <pk2,<pi3,<pk
4

4)} = 0. 

Proposition 1. If there exist two focal points A\, A2 of order three with different 
torsal forms u)\, v% and two focal points A3, A4 of order one with common torsal 
forms w\, u>2 in P3, then the characteristic of P3 consists of the planes (A\, A2, .A3), 
(A\ , .A21 .A4) and a quadric. All points of the plane (A\, A2, A3) have the torsal forms 
wi, 0*2, W3, al/ points of the plane (A\, A2, A4) have the torsal forms u>\, u>2, ^4-
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This follows from the preceding equation and (1). 
We consider the section of the quadratic characteristic of P3 with the plane 

(i4i ,.421^3). We obtain the equation 

X1 * 2 (V» , V,*2, ??, <P\A) + X 1 * 3 ^ 1 , V?> V33- <tf) + S 2 * 3 ^ 1 . <P?> A*> A*) 

+(*3)2(^,,^2,^3,vr)=o. 

We shall assume that A3 is the pole of the line (A\, .A2) with respect to this conic. 
Hence 

<<p\l,<pi\ <pi3,<Pk
4
A)=0 A W . ^ t f , ^ = 0 . 

The functions <p^2 are linear combinations of <p%3
t <p\4, <p\x, while <p\l are linear 

combinations of <p%3, <p\4, y?*2- Hence 

, Jk2 _ -12 , Jfel , ^32^*3 1 *A2. Jb4 
( . 9s = * 3 V̂ l + «3 ^3 + K3 ^4 
^ ' , Jbl _ - 2 1 , Jb2 , i-3l" Jb3 • -41 , J(?4 

V*3 = *3 <P2 + ^ 3 ^ 3 + K3 <PA ' 

We consider the section of the quadratic characteristic with the plane (.Ai,.A2, .A4). 
We obtain the equation 

s 1 * 2 ^ 1 , <P?, A 3 , < P \ A ) + s 1 * 4 ^ 1 , tf, <pi3, <p\A)+***4(<p?. v?, <pi3, <PV) 

We shall assume that AA is the pole of the line (A\^A^) with respect to this conic 
Hence 

(<PV , <pk42, <pi3, <Pk
4

4)=OA(^', <p?, <pi3, <p?)=0. 

The functions <p\2 are linear combinations of ^§3 , <p\4, <p*1, the functions <p\l are 
linear combinations of <p%3> <p\4, <p\2. Hence 

, Jb2 _ -12..,*! . -32 .^3 , -42, Jk4 
,„v 9A - KA 9\ + *4 93 + K4 9A 

9A " KA 92 + KA 93 +K4 9A ' 

We locate the point A\ in the space T(V£j A\), the point Ai in the space T(V£, .A2), 
the point A3 in the subspace ui ==. 0*2 = 0 of T(V£, -A3), the point AA in the subspace 
u>\ = <j*2 = 0 of T(V^, .A4). It is possible to use the specification 

. v « = V f » s s v , « = . 0 A ^ , - . l . 

VJ2 = ^ 2 = ^ 4 2 = O A ^ 2 = I 
U vi3 = ^ 3 = ^ f = 0 A ^ f = l 

^ = y , « = V?34 = 0AV»44 = l . 
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Using the relations (1)> (2), (3), (4) we obtain the following equations of the frame: 

d.Ai =u/fi4jb+u/iJii 

dA2 = M2Ak + w2%* 

di43 =s ^iAk + 4 2 w 2 ^ i + K\XWXA2 

(5) + (K^U/I + Kfw2 + u/3)-43 + (K^U/I + K£W2)AA 

dAA = vAAk + K\2W2AI + K\1UXA2 

+ (K\XUX + K\2U2)AZ + (K^U/I + k? u/2 + u/4)J44 

d%i = u/*.4* + u/*3*. 

We determine the exterior derivative of the coefficients at A\, A2y .A3, AA from the 
first four equations of (5). From (5) and from the structure equations of P7 we obtain 

du/i = (u/1 - a\) A u/i + (K^2u/f + K42U/j) A u/2 

du/2 = ( i c l ^ + K2Jw\) A u/i + (<jj\ - a\) A u/2 

A, » —' f .rl*-31 .X j.-31/ / i 1 J . M 3 i ,-;l /-f3\ -32^21, ,3 -32 ,-21, .4 dU/3 = [ — CIK3 + K3 lv— U/i + U/3 + U/i — U/3) — K3 K3 U/2 — K3 K4 U/2 

+ K ^ - K%1 a\ - K ^ t t f ] A U/i 

+ [ - dKf + K\2(-U,2 + u/| + u/2 - u,|) - K?K\2U\ - i«S^»wJ 

+ K|2U/J - 42u/f - K|2U/|] A u/2 

+ [u/|-u/i]Au/3 

du/4 = [ - d K f + K?(-U>\ +U>\+a\ - ^ ) ~ K f K 2 1 U / f - K f K 2 1 U / | 

+ K$U>\ - K\Xa\ - K J 1 ^ ] A U/i 

+ [ - dKf + * « ( - « ! + U/< + a\ - U/2) - Kf K12U>\ - Kf K12U/f 

+ *32<4 - Kl^a\ - KA
2a%] A U/2 

+ [u/4-u/J] Au/4. 

Using these equations we conclude 

(7) 
[Ki!u»f + K21u»i - U??] A u»i + u»2 A ur2 « 0 

[KiJU»f + 4 l u > i - flf ] A u»i + [42u»f + K|2u»f ] A u»2 + u»f A u»3 = 0 

[K^u/f + K^u/} - Of] A uii + [42u»f + K32U/?] A u»2 + u»? A u»4 = 0 

U»2 A u»i + [K32u»f + K̂ 2u»2 - U/J] A u»2 =* 0 

frlM + K^u/I] A u»i + [*i2u»£ + icfu»5 - u?§] A u»2 + u»5 A u»3 = 0 

[K11U% + Kilwi] A u»i 4. [42o,f + Kfu/;j - #g] A u»2 + u»2 A u»4 = 0 

M ^ M + 4 M ) - <4 + nff i r l+M+4^4] A u/i 
+ [ d 4 2 + 42(u»i - u»| - u/|+u?l) - «42W3 + * i M + 42®\] A U»2+s£ A U»3 » o 
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[dкi1 + кlx(ш\ - ш% - ш\ + ш\) - к\lшi + кfшl + ĄlQ\)ł\ш\ 

+ [кlҶкз2*! + к\2ш\) -шl + к_2ö? + кІ2û?І + кi2ӣ\] Лш2 + шlł\ш3 = 0 

[к\2(кlXш^ + к\lшi) -ш\+ к\lш\ + к\lшl

z + K\1Q\] Л Ш\ 

+ [dкì2 + к\2(ш\ - ш\ - ш\ + ш\) - 4 2 <4 + 4 2 ^ з + к\2ш\] Л ш2 + Q\ Л Ш4 _= 0 

[dк^1 + кlҶu;} - u/í - ш\ + ш\) - к\Xш3 + к\lш\ + K\1Q\] Л Ш\ 

+ [*\X(*з2w\ + к\2ь>\) - w| + к\2QÏ + кfш\ + к\2ш\] ЛШ2 + Q\ЛШĄ = 0 

[dк.1 + кil(ш\ - шl - õ/} + ûф + кříкзM + кfшi) - л^wá + кІ1©. + к\lQІ) Л u>i 

+ [dк|2 + кi2(ш\ - a;| - ш\ + ш\) + кix(к\2ш\ + к\2ш\) - к\2шi + кl

3

2QJ + кfшi] Л ш2 

4 4 

+ _ 3 Л W3 — 44/3 Л W4 = 0 

[dк?1 + 4 V î - ш\ - _} + _І) + *C42(*з1-'2 + к21-з) - 4**4 + к21öf + к^-4*] л -1 

+ [ d к f + „ f ( _ 2 - _ 4 - iĄ + <~І) + кfҶ/Cз2-*! + «42«Î) " «32W? + «42S? + *42ö|] Л _ 2 

3 3 " 

—ШĄ Л <Д/З + ü?4 Л ü/4 = 0. 

The system (7) consists of 12 equations, these equations contain 32 forms шf, w* 

(••#*)> 

(8) 

d K

1 2 + K3VÍ - - . f + _ } - _i) d/C41 + /C41(_} - W| - _} + O4) 

d / c ^ + i c l H ^ - ^ - ^ + c i ) d ^ + K a V i - ^ - ^ i + C4) 

d«4
2 + «42(^Í - ̂  + <3\ - -5.) d/cf + «»(u,} - _4 - O} + wf) 

d*!1 + lefíur} - u^ - w} + o|) d«f + icf (u;Í - u>\ - _ | + (_»). 

According to the Cartan lemma these forms are principal forms. It follows that the 
forms 

«_12_.21 *.21j_12 *-31_.42 *.41_.32 
K3 K4 J K3 K4 K4 K3 A K3 K4 
j_21~12 A-12^.21 > *.41~32 " x.31^.42 
K3 K4 K3 K4 K3 K4 K4 K3 

are also principal forms. The expressions 

- 2 1 . A 2 ^41^.32 
J - K 3 K4 r _ ________ 

J* ~ TfSpT' J 2 - I_3_"_42 
« 3 « 4 1-4 I63 

are invariants. 
For the quadratic characteristic of P3 we obtain 

(9) XXX2 - (X3)2K2142 - XV(K21K12 + K21K12) -- (^4)2K21K12 « 0. 

If KaXK\2 — ic21/-!2 =- 0 (or J\ == 1) holds, then the quadric is singuliar. We shall 
eliminate this case. 
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Proposition 2. The polar line of (A\,A2) with respect to the characteristic 
quadric of P3 intersects this quadric at points M\t M2. The anharmonic ratio of 
A3, A4, M2f M\ is equal to J\. 

Proo f . For the intersections of the line (_43» A4) with the quadric (9) we obtain 

( 3\2 3 
X ) ^21^12 , £ . ^ 2 1 ^ 1 2 , ^21 12\ , 51^12 _ n 

lxA\2 3 X* 4 4 4 ~~ 

It follows that 

A/. = K } 2 ^ - tgM, Mi = -K?,1 A, + K?A3. 

The anharmonic ratio of A3, A4, M2l M\ is equal to J\. D 

We shall find a condition that M = xM,- be a focal point of V34 of the second 
order. It is necessary to study the rank of the following matrix: 

(10) 

x 3 к 2 1 + x 4 к 2 1 X 3 K 3 1 + X 4 K 3 1 X 3 K 4 1 + X 4 K 4 1 ' \ 3 T * 1*4 * A-3 T * *-4 

+ a 
0 x3 0 
x

2
 x

3
кi

2
 + x

4
к

3 2
 x

3
кf + x

4
кf 

0 0 .4 

If M = x*j4f- is a focal point of order 2, then the rank of this matrix is equal to 2. 
This is satisfied for all points of the line (A\,A2) except the points A\, A2. These 
points are focal points of the third order. Let N3 be a focal point of the second order 
in the plane x4 = 0 that does not belong to (J4I,;42). For this point the matrix 

/ x1 x 3 ^ 1

 K?\ 

U 3 4 2 *2 4%) 
has rank 1. We find the following conditions: 

- 1 ^ 2 (J*\*tA*jn _ n A *.1*.42 « 3 ^12^41 _ n A i . 2 * 4 1 -3 J .21„42 _ n X X — (X ) K3 K3 = U A X K3 — X K3 K3 = U A X K3 —• X K3 K3 = U. 

The first relation is the equation of the section of the quadratic characteristic 
with the plane x4 = 0. From the other relations we find the coordinates of N3: 
N3{K™{Ktl)29K3l{Kt2)2>KtlKt2iQ)' For these coordinates the first relation is satis
fied, too. Similarly in the plane x 3 = 0 there exists one focal point N4(K\2(K^1)2 , 
^-IH*-!2)2*^*-!1*!2) of the second order. N4 belongs to the section of the quadratic 
characteristic of P 3 with the plane x 3 = 0. 

Propositions. In the space P3 there exist thefollowing focal points ofV$ of the 
second order: all points of the line (A\,A2) (except A\, A2) and the points N3, N4. 
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The points N3, N4 belong to the characteristic quadric of P3. The tangent planes of 
the quadratic characteristic of P3 at the points N3, N4 intersect the line (A\y A2) at 
the points R\, R2. For the anharmonic ratio D(A\, A2, R\y R2) we have 

D(AUA2rRUR2)=j2. 

P r o o f . If a focal point of the second order does not belong to the planes x3 = 0, 
xA = 0 then 

X3KX
3
2 + X4K\2 = 0 A A 5 l

T A f = 0 Ax 3 * 4 5 - 0 A x l = 0 A r 2 = 0 

holds. A non-trivial common solution of these relations exists in the case ic îCg1 — 
K3

2K2X = 0. The quadratic characteristic of P3 is singular. This case has been 
eliminated. The tangent plane at the point N3 of the characteristic quadric has the 
equation 

X K3 (K3 ) + X K3 (K3 ) — LX K3 K3 K3 K3 — X K3 K3 \K3 K4 + K4 K3 ) = 0. 

Similarly for the tangent plane of this surface at the point N4 we have 

X1K21(K32)2 + X2K\2(K31)2 - x 3 ^ * 3 2 ^ 2 1 * } 2 + K2
4

1 K1
3

2) - 2x4 K\2 K21 K31 K32 = 0. 

The points R\, R2 have the coordinates 

This implies 

H( A A P P \ - K3 (*3 ) KA (K4 ) _ «A DKAuA2yRUR2) - ^12(^1)2^21(^2)2 - jt-

D 

Proposition 4. The frame associated with V3 by (5) depends on two functions 
of four parameters. 

P r o o f . The system (7) is not involutive. It is necessary to find the prolongation 
of (7). Using the Cartan lemma we calculate the left members of the exterior products 
in the equations (7) as linear combinations of the forms LJ\, U>2> -^3, u-1* We denote 
the coefficients in these combinations by aj.; ocjj = a*,-, q = 1 ,2 , . . . , 12. q determines 
the serial number of the equation of the system (7). We obtain a system of equations. 
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From this system it is possible to calculate the forms u/f, u7* , i £ k and the forms (8). 
We obtain 

(" ) 
3 2 

u»i = a3iu/i 
u/? = a4iu/i 

3 5 
U/2 as a32U/2 

u/i as a2iu/i + a22u/2 

w2 = aíiu/i + ai2a/2 

Ú7? = u/i[/C3la3i - a}i + * 2 1 a 4 l ] - a}2u/2 

u/2 ss a42u/2 Ú72 = -a 2 iu / i + u/2[-a2 2 + řc3
2a32 + K 4

2 a 4 2 ] 
. 3 r 2 31 2 , 31 3 i r 32 2 , 32 3 i 2 

u/i as u/i[a3i/c3 - au + K4 a4i] - [#c3 a 3 i + K4 a4i]u/2 - ai3u/3 

u?í = u/i[#c|la3i - a?i + K+ali] - [-«"aši + a41*4
2]u/2 - a?4u;4 

-3 r 31 5 31 6 i . r 5 , 32 5 32 6 i 5 
u/2 as u/i[-K3 a 3 2 - /c4 a4 2J + u/ 2 [-a 2 2 + K3 a 3 2 + *c4 a 4 2 ] - a23u/3 
Ú72 a-ru/if-ic^a^ - K 4

X a 4 2 ] + u/ 2 [-a 2 2 + #C32a|2 + /c 4
2 a 4 2 ] - a24u/4 1 7 7 7 U?3 as a3iU/i + a32W2 + a33U/3 

2 8 8 8 ú?3 as a3iu/i + a^2^2 + OT33U/3 

1 9 9 9 
û>4 as a4iu>i + a42u/2 + a44u/4 

-.2 10 , 1 0 , 10 
u/4 =s a4iu/i + a42u/2 + a44u/4 u»з as — a4iu/i — a42u/2 — a 4зwз - a44u/4 

.12. .12, J 2 . 3 12 

u/4 = —a3iu»i — a32u/2 — «33^3 — a34u/4 

U*3 = a3iu/i + a32u/2 + a33u>3 + a34u/4 

Ú74 as a4iu/i + a\lu>2 + or43U>3 + a44u/4 

u/3 as u/il-ic^a^i + ic^aJi + #C3la4i - a\x] + u ^ K ^ Í / c ^ a ^ + i c 4
l a 4 2 ) 

+ « 3 l ( - « 2 2 + *32*32 + l«42a42) + *3l<*23 + K3M2 ~ <*í2] 

+ u^f/c^a^ - a î 3 ] + u/4[K^a4 4] 

U'l=u/ l [4 l (4 2 a3l+4 2 a4l ) 
+ 4 2 ( * 3 l « 3 1 - « h + K\la3

4l) + /cfai i + * f «41 - «!ij 
. r 12 1 . 32 8 , 42 10 8 1 . r 32 8 8 i . r 42 10i 

+ u>2[-K3 a i 2 + * 3 a 3 2 + #c 3 'a 4 2 - a 2 2 ] + U/3[K3 a§3 - a 2 3 ] + W4IK3 <»44] 

u/1 == u / i [ - # 4 M l + # 4 l a l i + K^a^i - a?i] + u/2[42(*3 l<*32 + K4M2) 

+ * 4
l ( - a 2 2 + ^320f32 + *420r42) + KV^I* + K̂ OT-tt " <*n] 

+ u/3[4lOř33] + u/4[K4
1a^4 - a? 4 ] 

«Î - u/i [KiWaŠi + *}2*2l) + «Pí*!?1*!?! - «li + tfalt) 

+-Ml + 4M?-«81 
+ u / 2 [ - 4 2 « 1 2 + 4 2 « 3 2 + 4 M 8 - "22] + u>3[42«33] + u>4[42«44 - a $ 

d 4 2 + 42(u»2 - u/i - wl + u>\) as u»i[-4 2 «44 - 4 2 « 3 l - 4 2 < 4 i + a?i] 
r 12 11 32 7 42 9 7 n r 1211 32 7 7 i 

+ u/2[-#c4 a 4 2 - #c3 a 3 2 - K3 a 4 2 + a 2 2] + u/3[-/c4*a43 - K3*a33 + a2s] 

d*?,1 + « I V i - t v l - d\ +Bl) m wil-Klla\\ - « Š M i - 41<*\Î + « i t ] 

+ wat-**1*»^ - «i1 «ta - 4l°>\2 + ot*a) + wal-K^oU - «a1»;» + «ís] 
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dK4
2 + 42(U>! - 4 - a\ + U>{) = U,i[-K32a31 - "42«31 - 4 2 «41 + «2l] 

+ u> 2 [-4 2 a 3 2 - K4
2a3 2 - K4

2a4 2 + « 2 2 ] + u/3[-42«3Í - K32a33] 

+ U4[-42*34-42«44 + *24] 

dKŠ1 + 4 V 1 - 4 - a\ + a\) = »x[-4x«3\ - K^ali - 4l«\\ + «}?] 

+ u>2[-4lal
3\ - 4la6

32 - 4'«\í + «1§] + u^t-KŠ^ - 4l«U 

+ U > 4 [ - 4 1 « 3 4 - K 4
1 4 4 + «Í4] 

dK3' + 4l(<*{ - u>g - ú?} + u?í) = u>i [ - 4la\\ 

- ^ ( - K ^ a g , - ^ * ^ ) - ^ 1 ^ ^ * 1 ! ] ] 

+ U2[-42(K3l*32 + 4l*42)-4í*42 

- i&l(-*h + "32«32 + 4 2 a 4 2 ) - K31a32 + a\2] 

+ »al-4X*\k ~ 4X«33 + a\3] + U>4[-K4
1«4 4 + K11<*U ~ *f*W + *\\] 

d42 + K3
2(w2 - w3. - ú>2 + C3Í) = u>i [ - K^(4 2 a | i + 4 2 a ? i ) 

- 4 2 4 1 + 4 2 (4 1 « 2 i - «?! + 4 l«4i) - *32«3Í + «21] 
+ u>2 [ - 4 2 a i 2 - 4 2 ( - K 3

2 « Í I - « 4 i 4 2 ) - K 3
2 « 3 2 + « 2 2 ] 

+ u>3[-42a\h - 42al
33 + a 2 3 ] + u, 4 [-4 2 aU + 4 2 a 3

4 + K3
2a34 + « 2 4 ] 

d4l + 4 V Í -4~Ol + w3) = u-i[ - KÍla3f 
21/ 31 5 3 1 6 » 41 12 , 12l 

- K4
X(-K3 a32 - K4 a 4 2 ) - K4 a 4 1 + aif] 

+ u>2 [ - 42(Kllal2 + K2,a$2) " " I M ! 

- K 2 1 ( - « Í 2 + K32a32 + K 3 2 * ^ ) " 4X«\\ + «í!] 

+ u>3[-K3
la3! + 4la\3 - 4X«43 + «ÍI] + u>4[-KÍ1a34 - 4la\i + a\\] 

. 32 , 32/ 2 4 -2 , -3\ r 31/ 12 2 , 12 3 v 
dK4 + K4 (u>2 - u>4 - u>2 + u>3) = u>i [ - K4 (K3 a 3 i + K4 a 4 i ) 
- «I2«3? - 42(«llK31 - «?! + 4l«34l) ~ 42«\í + «2Í] 
+ u>2 [ - KŠ 2 « 3 ! - 4 2 ( - K Í 2 « I I - 42a3

4 1) - 42*\\ + *i\] 
_L,. r A " ± » 1 U ..42^12 , 12i 

+ U>3[-K3 a 3 3 + K4 a i 3 - K 4 a 4 3 + a23j 

+ u> 4 [-« 3
2 « 3 4 -K 4

2 a 4 4 + « 2 4 ] . 
Using (11) we obtain from (6) 

(12) 

du>i = (u>! - w1) A u>i + (ar 3 i4 2 + a3i42)[u>i A u>2] 

du>2 = (u>2 - u>2) A u/2 — (a32n3 + ar42K4 )[u>i A u2] 

du>3 = [ - dK^1 + K Í ^ - W } + ("l + u>| - Ů>Í)] A u>i 

+ [ - dK§2 + KJP(-u>! + u?! + wf - ojj)] A u>2 

+ [u>3 - ujf.] A u>3 + [u>i Au>2][ - Ki^aiiKg2 + « Š i 4 2 ) + ^(a^K 2 . 1 + « W ) 

- 4 1 4 2 + a%ď - 4V31KŠ1 - a2
n + 4l*34l) 

+ 4X(~*22 + «32«32 + 4 2 «42) + «3X«42 - 4 2 « 4 l ] 
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+ [W, A W-Ha-UK.}1 " «3'«23 + K3l«43] + [->1 A UA&O^1 + K^«44] 

+ [«2 A w3][«43«42 - *32«13 + 42a\l] + [w2 A »4][a\\42 + *32«42] 

dw4 = [ - d«t l + *.i1(-- ,i +a\+u\- a\)] A u»! 

+ [ - d«.j2 + «42(-w2 + a\ + u>\- a\)) A w2 + [u\ - a\) A W4 

+ [Wl AU2][ - K^VIn*" + «41«42) + "42(«32*3l + «42«21) 

+ °$K? - a$42 - 4 2 ( 4 1 « 1 . - «U + «4l«4i) 

+ ^ 1 ("«22 + "32«32 + «42«42> + 4 l «32 - "4M1] 

+ [u>l A W3][a33'-31 + K¥<*33] + [»1 A »4][a34*3l ~ «24«21 + K4M4] 

+ [w2 A W3][a33«32 + «42«33] + [»2 A W4][a34'«32 - «42«t4 + Itfdjl]. 

Using the structure equations of the projective space Pj, the equations of the 
frame (5) and the relations (12) we form the exterior derivatives of (11). 

Differentiating the expressions for wf, i £ Jb, we obtain 

(13a) Dr'*Aw,]+ £ H*>%, *»,) = *, 
* s l p,<j=l,p?<i 

differentiating the expressions for u;*, t ^ A: we obtain 

(13b) £[r\?tAc,,]+ 2 #<">[«.. A «f] = 0. 
# s l p , j s l ,p^f 

Differentiating the expression for d/cfr we obtain 

(13c) £[ff-'Aa,,] + £ K,tr<™>[W,lWf] = 0. 
*=-l p , f s l , p ^ f 

r'*> r.?*> ffr,J are forms independent of wi, w3, w3l w4-, while tff(p*^, tf?(M), tf*r(p»f} 

are functions dependent on aj^.n. Kmn' ^ l 8 possible to write the system (13a), (13b), 
(13c) in the form 

(-кІ^ПІ - кfíìt) Лwi+ fi^2 Л ш2 - ПІ л шз = 0 

fi*'1 Л шt + (-«з2П? - *42Пi) Л ш2 - ПÍ л шĄ = 0 
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(-K^nf - K^ílt) A wi + fi4.'2 A w2 - tt2 A W4 = O 
fig'1 A W, + fií,'2 A w2 + fí3'

3 A W3 = O 
fíl'1 A w, + fí3'

2 A w2 + fí3'
3 A w3 = O 

fi}'1 A w, + fi4'
2 A w2 + fí\A A w4 = O 

fi2,1 A w, + fi2'2 A w2 + fi2'4 A w4 = O 

ttg'1
 A w, + n3-

2
 A w2 + n3-

3
 A w3 + n3-

4
 A w4 = o 

n 3 , 1
 A w, + n 3 , 2

 A w2 + n 3 , 3
 A w3 + n 3 , 4

 A w4 = o 
fi4;1 A W, + fi3'

2 A W2 + fí3'
3 A w3 - n 3 ' 3 A w4 = O 

fí3,1 A W, + fi3,2 A w2 - n 3 , 4 A W3 + fí3'4 A W4 = O 
ttg-1 A w, + (n 1 , 2 + K^K^n4 + «c.|3K§-_iS + KVfíl2 + KÍ 1 ! , 1 ' 2 + K^fíV2) A W2 

+ (K31fí3'
3 - fí1/) A W3 + K^fíi'4 A W4 = O 

(-n1-2 + K^n4-1 - Kffí1-1 - K?fílS) A w, + n12-2 A W2 

+ (K4
2n4-3 - KÍ2fí3-

3 + fí3-
2) A w3 + (K4

2n4-4 - 42fí4-
4) A w4 = o 

(n2 , 1 + K3
2fí2,1 + Ki^^n? + KV K4

2n| + KÍ2fí2,1 + 42*.2-1) A w,+ 
+ n 3 ' 2 A w2 + (KÍ2fí3'

3 - fí3'
2) A w3 + K3

2fí4'
4 A w4 = 0 

n21-1 A w, + (-n 2 ' 1 - K^fí2-2 - K^fí2'2 + K^n4-2) A w2 

+ (K^n4-3 + fí2'1 - KÍ 1 ! . 2 - 3 ) A w3 + (K^n4-4 - 41*.2-4) A w4 = o 
n1'1 A w, + (n1-2 + K f̂í1-2 + K ! 1 ^ 3 + K2142na + ^fí1-2 + K^fi1-2) A w2 

+ K^fí1'3 A w3 + (K41fí4'
4 - fí1'1) A w4 = 0 

(-n1-2 - K? fí1,1 - K^fí11 + K 3
2n 3 1) A w, + n 1 2 ' 2 A W2 

+ ( 4 2 n 3 ' 3 - K32fí3'
3 A w3 + +(K 3

2n 3 ' 4 - 4 2fíV 4 + fí}'2) A w4 = o 
ío2-1 _ „ 1 2 ^ 2 1 o 3 J_ ^ 1 2 . - 2 1 o 4 _ ^ 3 2 o 2 . ! J. „"o 2 . 1 J. ..-o2.^ A ,. 
(U4 + K3 K4 U,+K 4 K4 W,+K4 W3' +K4 lij/ +K4 íl4' )AW, 
+ n 2 ' 2 A w2 + Kffí\'3 A w3 + (K^fí^'4 - fí2'2) A w4 = 0 
n 2 u Aw, + (-n2-1 + K^n3-2 - K31fí2-2 - 41*.2-2) Aw2 • 
+ (K^n3 '3 - K^fí2'3) A W3 + (Ki 1 ^' 4 - K41fí2'4 + fí2'1) A W4 = 0 
n41-1 A w, + (n41-2 - K^^ni - 42K21nŠ + K41n4-2 - K f̂í4-2 - K31fí4-2) A W2 

+ (K41n4-3 - K Í ^ 4 - 3 + fi4-1) A w3 + (K^n4-4 + KVQÍ + K^n4-3 - n4-1) A w4 = o 
(n 4 1 ' 2 - K f̂i4-1 - K^K3

2n? + Kfnž1 - 42fíil - 4 1 4 2 n 4 ) A w, + n42-2 A W2 

+ (4 2 n 4 - 3 - Ki2fi4-3 + fi4-2) A w3 + (4 2 n 4 - 4 + K3
2ní + K3

2n4-3 - n4.2) A W4 = o 
n31-1 A w, + (n31-2 - K f̂i3-2 + K Í 1 ^ 2 - 41*.3-2 - „ f .ďni - 42K2 1n4) A W2 

+ (K^n3-3 + K^n3'4 - n3-1 + K^nf) A w3 + (^n 3 - 4 - K41fi3-4 + fi3-1) A w4 = o 
(n31-2 _ K^fi?'1 + K^n3-1 - Kffi3-1 - K^K3

2n? - K31K4
2nf) A w , + n f 2 A W2 

+ ( 4 2 n 3 ' 3 + 4 2 n 3 - 4 - n 3 2 + 4 2n?) A w3 + («i2n3-4 - 42fi3-4+fi3-2) A w4 = o, 
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where 

fij, Q j , il2J ^2» ^ l ' »*M >^2* i^2 >*V >*V »*V i^3 » 

n1-1, n4-2, n2-1, n2-2, n4-1, n 4 2 , n4-3, n4-4, n3-1, n3-2, n3-3, n3-4, 
(is) n? 1 , n1-2, n3-1, n t 2 , n4-1, n 4 2 , n 1 1 , n 3

2 , n 2 1 , n2-2, a 1 3 , fi3-
3, 

isi'1, fi1-2, n1-4, n2-1, n2 '2 , n 2 4 , n 4 1 , sir, a } 3 , n3 , 1 - n3-2, fi4
3-4, 

n3
2-2, n ! u , n12-2, n21-1, n 4 1 1 , n41-2, n42-2, n31-1, n31'2, n f 2 

are independent forms of dajfc, d/c ,̂ o/|, a/*, ^3,0/4, a;}, G\, £3, 0/4, 0/1, 0/2, 0/3, 0/4. 
We introduce some of these forms only: 

H1'3 = da33 + al(ul + a\ - 2C3) - /71(3'4)c,4 

fi2'4 = da44 + «44Xu4 + «! " 2*«) + H2(3'4)
W3 

(il3 = da8
3 + c4(W

3 + a\ - 2w3) - )72(3'4)c,4 

<54'
4 = da»4 + a9

44(U$ + a\ - 2C4) + J74
(3'4 V 

The system (14) involves q = 58 forms (15). For the integral elements of (14) we 
obtain 

5i = 32, s2 = 16, s3 = 8, 54 = 2. 

All forms (15) are principal forms. Using the Cartan lemma we can calculate the 
forms (15) as linear combinations of 0/1, 0/2, 0/3, 0/4. These combinations contain 
N = 96 = «i + 2*2 + 3»3 + 4$4 parameters. The system (14) is involutive. The 
solution depends on two functions of four parameters. • 

It follows from (16) that 
a 3 3 Q 4 4 J a 3 3 a 4 4 
rv7 řv10 n8 n9 
a 3 3 a 4 4 a 3 3 a 4 4 

is a principal form. The expression 

rv7 /v 1 0 

I =
 a33 a44 

a33 a44 

is invariant. We shall study the invariant I. 
u/i, 0/2, u/3 are the tarsal forms of V3

4 at the point A3. We assume that 0/1=0/2 = 
0/3 = 0. Then -A3 forms a curve in the space P3. The tangent $3 of this curve at 
the point A3 is determined by the points .A3, K^a^-Ai + K$*a\%A2 - a^A*. This 
follows from (5), (11). Similarly if 0/1 =0/2 = 0/4 = 0, then A\ forms a curve in P3. 
Its tangent £4 is determined by the points At, K^a^Ai + x%lot%$A2 — c*33-A3. We 
assume that fa* *4 do not lie in the same plane. Consequently 

K4 0.331*3 a.44 p̂ K 4 0.33*3 a 4 4 . 
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We consider the quadric determined by the lines (.Ai,.A2), h, *4- Its generator of the 
second system through .A4 intersects (A\, A2) at the point C4 = Ktlot44A\+K3

2a44A2. 
Similarly the generator of the second system through -43 intersects (A\}A2) at the 
point C3 = n3lal3A\ + K%2al3A2. The anharmonic ratio .D(.4i,.A2,C3,C4) satisfies 
the relation 

m A A n r» ^ — *4 a33*3 a44 _ 2̂ £>(.Ai, A2j C3, C4) - 31 f 4 j> 10 - -y K4 033^3 a44 1 

In the above considerations we have studied the manifold V£ whose generators are 
the spaces P3. Now we consider the manifold V2 whose generators are the planes 
x\ = 0. We shall study the characteristics of the generators of V2. The tangent 
space of the manifold V2

4 at the point M = xlA\ + x2A2 + x3A$ is the linear space 
determined by the points .Ai, .A2, .A3 and the points AM. If the dimension of this 
space is less than 6, then M is a focal point of V2. It is necessary to study the rank 
of the matrix 

(*. 42 

x1 - x3a\\ X1 ar3/.?,1 x 3 к 3 1 
x 3 ^ 1 

,*2 - лa 42*3 * 2 
*3к|.2 *347 

-x3a\\ 0 0 X3 0 

-*3< 0 0 0 0 

The points of the line (.Ai,.A2) except .Ai, A2 are focal points of the second order. 

Ai, A2 are focal points of the third order. We assume that x 3 / 0 A a44 ^ 0 holds. 

For focal points of the first order we obtain 

„\J2 ^^3x2^12^21 _ A A *1*,42 3̂̂ .12̂ .41 _ A A *2 <tl ^3^21-12 _ A XX — yX ) K3 K3 = U A X K3 — X K3 K3 = U A X /C3 — X #3 /C3 = U. 

The solution of these equations are the coordinates of a point ./V3; i V s ^ 2 ^ 1 ) 2 , 
K3 (K3 ) > K3 K3 > 0). 

Similar considerations are true for the manifold whose generators are the planes 

x3 = 0. 

We shall study the space P? dual to the space P7. The elements (points) of 
Pf are the hyperplanes_of P7. We denote Ti = (-42,-43,-44,.4i,.42,.A3,.A4), T2_= 
(.Ai,j43,^4,4i,-42,-A3,>l4), T3 = (.Ai,A2,A4,.Ai,^2,-^3,-^4), T4 = (-4i,.A2,-43,.Ai, 
.42,.A3,i44), Ti = (.Ai,.Aj,.A3,.44,.32,-33,.rli), f 2 = (-4I,J42,.A3,.A4,.3i,-33,.34), 
f 3 = (.4i,.A2,-43,.A4,.Ai,i42,.ri4), f 4 = (-4i,.42,-43,.A4,-5i,.rl2,-43). In Pf we con
sider the frame consisting of the points Ti, T2, T3, T4, f 1, f 2, f 3 , f4- The funda-
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mental equations of this moving frame are 

(17) 
dfi =(u/}+u/ | + u/i + u/̂  + u/l+u/3 + u/^)fi 

+ G\T2 - u/Jf 3 + # i f 4 - ^iTi - K1
3

2U>2T3 + K\2UJ2T4 

df 2 = G>\T i + (u>J + u/i + u/i + u4 + u?} + u73 + &\)T 2 

+ $lT3 - Q2
4T4 + K\XU>\T3 - K-fu/iT-t - ^ T 2 

df 3 = - u/?f i + u/2f 2 + (u/J + u/i + u/f + u/4 + u/} + Q\ + Q\)T3 

+ Q%T4 - (icg1*! + «i2u/2 + u/3)T3 + (K^U/I + ic4
2u/2)T4 

df 4 = u/4f i - u/|f 2 + u/|f 3 + (<-/} + u/1 + u/| + <*4 + Cj\ + Q\ + Q%)T4 

+ (K31"! + 42w2)T3 - (k\lu>\ + K\2U>2 + u/4)T4 

dTi = - w}f i + u>2f 2 - £>\T3 + u4f 4 + (w2 + "3 + <4 + u/} + u/2 + u/i + u/|)Ti 

. + U / J T 2 - U / ^ T 3 + U/1T4 

dT2 = u/?f i - u>lf 2 + u>|f 3 - u>?f 4 + u/?Ti 
+ (u/} + u/i+4*4 + u?} + wi+u?i+Q\)T 2 + W!T3 - U/|T4 

dT3 = — u>if i + u/2f 2 — uVjf3 + u/4T4 — u/iTi + iJ2T2 

+ (u/{ + u/i + u4 + u/} + Q\ + u/i + u/4)T3 + u/|T4 

dT4 = ur?f i - u^f 2 + u&T.3 - u^Jf4 + u/̂ Ti - u/|T2 + u/|T3 

+ (u/i + u/i + u/i + u/} + Q2 + u/i + u/4)T4 

where u/f, u/f, i .^ Jb have the form (11). We denote by V̂ *4 the four-parametric 
manifold in P7, whose generators are (Ti,T2 ,T3,T4) . Corresponding to each point 
of this space in P? is the hyperplane passing through A\, A2, A3, A4. 

Proposition 5. The characteristic of the manifold V3*4 consists of the coordinate 
planes with the vertices at the points T\, T2 , T3, T4. These points are focal points 
of the second order. All points of (T\, T2) are aiso focal points of the second order 
and have common torsal forms u/i, u/2. 

This follows from the equations (17). We consider the correspondence K between 
the focal points of the manifold V3 and the points of the generators of V34. Corre
sponding to a focal point of the first order is the tangent space of V£ at this point. 
Corresponding to the focal points of the second or third orders are all hyperplanes of 
the space Pr containing the tangent spaces of V34 at these points. Corresponding to 
the point A\ is a linear combination of T2, T3, T4 , to the point A2 a linear combi
nation of f 1, f 3, f 4 . Corresponding to points of the line (A\, A2) different from A\, 
A2 are linear combinations of f3, f4. The point NZ{K^(K^)2,K^(K^)2

%K^K^^) 
is a focal point of the second order of V3

4. The tangent space of V34 in N3 is de
termined by A\% A2, A3, A4, K12K$1%\ + K11K$2A2 + K12K^A4, A3> There exist 
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two linear independent hyperplanes -K$?K\XT2 + K\XK^T^ -K$*K%XT\ - K^K%XTA 

containing the tangent space of V£ at the point N3. This implies that correspond
ing to the point N3 in K is a linear combination of these hyperplanes. Simi
larly corresponding to the point NA{K^(K%x)2,K\x(K^)2,Q,K^K^)\n K is a lin
ear combination of the hyperplanes T2K\XK^ + T3K%2KIX, T\K\XK^ -TZK^K^1. 

We assume that a point M = xxA\ + x2A2 + x3A3 + x4A+ belongs to the plane 
x4 = 0. We exclude the points of the line (Ai, A2) and the point N3. Then the 
tangent space of V34 at the point M is determined by the points Ai, A2, A3, A4, 
xxI\ + X3K\XA2 + x3K.fAA, A3, X3K12I\ + x2A2 + x3K.fAA (this follows from (10)). 
The point corresponding to the point M in K is the point T\[ — (X3)2K%XK%2 + 
x2x34x] + T2[ - XXX3K£ + ( x 3 ) 2 * ^ 2 ] + f 4 [ x 1 x 2 - ( x 3 ) 2 * ^ 1 ] . The coeffi
cient at T4 is equal to zero if and only if M belongs to the characteristic quadric 
of P3. We assume that a point M belongs to the plane x3 = 0. We exclude the 
points of the line (Ax, A2) and the point N4. Then the tangent space of V£ at the 
point M is determined by the points AXi A2„ A3, A4, xxA\ + x4i*c21A2 + x4/c31A3, 
X4K\2A\ + x2A2 + x4K32Aa, AA. The point corresponding to the point M in K is 

Tx [(X4)2K11K? - X*X*K%»] + f2 [xlX*K? - (.-4)2Ki2^1] + f3 [X1X2 - (*4)2«4 V ] • 
The coefficient at T4 is equal to zero if and only if M belongs to the character
istic quadric of P3. We consider the points of the characteristic quadric of P3 
which do not belong to the planes x3 = 0, x4 = 0. According to (10) the tan
gent space of V34 at such a point M is determined by the points Ai, A2, .A3, A4, 
A3, .r?4, xxX\ + (x3*^1 + X4K2X)A2. Geometrically the last point is the same as 
the point (x3*^2 + X4K\2)A\ + x2A2. The point corresponding to the point M in 
K is x 1 ^ -f- (/cj^x3 + X4K2X)T\. Geometrically this point is the same as the point 
(X3K^2+X4K\2)T2+X2T\. The plane x2 = 0 is the tangent plane of the characteristic 
quadric of P3 and intersects this quadric in the lines 

X*K? + X*K\* = 0, X'K? + X*K%1 = 0. 

The first line contains the point Afi(0,0, K\2, — K32), the second the point Af2(0,0, K2X, 

—K31). The same holds for the plane x1 = 0. 

Proposition 6. Along each generator of the quadric characteristic of P3 inter

secting (Ai, Mi), (A2,M2) this quadric has the common tangent space of Vf. (We 

eliminate the points of (AXl A2) and the points N3, N**) 

P r o o f . We consider the point 5 i ( e , 0 , ^ 2 , ~ 4 2 ) on the line (Ai,Mi) and 

similarly the point S^O,*,/^1 ,-*!1) on the line (A2, A/2). The line (Si ,S2) has the 

equations 

x
x = Ai* x2 = X2t x3 = Ai*12 + A2K2 1 x4 = - A i ^ 2 - X2K

2X. 



This line belongs to the characteristic quadric of P$ if 

« + («!1*i2-42K^)---o. 

We consider an arbitrary point S on this line. The tangent space of V£ at the point S 

is determined by Au Aiy A&, A|, \it%i + [(\iK\2+\2Kll)Kll -(\IK12+A2/C31)/C41].rl2, 

^3, A4. The point corresponding to the point 5 in K is tŤ* + Ť\(K\2K11 - K^2K\1). 

This point is independent of the position on the line of the quadric characteristic of 
P3. • 
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S o u h r n 

GRASSMANOVY VARIETY V3
4 V PROJEKTIVNÍM PROSTORU P7, 

JEJICHŽ CHARAKTERISTIKY SE SKLÁDAJÍ 

Z KVADRIKY A DVOU ROVIN 

JOSEF VALA 

Výsledky náležejí geometrii čtyřparametrických variet trojrozměrných prostorů v pro
jektivním prostoru P7. Jsou studovány vlastnosti těch variet V31, jejichž charakteristiky se 
skládají z kvadriky a dvou rovin. Nalezeny též vlastnosti variety duální k V34. 
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