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Abstract. Estimates of the strong means of Marcinkiewicz type with the Cesaro means
of negative order in one of the variables instead of square partial sums are obtained by
characteristics constructed on the basis of moduli of continuity.
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1. PRELIMINARIES

Let L9 (1 < ¢ < 00) [L°% = C] be the class of all 2n-periodic real-valued func-
tions of two variables, integrable in the Lebesgue sense with g-th power (continuous)

in the square @ = [—x,m; —m, ). Let us define the norm of f € L% as
R 1/q
(//If(z:y)l drdy) when 1 < ¢ < o0,
1l s = Il = § @
sup 'f(z,y)' when ¢ = co.
(z.9)€Q

Consider the trigonometric double Fourier series

S[flz,y) =Y ZAnV(I»y;f)

7=0=0

of f € L9 with partial sums S;x(2,¥; f). Denote by ”;Z’J)(I,y) = g}(l'“(z,y;f)
the Cesaro means (C,v,4) of S[f]-
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Then
oY xy; ) = MEZZA AL Aoy ),

k pu=0v=0
where j,k =0,1,2,...,%,6 > -1 and A = ("F).

i

Double Fourier series of a complex-valued function f € L1 is defined as

S[f)(z,y) = E 2 Cmpe~ima+ny)

where
eme = 20)72 [[ 1w aray,

If f(z,y) is real-valued, the Fourier coefficients c,,, fulfil the obvious additional

conditions. Hence, in our arrangement of S{f](z,y), the expressions A, . (z,y; f) are
of the form

Az, y; f) = oy cos px cos vy + By, sin px cos vy
+ Yuu COS p Sin vy + 6, Sin pa sin vy,
where o, Buv, Vuv, O are specific linear combinations of ¢yn.
For the one dimensional case we will also use the notations L7, || x |[z4, S[f},

(C,8), oi(z; f) which can be understood analogously to the above.
Let us introduce the integral moduli of continuity of f € L7

wi(@)ra =wile, flrem = sup ||flx+hy) = F2,9)|| o
he<0,0>

wa(@) o = wale lrw = sup ||f(z,y+h) = F(2,9)]| o>
he<0,0>

and the characteristics

wi(,_‘h)bﬂ when 1 < ¢ < oo,
Pin = Pin (q) = n N
Frsab ) Wi(m)Lw when g =1 or g = o0,
fori=1,2,
Pmn = Bmn(0) = 91,m(0) + P2,n(a),

ws(ﬁ_i) Lue when ¢ < max(p,2),
Yin = Vin(p,q) =
(n+ D/p=(1/9) m,(ﬁf)“1 when max(p,2) < ¢ < oo,

fori=1,2,

Yomn = YD, ¢) = Y1,m (P, @) + Y2, (0, 0)
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. 1 hen ¢ < max(p,2)
Xn=x"(p,q>={ s e
(n+ 1)1/P=1/9  when max(p,2) < g < o0;

Ln=L.(v)=L (WprJ):{1 when y>0u0ry=0,p=2,g%#1, o0,
- log(n +2) when y =0 and if p= 2 then ¢ = 1, co.

We shall deal with a regular summability method, determined by an infinite func-
. o
tional sequence {ak(r)/A(r)}, c(r) > 0 and A(r) = 3 ai(r) for 0 < 7 < 1, in

such a way that the condition wy = w when k — oo implies

1
. Al ap(rywy >w when r—1, 0<r <1

Ms

,
I}
o

The air: of the present paper is to estimate the following strong deviations of Mar-
cinkiewicz type (1 < ¢ < 00):

il » \!/P
P = (5 oot ozt~ 11, ) (0 #0)

purs Lt

Q7(r; lom = H (A(lr) iak(r) IU,(‘Z’6_1)(I,ZI) - f(lsy)r)l/p

Lt

VSTEERNTE

0 2!+ _2
R = | g5 S S wo]elt @ - e
‘ =0 k=21—1

Laa

for some p, s > 0,7 > 0,6 > 15 and all r € (0,1) by means of the characteristics
defined before.

Our theorems, presented in Section 2, correspond to the results announced in (3]
and [4] for functions of one variable and generalize the results of [5].

The proofs of the theorems are based on a few lemmas which unfortunately cannot
be deduced from the one dimensional results by iteration.

For convenience, let N = [il—r] ¢’ = min(p,q), ¢ = max(p,q), ¢ = 2 - 1,
B =21~ 2, B = min(2"*! — 2, N), and let C; (j = 1,2,3,...) be suitable positive
constants independent of f and r. Let ¢ denote the real number conjugate to ¢,
ie. l/fe+1/E=1 (g, € >1).
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2. STATEMENT OF RESULTS

Considering a function f € L7 and numbers r running through the interval (0,1),

we formulate the following seven approximation theorems:

Theorem 1. Suppose that

00 B G /X o0
W (5 i) <MD ol (=10

1=0
for some finite A > 1,8 and p satisfying the condition (1 — é§)p <1 —1/X. Then
(i) if (1-9)g<1—1/A we have

i 1/p
@ P D < (- T @ )”)
k=0
(i) if the estimate (1) holds with ¥ix instead of i then
e 1/p
(3) PP(r; f)pua {Cs((l—r Z?" Uy p L) >
k=0
Theorem 2. Suppose that
7 Bl oAy ot /> N
4) Z( ‘(*k%.“’—r) SCAMA -7 Y Wb, ((=1,2)
oo \k=au fard
where 29 < N +1 < 29+1 and that
oo 1/x
(5) ‘ ((1 ~r) Y al) r“““) < CAM A -1)
k=N+1
with A > 1 and p such that (1 —&)p <1—1/A. Then
(i) we have
- - N 1/p
(6)  PP(r; f)rae < Cs Lv-2 (’YYD/\.,q) Xy (Mg ((1 -7}y @ ,k) ;
k=0

(i) if (1—-0)g<1—1/A, we have

N 1/p
(M PP(r, f) L <Crly_, ((1 -7) Z ‘I’Z,k) H

k=0

(iit) if the estimate (4) holds with ¥ik instead of ik, we have

N . ~ 1/p
(8)  PP(r;f)rm < CsLn-—2 ((1 ~) Z L5 (/\p,q) + ¥ N (Aps !Z)> .

k=0
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Theorem 3. Suppose that

N 1/x
© (a-n X adne+n7) " <cama -n,
k=0
N N
(10) Do)l < ClAMA -1 Y Wb, (i=12)
k=0 k=0

and that the condition (5) holds with A > 1, § > % and p > 0 such that (1 —d)p <
1—1/A. Then ’
(i) condition (6) holds;
(i) if (1-6)g < 1—1/X, we have (7).
The relation between p and ¢ shows that sometimes it is more natural to consider
the expression QP(r; f) L, the more so that it is possible to obtain an estimate for
a larger range of 1 <.g < o0.

Theorem 4. Let the conditions (4) and (5) or (5), (9) and (10) hold with X, &, p
as before. Then

< N 1/p
(11)  QP(r; f)pe < Crymax(1, (1 — r)M/PV-WDYL,y ((1 -ny ‘Pi,k) .
k=0

Theorem 5. Let f € L7Y and let the conditions (1) or (4) and (5) or (5), (9)
and (10) hold with ¢; x = i x(q') and ), 8, p as before. Then

N 1/p
12 Qi f i < Cualy—a ((1 -1 )
k=0
Theorem 6. Let us assume (fori =1, 2)

B

© 5, s/Ap' oo N/
a9 (8 =) <onana-n (£ )

= \k=au =g \k=a

for some finite A > 1, 8 and p' such that (1 —6)p’ < 1—1/A. Then

, o a e\
(14) RP(r; Pim < Cra ((1-T)Z(g PrLE ﬂm) ) A
=0

k=g
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Theorem 7. If the condition (13) holds with p' = p, vix = ¢ix(¢') and with A,
4, p as in Theorem 1, then

s
=0 \k=ay

o [ B /P
(15)  RP*(rif)pew < Cis ((1—r)Z(Z,<k(Lk<I>k’k(qr))p) )

Let us postpone the proofs of our theorems to the next section. Here we will
present a few lemmas, which will be needed in these proofs.

3. FUNDAMENTAL LEMMAS
First we formulate an evident

Lemma 1. Suppose that g, € L9 (k=0,1,...) and p > 0. Then

n 1/p
(16) (% umnw) < max(1, 0+ 077) | fouto or) |
V= Lat
n 1/p n 1/p
(17) (z |gk(z,y)|”) < max(1, (n + 1)1/271/7) (Z ”gk”iw) )
¥=0 L =0

(kijn‘rkp loe(a.3) |P)l/p

o 1/
< max(1,(1 = r9)t/P- '/")(E mm(pq)“gk””) ’

Lav
forn=0,1,2,...and r € (0,1) (cf. [6] p. 285).

Lemma 2. Let ux and vy be the Poisson and the Poisson conjugate integrals of
fr € L7 and let

(19)  Fu(z) = F(2; fx) = up(r, ) +ivg(r, z) = % + i(“"(fk) — ib,/(fk))z’/,

v=1

where z = re'®, 0 < r < 1 and av(fx), b.(fx) are the Fourier coefficients of fx. Then
for r € (0,1) and p > 1 we have

1 1/p
(e S tmicer)

L

(20)‘ (,1+1Z|fk )UP

Cm ‘
-T
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but if fr € L1 and f")(z) = fu(a.,y), then

1/p
(20) | (nﬂ Z|F’(1e" 7 ) < Cir 5 (T | itz w)|” )
k=0 Lt \ k=0 L4
dF(z
where n =0,1,2,... and Fj(z) = dk( ).

Proof. We will prove inequality (20) only, because the proof of the other, (20'),
runs similarly.

Analogously to the proof of Lemma 1 in [3] we estimate every term on the right-
hand side of the inequality

( n ) i/p
k: L7
l 1 i dup(r.x) NG + |.m(r ) [P
< r n+ nt+1 oz ) n+ 1

On the basis of the Téyama inequality ([6] p. 285) we have

( >/p
n+1 -

g 1o ! rsintdt
;(n+1kzzo1—__/(fk(1) fk(3«+t))(1_‘_

2rcost +1r2)?

")

uL Bup(rz)

p)l/p
-2 | s It] dt

- /(lewz) fk(x+t>\) T 5ot 777
172
= /

If0<r< 3, then

Lu

A

Le

Zlf — fil I+,)| '/ [t| d¢ -
n+1 ke k “(1—‘2rcost+r2)24

N

/wv(t)u e

—2rcost + r2)?

where

WZ(e)ps = sup
hI<e

- 1/p
(%H ;}lfk(w) - frlz + h)“’)

L4
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In view of the relation

(21) Wi < 6+ 1D Wi(e)re  (6>0)
we obtain
x
Igcmwp(l—r)u/(J—H):dt Cro == WE(1 = )i
" 1-r —-r "
0
200 [/ 1 & '
S1oy (n+1 PIAC
k=0 Le
24/7t
In the case % < 1 < 1, the substitution y = (1\/; ] leads to
x(l-7

n(l+r) ny(l—r)
” dy < C;
r(l—r) /(1+J vi 2r )Lu 4 07

L2 iz
2 (o)

l—r

L wr - )
-r

Le
(cf. [2] p. 892).

The estimate of the second term is based on Lemma 2.31 from (7}, p. 258, in which
the modulus of the derivative ®'(z) of a function ®(z) regular in a disc is estimated
by the Poisson ‘mtegral of the modulus of Re ® (in our case ®(z) = 5= 2 F(pe'*) and
the disc is |2} < 1 — -52). We obtain
l( z": Ovg(r, z) )/p
r\n+l= T o

La

L 1-59"-(-0-0)°
24+ 20(1 ~ 5¢)cost + %)
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e P\!/?
n+1 k(z‘t ?)

211149/‘

() - ¢
2((242)2 — o(1 + o) cost + ¢?)

- x n 1/p
_1 4 1+¢ 2 )
_T/Zn(l—g) 2 /1+g< Za"uk ,z|

0

(e -¢
—o(1+ o)cost + ¢?)

Ly

X dtde

La

dtdp.

By the previous computations we have

1+g(

and so we finally obtain

2

1/p
2w (H2,2) } )

2 —
< (Cre + Cao) =2 WE(352)
La

1 n auk(rz) 1 / 41 ey
;( Z < 5 (Cio + o) ——79——170Wn( 72) de
L
n /P
1 r 2 1 »\'
= P(] )< —2 C. -
< r021 1-r wit-n < 1-7r G (n+lk§]'f’c(1)| ) L4
Collecting the results, we get (20). [m]

Lemma 3. Suppose that fi, € LY or fx € L9, 1 < ¢ € o0 and k =0,1,2,.
If §>0andp> 1, then

(22) (nil i) HL <cu| (28 :;Jf a)" }

or

o |rgemor)], < |G ERean],
forn=0,1,2,...
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Proof. In the proof of (22) we apply the integral representation of the Cesaro
means (C,d) and the Minkowski inequality. Then

1 2 NP
(n+1 ; ) .
17 1 & ,
< E/l (71_‘_1;[)‘”(1-}!)[
1 & . 1/p
(mgm(z)l )

%/f,,(xwtt)f\’,‘f(t)dt

0

1/p
K1) ”) dt

L1

<

17 .
- max |Kl,(t)[ dt,
n ) nv<on

L 2y

where
sin(lc + l)15
KQ(t) = —o—mt
30 2sin §
1 &
~1 700
K0 = 77 240 16w
v=0
for6 > ~land k=0,1,2,...
Since the kernel K is quasi-positive for § > 0 ([7] pp. 151, 157), we have

l/ max |K¥(t)|dt <

n J agv<2n
u

C2 for 6 >0
Caolog(n+2) foré=0.

Thus, for § > 0, (22) is proved.
Our estimates can be essentially improved only for 1 < ¢ < 00, § =0 and p = 2.
In this case the inequality (see [8] formula 2.16)

n

e | (i‘\sk., (@ fu)l’)% 17 < Co [ (2:%

=0 2

f.,(w)|2>l dz  (1<g<o),

where k, is any natural-valued function of v, for k&, = v gives (22). In a similar way
we can obtain (22') and thus the proof of Lemma 3 is complete. [m]

Lemma 4. If § > L and p > 0 such that (1 - 8)p < 1, then, for any q, s such

2
that either s = q or
5> ;_LI whenp 2 2,
“1 2 when0O<p<2,
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m /s m /s
e (S St )| <co|(mmginer) |
m 06 I (])4 ps/p 1/s m f
o0 |l o)) | <eal(@einenr)”]

where m,n =0,1,2,...

Proof. We will prove only (24), since (24') can be obtained analogously: using
estimate (20') instead of (20).
It can be easily observed that

1 = 1 & 51 R s/p\L/®
<71;+1§(,1+1;|0u (z;fk)l) )
1 s/o\!/¢
<G (m+lg(n+12b (z; fr) ) )

Lu

L4
1/s

5— s/p
<m+12(n+12|0 Y fi) —ol(x fk)’) )

=Cy (A" + BY).

L

In order to estimate A’ we shall reason as in the proof of Lemma 3. Namely, for § > %,

ps=1
P)S/ﬂ
Lt

%j((%ﬂém(uf”ﬁ)‘/SNM(ﬁémg(t;;p)l/ydt
(mz '

Without loss of generality we can assume p > 1 because A’ is a non decreasing
function of p and the right-hand side of (24) is independent of p.

1/s

N

/fk x4ty K3(t)dt

sl
m+1k:0 n+1

N

N

1/ max [1& t)|clt
I

ngrL2;

<Cx

L1
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Now, let us consider the expression

. s/p\1/3
s (e (B )|

La

Let p > 2 and § = ——. Then pé > 1, s > p. Using the inequality

p- 2
- 1/s
(Z|§k () |s>
k=0

for gr € L', s > 0, t € (1,+00), m = 0,1,2,... ([6], p. 285) and proceeding analo-
gously as in [4] (see the proof of Lemma 3) we obtain

- 1/s
(zngku;) < max(t, (m+ 1)

k=0 Le

=\ 1/s

s/p
1 [Fyreteeo) P
B(r) <rCas m;(/ |1-rew’| de
L

r (Klﬁ 3 |EL (rei(z+¢))[5)p/s /5
<rom| | [T i dp (s #0).

i —1‘0‘“’]61)

T

L

Applying the Minkowski inequality for ¢ > p and the mean value theorem for integrals
for the other g, we get
s>1/5

e =ren,,

l B
L4

(m;ﬂ gffk(rﬂs)l/s[[

B(r) <rCax

1 < .
(m +1 Z'Fé(re”)
k=0

Ly

Lemma 2 leads to

B(r) < Ci16 Cag Cog (1 — r)(1/P=8-1

(m :— 1 ;’fk(z)ls)lls

andifr=1- m (n > 1), then

B! <e(:Z)’ (nt1) VP B(1-1L;) < e2%Ciq Cog Cao

Lt
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In the case p € (0,2), we can deduce {from the inequality

/v /72
(25) (J Zmz*) s( Zcue*) O<m <),
Y =0 vV ov=0

G & >0)

that the expression B! does not cxceed

. A\

The mean value theorem implies that, for s = ¢ < P,

€2°C16 Cag Cao when s #q.

Lt

1/s
,rex s+l 'z'

‘ /P
B C. A d
() <rCas m+ 1 |1 — rei®}or W)

( quf' e o,
- <mﬁzum ,,>”“uu—rew>-ﬂum

(el )] Jo—re

Collecting the results we obtain (24). a

=71Ca

=71Cy%

|L""

Lemma 5. Forany v 2 0 and 6§ > % p > 0 such that (1 - §)p < 1 we have

(n+1
1 &
n+14

whenn =0,1,2,...

(26)

mLP
0§ (2.y) - a0 (x, y)‘ )

< Cso L w2,n,
Lat

(27) SCulnprn

N7
mwwm—&ﬂmwmw
Lt

Proof. First we will prove (26) and therefore we will denote by G the expression
on the left-hand side of (26). Then
A/ g 1/q
) dy .
Le

- (7l

2n

o} (z [oh (ys S W) = o2 (5 FD)])

n+1;




By virtue of Lemma 3 we obtain

é< C:H wheny>0o0ry=0,p=21<¢< o0,
Crlog(n+2)H wheny=0,p#20rvy=0,p=2,¢g=1, co.
where )
_ 1 (.. ((2) sm1g s PN
(n+1 oL (ui /W) = ol (4 1P W)
v=n L

From the proof of Lemma 2 and by Theorem 2.30 (II) of [7], p. 258, we can obtain
the following generalization of the inequality (20):

P)l/P

Hence, analogously to the proof of Lemma 1 from [3], we can easily get

(11— q
Cap Y 1‘_:)“ when 1 < ¢ < o0,

(n‘mZIFL (re'®)
k=0

< .
La Cs3 (—-“M-F‘f&'g)ﬂdt) when ¢ =1, cc.
15y

1 N Csa W,‘g(ﬁ)“ when 1 < ¢ < o0,
(28) (n+1z F’(1e11) ) < .
La Caz [ ?];-W,f(t)u dt when g =1, oo.
15r

Applying (28) in the proof of Lemma 4, we have
1/q

1 m 1 2n 5 l q/p
C (e =D »LEAR ey
Ci4 W:,’l(%) . when 1 < ¢ < 00,

Cas ("H E wa (+)L ) when ¢ = 1, co.

L1

m

Because the inequality (29) is homogeneous with respect to the sums 3, it can be
k=0

easily observed that the sums can be replaced by integrals and thus we get

1 2n
n+1
v=n

(30)

1/p
o (5 P W) - ot P W) ‘,.)

L1

Ca4 w2 (537 ) o when 1 < ¢ < o,
Css (n+1 ng( )L“) when ¢ =1, co.

Finally, the estimate of G and (30) lead to (26). By symmetry (27) is also true and
our proof is complete. ]
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Lemma 6. Under the assumption v 2 0, § > %, p>0 (1~-8p <1 and

1 € ¢ < 0o, we have

2n 1/p
1 P
(4,8) _ g(v.6-1)
(31) (n 1 Z_: 2% 3 Im) < Cso Ly ¥2,m,
1 & p \/P
©2) (n +1 2 ”055”'7) B “ L'm) S G Lntin
y=n

forn=0,1,2,...

Proof. For the above expressions we apply inequalities (25) and (16) when

¢ < max(p,2) or only (16) otherwise and Lemma 5 (see Lemma 2 from [3]). Thus

our inequalities follow. ]

Lemma 7. If y>0and 6 > % and p > 0 are such that (1 ~8)p <1, then

oo s NP
@ | (a-n 3 el - ol e])
v=N+1 Laa
< Csg max(l. (1- r)l/p_l/")LN,z Y2,n,
] MN/P
€2)) ((1 -1 3 el @y — o )| )
Vv=N+1 L

< Cyrmax(L, (1 - )P~/ Ly 501 v,

when r € (0,1).
Proof. Denote by G' the expression on the left-hand side of (33). Then

Lemma 5 and inequality (18) imply

oo 1’4 1/p
P
o=|(a-n > 3l -l

I=log,(N+2) v=cu Laa

oo

a-n X

I=loga(N+2)

x max(1, (1 — r1/P)1/P=1/9)

s e P
( 3 0 03 (@,y) - oV ()| )
v=ay Lat

N
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< max(1, (1 - r4/p)1/p=1/1)

%0
x ((1 —7) Z ol p(p'/P)eu

5 5 P\
019 e) - oz e )

(3

p \/P
LW>

I=log,(N+2) k=ay
had 1/p
< max(1, (1 - r¥/7)l/p=1/4) ((1 -1 Z 2P PIP (Cyg Lo, w)m)r) )
(=logy(N+2)
It is clear that
(35) ik(g) Soip(g) for k2 i=1,2,....

In the case ¥ >0 or v =0, p=2, 1 <q < o0, using the elementary inéquality
(36) 1-rP<1-r<(p+l)(1=r'/?)  (p21)

and (35) we obtain
p 1/a=1/p
G' < Cy (E + 1) max(1, (1 — 1‘)‘/1”'/(‘)

) , 1/p
x ((1 -7) Z 2lT(p/p)m) ©2,N+1

(=log,(N+2)
p 1/p p 1/q9-1/p
g2\ (; + 1) (- + 1) C30 max(1, (1 = r)V/2=1/9) gy vy
q
In the other case (35) and (36) lead to

q 1/9-1/p
G' < C3o (; + 1) max (1, (1 — )Py gy n oy

oo P (ol L/p
X ((1 -7) Z 2! r(p/p)eu I_QEM (21 + 1)1’)

@7
I=log,(N+2)
q 1/q~1/p
< Ca (5 M 1) max (1, (1 = r)/?79) 03 w11

0o 1/p

log? N (0P e (ol »

x(NP a-n 3 2t @/Plen (28 4 1)
I=log,(N+2)

q 1/9-1/p 1
< Cao (— + 1) max(1,(1 - )} /P=1/9) log T, 2N
P —

1-r Zm TR
P (PP +
X(NP kPr 2 )

k=[N/2]
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1+1/p 1
< Cag C3p 2°H1/7 (5 + 1) max(1, (1 - )/?=1/9) log 1

e P2,N+1.
This implies our inequality and by symmetry (34) holds, too. [m]
Lemma 8. Let v > 0,0 > % and p > 0. Then, with r € (0,1), we have

» \/P
) < Cs9 Ln-22,n+1,

(37) ((14) i ™

v=N+1

oz oy,

P

ol8m — 056;1,7)”

1/p
LW) < Co 291N

(38) ((1 -r) 3

v=N+1

for 1< ¢ <oo0.

Proof. The proof runs along the same lines as the proof of Lemma 7. The
difference, for the case ¢ > max(p, 2), consists in the use of the inequality

o i/p
(s9) (zrkm“@’q>||gk|1:w,)
k=0
.

1/p
<max(r, -7 | (Sl )
k=0 Lo
instead of (18). As a consequence, the coefficient max(1, (1 — r)!/?=1/9) changes to
- T)l/q—-l/pv
In the case ¢ € max(p,2) we apply (25) and then (39) without any coefficient.

Lemma 9. Suppose that v > 0, 6 > % and p > 0 are such that (1 -4§)p < 1.
Then, for1 < g < o,

14

n 1/
(10) 5o ol ~ozo ) ) < CuLuvin
v=0

1
((n + 1)p+1

L

1 n » \l/P
(41) (— S+ olen — o1 L) < Caa Lutpim,
0

sp+1
(n+1)%r+1

whenn =0,1,2,...
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Proof. Denote by G" the left-hand side of inequality (40). In view of Lemma 6

we obtain

"

» 1/p
1,8 -1
oi ozt

wrne 2 2w

v=ay

( 1 logs[(n+2)/2] &

( 1 logo[(n+2)/2)
<

1/p
{41 Sp o1 o
(n + 1)%p+1 @ -T2 L ?:.L\,)

=0

log,[(n+2)/2] N\1/P
5 1 n+1
<20 Cyo Lt (»— > 2y (T) )

O

5 1/p
1 2(pé+1-p)logal(n+2)/2] _ 1
= 9l+4 .
=2 CsoL,xwz,n((n_‘_l)JpH ST E—

< Cyz Lpthan

for pé-+1—p > 0. Because the inequalities (41) and (40) are symmetric the desired
results follow. [u]

Lemma 10. If v > 0,6 >  and p > 0 are such that (1 - 6)p < 1, then

n

1/p
(42) ” <WZ(” ISRACRICANE on"f-”(w,m{")

=0 Las

< Cagmax(1, (n+ DY) L,

n . 1/p

1 P

(43) (m S+ )l (@,y) - dﬁf,"”)(-ny)‘ )
v=0

Lo

< Cys max(1, (n + 1)1 Y2) Ly

forn=0,1,2,...

Proof. The proof runs analogously to the proof of Lemma 9, but we have to
apply Lemma 5 and inequality (17) instead of Lemma 6. [m]
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4. PROOFS OF THE THEOREMS

Proof of Theorem 1. We start with the obvious inequality

(PP(r; )Lm < (A( Za" T (”‘7“'5 R \75)”“‘_”U)(;,(s)_fum)

1< -
+ a0 > ﬁk r (”‘7(7{6 V=0 + oL f“M.,))
k=N+

2p (A" +B” +c' + D).

As is well known,

Cu (01,5 + ©2,0)
when x,n>0,1<g<o0ory,n20,1<g<o0,

Cur (x log(l + 2) +n log(k + 2)) (01,4 + ¥2,)

el
(44) “ f}Lu whenn=0o0r x=0,¢g=1, co,

Cas log(k + 2) log(I + 2) (p1.k + 02,)
when x =n=0and ¢=1, o0

for k,01=0,1,2,... (see [7] pp. 178, 184).
Hence, in view of (25) and (1), we have

o

1 I« o
B+D C']“’A(r Z ) @7,

1/ L& (& afin e 7
2 /\C k kk
40 Z<,; k+1)H)

=i

<2k (1-r) Zrkmggk

k=0

when 7 >0 ory=0and ¢ # 1, co.
If v =0and ¢ = 1,00, then

«
B+ D82 0L (1= 1) Y logP (k +2) @,
k=0
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In case (i) the Holder inequality and Lemma 6 lead to

L = s 3 R
Al ol = G 5 (Z a(r) [ ot —al1? L”)
k=ay

=0
o , B By 5 5 \1/A

<1 (z': a}(r) )1/ (l i: ‘0(7,5—1) ﬂ(«,,a)‘ A )UA
< — %) _

A(r) 1=0 “Mk=ay (k+1)2-2 2 k—ay H b

o 28wy W
< 30 k LP of
<o n(Z w)

20k $(§ ablr)Laga” )
= (k+1)1—> ’
Next, from (1),
AL O O C1(1—1) Dk (Lugai)”
k=0

<2 g e (-3t @)
k=0
In case (ii) we proceed similarly as before taking ¥, » and ¥, ;. instead of 2 and

&4, respectively.
Finally, by the inequality ®xx < ¥xx (K = 0,1,2,...), the desired assertion
follows. o

Proof of Theorem 2. Under the above notation, the condition (4) leads to
N
BT oo Ly, (1—1) Y (®i)”
k=0

in all cases. However, in (i) we have
N

Cso LBy, (1—1) 3 (B0)” when ¢ < max(:\p, 2),
Al ¢ £=0
= < N 1 P -
Csi(1—r)rofa s (Wl (B1)pe + W2(/T-+T)1,w) when ¢ > max(Ap, 2),

k=0

while in case (ii)

N
AT L Csp Ly, (1=7) Z(q)k,k)}’,
k=0
and in case (iii)
N
A< Cy IE_, (11 L, (wiq).
k=0



From (44) and (5) it follows that in all cases

P P el
Dl < h04%$47 ST an(r) L} 87,
k=N+1
P P o /A oo \/*
< Cle +C47( Z az(r)rk(l—x)> ( Z ok (Lk‘?k.k)p'\)
AN\ S E=N+1
oo L/
< Csq ((1 -7) Z r* (Lk@k,k)ﬂ)‘>
E=N+1

o L/
< Csu @, ((1 -1 > ﬂ%g*) .
k=N+1

If Ly, =1, then the expression in brackets is smaller than 1, but if Ly = log(k + 2)
then, similarly as in the proof of Lemma 7, we obtain

- 1/3
11 P log N pA o~ & A
D' < Csa @y = a-n 3 rfk+2)
: E=N+1
1 h 1
P 3 A1t
< Cos log 1-7r L2y ((1 r) 1- r)pi+1 )
1
= ng,log”1 = % -

To estimate C!7 we use the Holder inequality, condition (5) and Lemma 8. Then
o

. 1 ~ K1) 175
s (1-r)A(r) ((1 r)kz ar(n >

=N+1

S ety o V7
0= Y
x ((14) P ]L)
k=N+1

< ng C5L1,;la2¢;,N+l (P)\, q)<

When (1 -4)¢ <1-1/\, we obtain
cll g ChCs LY, W;,N+l‘

Because @y i is a non increasing function of k and @4k < Uiy for £ =0,1,2,...,
then collecting the estimates, we obtain our result. [m]
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Proof of Theorem 3. We use the same notation as in the proof of Theorem 1.
Then, by (10) and (44), we get

B 4 DI (CIG+04,)A (Z+ Z) (r)L2DT,

k=0 kN+1

< CIO(Cfs +Ci) L, (1-1) Z ®} ) +(Cs4 + Css) Lz;\uz@};v,z\'

k=0

N
< (oGl + Cl) +2(Csa + o)) Lhy o1 = 1) 3 8L,

k=0

To estimate A’ and C!! we use the Holder inequality. By the condition (9) we

IS 1/
Luu)

obtain
18P 1 —6x P& 5
A <15 Z(xk(r (k+1)7%) (S (k+ 1) o
k=0

53 /X
)

B=1 L6
0 -t

‘\D,E;/C,A—l) ('v 5)

<G ((1 R Z(k IR
k=0
and by the condition (5) we have

oo /A, e
1 _
ol < A(r)( T i ») ( Sk HU&J )

k=N+1 k=N+1

/
<Cs ((17” i rk Hoi};’"” (M)“L“)l M4

k=N+1

pj\)l/:\

Further, applying Lemmas 8 and 9 and collecting the results, we get our assertion.

[m]
ll,w

Laa

Proof of Theorem 4. Clearly,

o) - o @] )

QP(r; flrw < 41r (

1/p
* k(ﬁ 5 et |oft ) - ol @] )

k=N+1
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N

(7‘27 Z ax(r) ‘Ukk z,y) — f(x, TJ)IP)UVP

k=0

Lay
1 el MNP
+ (T S ) o @,y - f(x,y)l)
7) k=N+1 W paq

/p(A1”+B”l+C”l+D1”).

In view of (44), (18) and (5), in the case L, = 1 we have

. {046‘1’N,N wheng>p
DL

1/a—1/p
P -nrYigy y 21"/’\"(1 4 2plosd ) ~when g < p.

In the case L, = log{n + 2), for ¢ > p, we obtain

oo 1/p
D' g Cyr <I>N_N( S () log"(k + 2))

k=N+1

) _ 1/pA
< Cyr Cé/’" dyN ((1 -7) z % log*? (k + 2))

k=N+1

1— oo - 1/pA
)éw(ﬁ > <k+2)**’rk)

k=N+1

1
A

< Car C3/P log (£
< G5 Cir €37 log () @,
and for ¢ < p,

1/p
D11 < Gt o1k 5 ) k)

k N+1

1/p7
< Car C;/” oy (1 41‘0)1/"_1/"( Z rk Tn log“’(k-{-?))

k N+1

oo s\L/PA
_ 5o kK
< Cq 120y (1 = 7o)V /P10 log(2;)@w, N(lN % E (k +2)*Prkrg G ) .

k=N+1
Taking ro =T U3, inequality (36) implies

D' < Cy7 Car C;/P(l - r)l/”:\gl/" log (=

=) NN
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In view of condition (5) and Lemmg 7 we hay,

(a-n > =

k=N+1

Bl < Csl/r

Pi 1/pA
* ot @, g) - o7 I,y)f )

) Laa
< C3/?Cye max(1, (1 - T)l/p/\il/q)LN—Z(I’N.N'

For the estimation of expressions A//7 and CI1I we fiyst consider the case when the
conditions (4) and (5) hold. Then, by (4), (17) and Lemma 5,

i /P

TN I

11
Al g

Lt
1/p

E] My
< Cyomax(1, (1 + f)M/o~1/7H) (A(r Z(k:m %)Lﬁﬁp;m)

i=p

N N 1/p

<2C7Cy max(1, (1~ PP Ly, <(1 -7) Z(pg,k) .

k=0
Applying (4), (17) and (44) we obtain
1/p
G < (Cus + Car) max(1, (1 + NYe1/r4) ( Zak (Ligpz k) )
R N 1/p
< (Cas + Cyr) max(1, (1 = r) /P19 Lyatiagy/? <(1 -7) Zw;h) '
—o

In the other case, i.e. when the conditions (5), (9) and (10) hold, Lemma 10 yields

1 WP (N “
AT g (A(r)) Sk +1)
k=0
N \1/PA
- _ (7,8 PA
(E(kn)“f’ o1 D(z,y) - o (@) >
k=0

1/p

1/xp

Lua

((1 ’5'\+12(k+ 1) |17 ) - o0 (@)

p:\)l/p:\
Lua
< C;/PCM 28+1/p3 max(1, (1 - 'r)‘/""’ll") Ly p2,n

] ] N\
< CQ/”C“ 28+1/pA max(1, (1~ r)l/”*’l/q) Iy ((1 -r) sz,k> .
k=0
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In view of (44) we conclude
N 1/p
C11 < (Can + Cor)mx(1, (14 0)117397) (5 Y ) (L)
)=

N 1/p
< (Cias + Car) CalP max(1, (1 = r)/PA=1/9) Ly 1—1-)299;,;) 2l/a,
k=0

Putting together our results we complete our proof. a

Proof of Theorem 5. In the cases considered in Theorem 4 the proof proceeds
similarly to the preceding ones and the factor

ax(1, (1 - r)/P71/0) = max(1, (1 - r)1/P~1/7)

is equal to 1. Therefore, we concentrate our attention to the case when only the
condition (1) holds. Then, by (44) and the Minkowski inequality, we obtain

(ﬁ 2ak(r> AR f(z,y)]p>l/p

) 1/p
< (Cao + Cur) (ﬁ S ak(r)(Lkék,uq'))”)
k=0

L Bra ))M /M7
Pk x\q
($ st

L

=0 \k=

< (Cas + Caz) 2"/ ( ) Z

L 1/p

<2V (Cus + Car) CYPCon Ly ((1 - Z %(q')> i
k=0

and by Lemma 5,
1=

(TZO‘“(’

eo B A

( z (0 >1/
(k+1)1-

(7,5 1)(

(1)
o (

z,y) - z,9)

p)l/ i3
L'l"l'

B
1 .
(? Z l"l(cl,s V(a,y) ’”k k O (z,v)
k=au

& (&N () (Lnye k(Q'))pA P\
<20 E(Z ) )

M)l/:\p L4

Lt

l -0
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il t/p
$2030011/”(14r Zr’“ Lipa i(q')) )
k=0

N 1/p
<2C53Cyo Ci/pLNﬂ ((1 - Z ‘I’ik(q,)> :
k=0
The proof of Theorem 5 is thus completed.

Proof of Theorem 6. We easily get the estimate

(RP*(r; fpm)’
< oits/P (A(r i“( z ak(r)

1=0 || M=o
=
+
A(r)lz:;J

(& o0

=2lts/P (4TV 4 BV,

s » 1/
”kl)o z,y) "7(1 )(w.y)~ >

Lw)
By (13) and Lemma 5 we obtain

N s/’ .
A(r) Z ((Z %) (CsoLa#2.01) )

s/ap'
. 1S ) e
< Csomg (Z . (k+ 1)1=>

k=ay

Lt

5 INVE
Yot (r,y)ff(ar,y)) )

k=ay

w [ B NG
<CHCu | (1-7) z (Z v qu’k,k)p) .
1=0 \k=e

From (17) and (44) we have

oo 1 8/1)/
< C5HCi3(1—1) E (Z * Lksﬁz,k)p>
=0

BV L ¥ (Z ax()

(=0 \k=q

N4
y
a5 (e,y) - f(r,y)\)w)

s/P
-
< (Cls + Ci) o) > (Z ) (Le®r)” )

1=0 \k=ay
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< 2% (Cig + Cir)

Ao x Al \ /AP
o ap(r)Ly? ‘)kpk)

by (Z G

1
A(r) :

5 '

. s/p
<2 (C4+ C3)Cus [ (1-1) D) (Z * (qu>k,k)")
=0

k=oy
Hence, the desired result is now evident. a

Proof of Theorem 7. The proof proceeds similarly to that of Theorem 6. We
only apply the inequality (17) with exponents p and ¢’ such that ¢'/p > 1. a
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