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Summary. In this paper first order systems of linear of ODEs are considered. It is shown
that these systems admit unique solutions in the Colombeau algebra ¥(R%).
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1. INTRODUCTION

We consider the linear Cauchy problem

(1.0) Zp(t) = 3 Aks()zi(0) + e (®)
1.1) {xk(zo)zi;,t, toeR, k=1,...,n,

where A;j, ; and f; are elements of the Colombeau algebra 9(R‘), Tor are known
elements of the Colombeau algebra € of generalized complex numbers, z(to) is
understood as the value of the generalized function zj at the point ¢g and k =1, ..,
n (see [4]). Elements Ag; and fi are given, elements z; are unknown (for k, j = 1,
..., n). Multiplication, derivative, sum and equality is meant in the Colombeau
algebra sense. We prove theorems on existence and uniqueness of solutions of the
Cauchy problem for the system (1.0).

In the paper [4] some differential equations with coefficients from the Colombeau
algebra were examined. Certain problems for the quantum field theory lead to such
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equations. However, these equations cannot be considered in the theory of distri-
butions, due to difficulties in defining a multiplication of distributions. The algebra
Y(R'), constructed by Colombeau in [4], contains the space of distributions 2'(R?!),
has C*=(R?!) as a subalgebra, and admits a derivation operator which extends differ-
entiation in 2/(R!).

2. NOTATION

Let 2(R!) be the space of all C*® functions R — C with compact support. For
g =1, 2, ... we denote by & the set of all functions ¢ € Z(R') such that the
relations

(2.1) / p(t)dt =1, / t*d()dt =0, 1<k<yg

- 00 - 00

hold while be set of all C*® functions R! — R! with compact support satisfying (2.1)
will be denoted by .

Next, &[R!] is the set of functions R: & XR! — C such that R(®,.) € C* for
each fixed ¢ € &. .

If R € &[R!'], then D, R(®,t) for any fixed ® denotes a differential operator in ¢
(i.e. Dy R(®,t) = 2&(R(D,1))).

For given ® € 2(R') and € > 0, we define &, by

(2.2) ®(t) = e-l¢(§).

An element R of &[R'] is moderate if for every compact set K of R! and every
differential operator Dy there is N € N such that the following condition holds:
for every ® € @y there are ¢ > 0 and 7 > 0 such that

(2.3) sup | D R(®.,t)| < ce™™ for 0<e <.
teK

We denote by & [R?] the set of all mioderate elements of &[R!].

By T' we denote the set of all increasing functions o from N into R* such that
a(q) tends to oo if ¢ — oo.

We define an ideal A#[R'] in &[R!] as follows: u € A#[R] if for every compact
subset K of R! and every differential operator Dy there are N € N and a € I such
that the following condition holds: for every ¢ > N and ® € & there are ¢ > 0 and
170 > 0 such that .

(2.4) sup | Dx R(®¢,1)] < ce*D~N  for 0<e < .
T teK
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The algebra 4(R') (the Colombeau algebra) is defined as the quotient algebra of
&Em[R'] with respect to A[R!] (see [4]).

We denote by & the set of all functions fromn &} into C. Next, we denote by &
the set of all the so—called moderate elements of & defined by

(2.5) ém = {R € &u: there is N € N such that for every ¢ € iy
there are ¢ > 0 and 7o > 0 such that |R(®¢)| < e~V

for 0 < e < mo}.

We define _# of &y by

(2.6) F ={R € &: there are N € N and a € I' such that for
every ¢ > N and ® € & there are ¢ > 0 and 79 > 0
such that |R(®e)| < ce® @ Nfor0<e< n}.

We define an algebra € by setting
C=6m/F (see [4)).

If R € &u[R!] is a representative of G € ¥(R!), then for a fixed ¢ the map Y':
® — R(P,t) € Cis defined on & and Y € &p. The class of Y in C depends only on
G and t. This class is denoted by Gi(t) and is called the value of generalized function
G at the point ¢ (see [4]).

We say that G € 9(R!) is a constant generalized function on R! if it admits a
representative R(®,t) which is independent of t € R'. With any Z € C we associate
a constant generalized function which admits R(®,t) = Z(®) as its representative,
provided we denote by Z a representative of Z (see [4]).

Throughout in the paper K denotes a compact set in R!. We denote by Ra, ;(®,1),
Ry, (®,1), Reo;(P), Rzj(15)(®) and R, (®, t) representatives of elements Axj, fi, %oj,
zj(t) and zj for k, j = 1, ..., n. Let A(t) = (Ax;(2)), f(t) = (fl(t),...,f,,(t))T,
2(t) = (21(t), .., 2a())7, 2/(8) = (21(8),...,24(t)", 20 = (zo1, ..., o), where
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T denotes the transpose. We put

Ra(®,1) = (Ra,;(®,1),
Dy RA(®,t) = (D Ra,;(®,1)),
Ry(®,0) = (Rp,(®,0),..., Ry, (®,)",
Re(®,t) = (Re, (®,1),. .., Rar(®,1)) 7,
Re(®,8) = (Ryt(®,1), .., Rey (9,1)7,
Reo(®) = (Rzoy, -+, Reon(®))
Re10)(®) = :l(to)@’) Ren10)(®))

(
‘RA(Q,s)ds = R,h, (@, 5) ds)
A (

(

t t T
Ry(®,s)ds = /R,, ®,s)ds,. /(<1>,s)ds) ,

to to

”RA((byt)” = Z |RAkj(q)’t)|2|

\ kj®

|1Rs (@, )] = \ D IRs(®,1))2,
j=1

IRA(®,D)llk = sup [|[RA(®, V)Il,
teK

IRy (@, )|l = sup [|[Ry (2, )|
teK

We say that a generalized function G is real valued if it admits a real valued
representative.

Starting with those elements of 65 which are real valued we obtain in this way an
algebra R! containing R! as subalgebra. Thus C = R! +iR!, where i? = —1 (see[4]).

Let aij, bj € A[RY], myj, pj € FZ;9; € C, r; € C; Axj, fi, zj € 9(RY)
for k, j = 1, ..., n. Then we write a = (arj) € #/™*"*[R!], b = (b1,...,5,)T €
A"RY, m = (my;) € £, p = (p1,..-,Pn)T € F", ¢ = (q1,...,q2)T € C™,
r=(r,....,ra)7T € C", A = (Asj) € 9"*"(R"), z = (z1,...,2,)T € 9"(R}),
Ra(®,t) € &"[R'] and R.(®,t) € & [R'].

We say that z = (z1,...,z,) € ¥"(R!) is a solution of the system (1.0) if =
satisfies the system (1.0) identically in ¥"(R").
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3. SYSTEMS OF LINEAR HOMOGENEOUS DIFFERENTIAL EQUATIONS

Let i denote the usual square root of —1. We shall consider the problems

(3.0) Z'(t) = iA(6)Z(t)
(3.1) { Z(to) =1, to € R
and

(3.2) Z'(t) = A(t)Z(t)

(3.3) { Z(to) =1, to € R,

where I denotes the identity matrix.
First we introduce a hypothesis H:
Hypothesis H '

(3.4) A€ g "R

(3.5) the matrix A € ff"»x"(Rl) admits a representative R4(®,t) such that
(a) Ra,;(®,0)€ R! forevery € o, and k,j=1,...,n,
(b) Ra(®,t) = (Ra(®,1)) for every & € a4;

(3.6) the matrix A admits a representative R4(®,t) such that
Ra(®,t) has the property (3.5) (a) and Ra(®,t) = —(Ra(®,1))”
for every ® € ;

(3.7) the matrix A admits a representative R4(®,t) with the
following property: for every K there is N € N such that for every

& € v there are constants ¢ > 0 and 7 > 0 such that

1
"[ "RA((P;,S)Hds”K <c for 0<e<ne.

(3.8) the matrix A admits a representative Ra(®,t)such that
(c) Ra,;(®,t) =0 for every & € &, k <jandn > 1,
(d) for every K there is N € N such that for every ¢ € oy
there are ¢ > 0 and 79 > 0 such that

t
"/ RA”.(Q;,s)ds”KQC for0<e<mand j=1,...,n.
to
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Now we will give theorems on the existence and uniqueness of solutions of homo-
geneous systems.

Theorem 3.1. Let the assumptions (3.4)~(3.5) be satisfied. Then the problem
(3.0)—(3.1) has exactly one solution in 4"*"(R').

Remark 3.1. Theorem 3.1 is similar to Theorem 3.2.4 and Theorem 3.5.4 in
[4]. The author assumes in Theorem 3.2.4 that A € 9(R') and A has a compact
support. Theorem 3.5.4 is proved for generalized functions with values in Banach
spaces. The proof of Theorem 3.1 is slightly different from that of Theorem 3.5.4.

Proof of Theorem 3.1. We consider the system of differential equations

(3.9) Z'(t) = iRa(®,1)Z(t)
(3.10) { Z(to) = I,

where Ra(®,t) is a representative of A satisfying (3.5).

For a fixed & € o this problem is the classical linear Cauchy problem. It has
exactly one solution Rz(®,t) on R!. We are going to prove Rz(®,t) € &, "[R!].
Let Ry (®,t) be a solution of the adjoint systems to the system (3.9). Then, by (3.5),
we get

(3.11) DRy (®,t) = —iRA(®,t)Ryv(P,t)
and
(3.12) (Rv(®,t)) Rz(®,t) = c(®),

where (Ryv(®,t))" = (Rv(<l>,t))T and ¢(®) is a constant dependent on &.
Putting

Rv(®,t) = Rz(®, 1)

we have

(3.13) (Rz(®c,1))" Rz(®c,t) = (Rz(®c,t0))" Rz(Pe, to) = I.
Hence

(3.14) " IR2(®c, )ik < Vi

Relations (3.9) and (3.14) yield

(3.15) |DrRz(®c, ||k < ce™™ for 0<e < npo.

128



Thus Rz(®,t) € &5 "[R!]. If we define Z as the class of Rz(®,t) in ¥"*"(R!), then
Z is a solution of the problem (3.0)-(3.1). To prove uniqueness of the solution of the
problem (3.0)—(3.1) we observe that by (3.9) and (3.13)

(3.15) Di((Rz(®,1))") = ~i(Rz(®,1)" Ra(®,1)
and
(3.16) (Rz(®,1)" = (Rz(®,1)) " € &7 R'].

We define Z* as the class of (Rz(<I>,t))'. Then
(3.17) (2*) =-iZ"A.
Let Y € 93" (R") be another solution of the problem (3.0)-(3.1). We denote
(3.18) U=2"(Y - 2).
By (3.17)-(3.18) we obtain
(3.19) U'=2ZY(Y-2)+2*(Y'-2"
= —iZ2°AYY - 2)+iZ*"(AY — AZ) =0
and
(3.20) Ry(®,to) = (Rz(®,t0))" (Ry (®,t0) - Rz(®,t0)) € £™".
The last relations yield
(3.21) U(to) =0.
Applying Theorem 2.3.1 from [4] and relations (3.19)—(3.21) we can see that
(3.22) U=0 in 9"*"(R!).
or equivalently
(3.23) (Rz(®,t))" (Ry (®,t) — Rz(®,t)) € /™ [R!].
On the other hand, (3.16) and (3.23) yield
(3.24) Rz(®,t)(Rz(®,t))" (Ry(®,t) — Rz(®,t)) € #™*"[R}]
and consequently
(3.25) Ry(®,t) — Rz(®,t) € /™ "[R'].

This proves the theorem.
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Theorem 3.2. Let the assumptions (3.4) and (3.6) be fulfilled. Then the problem
(3.2)~(3.3) has exactly one solution in @nxn(R?),

Proof. The proof of Theorem 3.2 is similar to that of Theorem 3.1. We start
from the problem

(3.26) { Z'(t) = Ra(®,1)Z(1)

(3.27) Z(t) =1, to € R,

where R4(®,t) has the property (3.6).

First we prove relations (3.13)—(3.14) and (3.16), where Rz (®, t) denotes a solution
of the problem (3.26)-(3.27). Uniqueness follows from (3.18) and (3.22). Indeed,

(3.28) U'=(Z)YY-2)+2"(Y' -2

. = —-Z"AY - 2)+ Z°(AY — AZ) =0
where
(3.29) (Z27) =2"A" = -Z" A

Using relations (3.22)-(3.25) we have

(3.30) Y=2

Y

which completes the proof of Theorem 3.2. O

Theorem 3.3. Let the assumptions (3.4) and (3.7) be fulfilled. Then the problem
(3.2)~(3.3) has exactly one solution if 4" *"(R!),

Proof. We consider the problem (3.26)-(3.27), where ® € &) and Ra(®,1)
has the property (3.7). Using the Gronwall inequality we have

630 WRa@ 0l < Ve (| [ IRa@ o0

IK) <Vnexpe.

By (3.31) and (3.26) there is N € N such that for ® € &)y we have

(3.32) IDr Rz(®c, Ol < cre™ for 0<e <.

Hence Rz(®,t) € &4 "[R!]. Denoting by Z the class of Rz(®,¢) in 9"*"(R!), we
get that Z is a solution of the problem (3.2)—(3.3). Let Y € ¥"*"(R') be another
solution of the problemn (3.2)-(3.3).
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Then

(3.33) D\ Ry(®,8) = Ra(®, )Ry (®,1) + Ron(®, 1),
where

(3.34) Ron(®,1) € A" ([R]

and

(3.35) Ry(®,t)— I € gmxn.

In view of (3.26) and (3.33)-(3.35) we deduce that (for ¢ > N, and @ € &)
(3.36) ||Rz(®e,t) — Ry (P, )|l
< (1 (@e,t0) = T + 1R, exb (| [ 1Ra(, 0] )
< cee®W-M for 0 < € < 7. 0
On the other hand, by (3.36), (3.26) and (3.33) we have
(3.37) |1D1(Rz(®c,t) — Ry (®c,1))|lk < c1e*@=M for 0<e < .
This yields
(3.38) Rz(®,t) — Ry(®,t) € #"*"[R'].

and Theorem 3.3 is proved. 0

Remark 3.2. Let é denote the generalized function which admits as a repre-
sentative the function R(®,t) = &(—t), where ® € &;. Then the problem

{z'(t) =e-1¢(:€—1)x(t)
z(-1) =1

(3.39)
has exactly one solution R,((Dz,t). Since

t
(3.40) I.{I(%,t) = exp (/ s"(P(Ts) ds) for smalle > 0
-1

and

(3.41) l[l le“‘b(?—)lds

< /°° [®(t)]dt < oo.
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we conclude that R;(®.,t) satisfies the condition (3.7). Thus the problem

3.42 {z,=6”
(3.42) e

has exactly one solution z € 9(R'), which is a class of R.(®,1).

Theorem 3.4. Let the assumptions (3.4) and (3.8) be satisfied. Then the problem
(3.2)—(3.3) has exactly one solution in 4™*"(R!).

Proof. We examine the problem

(3.43)1k DIR,"((P,t) = RA“(Q,t)Rzlk(Q,t)

(3.43)nx {.D1R.,, (®,t) = R, (P, 1)R,,, (®,1)+ ...+ Ra,, (®,0)R,,,(D,1)

(3.44) R, (#10)= 4 2 HI=Fk
' AT N0, i £ &,

where j, k=1, ..., n and R4(®,1) satisfies (3.8).
By (3.43)1x and (3.8) we infer that (for ® € o/n,)

(3.45) 1Rz, (e, )|k < exp (I [’ Ra,,(®e,t) ds"K)

and
(3.46) IDr Rz, i (Pe,)llk < c16™™ for 0<e<nor and k=1,...,n.

If n > 1, then (3.43)nx and (3.8) imply (for @ € ;)

@47 e @l < o9 (| [ Raterera],)
X (l + " /‘: (exp (- /;: Ra,,(®,7) df))RAm(d’e,s)Rzl(Qt,s) ds"x)
< ce™ ™

for 0 < € < oz and Ny € N. \
Hence, by (3.43)2; we have

(3.48) - |Dr Repy (¥, t)||x < G26~N2, 0<e<ijo2, NjeN,.
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We show by induction that

(3.49) I1R: i (e, )]k < cme™N=

and

(3.50) I1Dr R 5, (®e, )|k < Gme~N=

for0<n<ijo, N, N €N, im=1,.. ,nand k = 1, .., n
Therefore

(3.51) | Rz(®,t) € &5 [R").

If Z denotes the class of Rz(®,t) in 9™*"(R!), then Z is a solution of the problem
(3-2)-(3.3). Now we shall prove the uniqueness of solution as the problem (3.2)-
(3.3). Let Y € 9"*"(R') be another solution of the problem (3.2)-(3.3). Then the
relations (3.33)~(3.5) are valid. We set

(3.52) Ry(®e,t) = Rz(®.,t) — Ry(®,,1).

Using (3.43)1x and (3.33)~(3.35) we conclude that there is Nix € N such that for
g2 Ny and @ € o

t

(3.53) 1Ry (Pes Dl < g12e®@=Nax gy (" /‘ Ra, (®.,5)ds K),
o

where

(3.54) Ry(®.,t) = (Ruy;(®c,1)), 0<n<my and g eR!.

In view of (3.33) and (3.43)1x we have (for ¢ > Ny and ® € )

(3‘55) ”DTRulk(¢g,t)”K S glkea(q)-lv‘k
for small €.

Thus
(3.56) R,, E./V[RI].

Similarly (if n > 1)

(3~57) ”Ruzh (¢c ) t)”K < gzke"’(")‘”ﬁ ,
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where Nox €N, gor €eR'and K =1, ..., n.
Taking into account (3.57) and (3.43)2r we infer that

(3.58) 1D Ruay (e, D)l < Gore™ 0~ Nn
for small ¢, g2 € R! and Nj. € N. So
(3.59) Ror(®,t) € A[R'].
Finally, by induction we get

| Ruju(®c, Ol < e O~
and
(360) 1Ds Rugy (¥, Ollic < Ginee(®@Nin

for small €, Nji, N;k € Nand j, k =1, ..., n, which yields Ry € #™*"[R!], and
this completes the proof of Theorem 3.3. O

Theorem 3.5. Let the assumptions (3.4)~(3.5) be fulfilled. Then the problem

3.0y { z'(t) = 1A(t)z(t)
(31)' I(to) =0, tg € Rl

has only the trivial solution in 9™ (R").

Proof. If z is a solution of the problem (3.0)"~(3.1)" in ¥™(R'), then

(3.61) D\ Ro(®,1) = iRA(®,t)Re(®,1) + Ryn(®,1),

where

(3.62) Rn(®,t) € #"[R'], ® € and Ra(®,t) satisfies (3.5).
Let

(3.63) ‘ Rn(®,t0) € F.

Equalities (3.61)-(3.63) yield
(3.63’) R (®,t) = Rz(®,t)R.(D,1),
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where Rz(®,t) is a solution of the problem (3.9)-(3.10) and

— -1
(3.64) { D\R.(®,t) = (Rz(®,1))” Rm(®,1)

Re(®, to) = Ron(®, Lo).

By (3.16), (3.62) and (3.64) we have

(3.65) D, R.(®,t) € oﬂ(,',[Rl]
and
(3.66) DiR.(®,t) € (/V"[Rl].

On the other hand,

(3.67) Re(®.t) = /tt (Rz(®,2) ™ Run(®, 5) ds + Rou(®, to),
therefore

(3.68) R.(®,t) € &R

and

(3.69) R.(®,t) € #/"[R.

Using (3.63) and (3.68)—(3.69) we deduce that
(3.70) R.(®,t) € AR,
which completes the proof of Theorem 3.5. O

Theorem 3.6. We assume that A € 9" %" (R!') and at least one of the conditions
(3.6)—(3.8) is satisfied. Then the problem

3.2y { z'(t) = A(t)z(t)
(3.3) z(to) =0

has only the trivial solution in 4" (R").

In the case (3.6) the proof of Theorem 3.6 is similar the to proof of Theorem 3.5.
To this purpose we examine the equality

(3.71) DiRy(®,1) = Ra(®, () Re(®,) + Ron(®, 1)
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where Rm(?b,t) € N#"[R!], ® € &1 and Ra(®,t) has the property (3.6). Next,
we show that R.(®,t) € A#™"[R!]. Now we shall prove Theorem 3.6 in the cases
(3.7)-(3.8). We observe that

(3.72) (Rz(®,1)) ™" € &"[RY),

where Rz(®,t) is a solution of the problem (3.26)-(3.27).
Indeed, by the classical results of the theory of differential equations we have

(3.73) D\ ((Rz(®,0)7") = —=(Rz(®,£)) ™ (Ra(®,1))".

Hence we can obtain similar estimates for elements of the matrix (Rz(®,t)) ! as for
elements of the matrix Rz(®.,t) in relations (3.31)-(3.32) and (3.46)-(3.50). Apply-
ing relations (3.63)-(3.69) and (3.71)~(3.72) we can prove Theorem 3.6 analogously
as in the cases (3.5)—(3.6), which implies our assertion.

Theorem 3.7. We assume that conditions (3.4)—(3.5) are satisfied. Then every
solution z of the equation (3.0)' has a representation

(3.74) ‘ z=Zc,
where Z is a solution of the problem (3.0)~(3.1), ¢ = (cy, . . ., ¢4)T and c; are constant
generalized functionsonR! for j=1, ..., n.

Theorem 3.8. Let A € 9"*"(R!) and let at least one of the assumptions (3.6)-
(3.8) be satisfied. Then every solution z of the equation (3.2)" has a representation
(3.74), where Z is a solution of the problem (3.2)-(3.3).

Proofs of Theorems 3.7-3.8. Let z be a solution of the equation (3.0)’
of (3.2)'. Then, by arguments similar to those given in the proof of Theorem 3.5, we
have (for a fixed ¢o € R!)

Ro(®,1) = Rz(®,t)Ro(®,t), DiRe(®,t) = (Rz(®,1)) ™ Run(®,1),
where
Re(®,t0) = Ro(1,)(®) and  Rm(®,t) € #™(R!].
Hence, taking into account (3.66) and Theorem 2.2.1 from [4], we obtain (3.74). O

Remark 3.3. " If the matrix A € 9"%"(R!) has not properties (3.6)—(3.8), then
the solution Rz(®,t) of the problem (3.26)—(3.27) need not be moderate. In fact, let
6 denote the generalized function on R! (the delta Dirac distribution) which admits
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as a representative the function Rs(®,t) = ®(—t), where ® € &. Then, taking into

account the problem

2'(t) = (®(=1)) z(t), z(-1)=1,

we have

(3.75) R (®,t) = z(t) = exp (®(—t) — ®(-1)).

Since there is ® € & such that ®(0) = 1for ¢ =1, ... (see [4], pp. 7-11), therefore
(for small € > 0)

R (®:,0) = exp(e™!) and exp (®(—t)) ¢ Em[R].

It is not difficult to show that the problem

{.’c’ = (6%)z

(3.76) D) =1

has not solution in ¥(R!). Indeed, if the problem (3.76) has a solution z € 4(R?),

then
Dy Ro(®,t) = (((~1))?)' Re(D,t) + Ron(®, t)

where R (®,—1)— 1 € f and R,,(®,t) € #[R!].

Hence we get

(3.77)R (2., 0)
= exp (¢729%(0)) (/_01 (exp (— 5‘2¢2(:€§)))Rm(¢e, s)ds+1+ Rm(‘bc))

for Ry (®) € _# and for a suitably small € > 0.
Let ¢(0) =1 and ® € & for ¢ = 1, .... Then there is N € N such that for ¢ > N

and ¢ € o
-1 -5 1 ~ 1
(exp (_6_2_(1>2(—€—)))|Rm(<1>5,s)] < 7 and |Ry(®:)] < i

hold for 0 < € < 19 and s € K.
So, by virtue of (3.77) we obtain

1 ,
2 EP(E) < Rel(®2,0) € 5 exp(e™?).

Consequently, R;(®¢,t) & &y [R!], which is impossible. Thus the problem (3.76) has
no solution in 4(R!).
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Remark 3.4. We define the matrices A;, A2, A3 and A4 by

8(5)(t) 8(0)(t) 0 8()(t)
0= gy amern) #0= (o "o )

8(t) 26(t - l)) (6(!) 0 )
As(t) = t) =
a(t) (36(t+ 1) 46(t+3))" Ad(t) p(t) s(t+1))°
where p € 9(R!) and § denotes the delta Dirac distribution. It is not difficult to

verify that the matrix A; has property (3.5), the matrix A, has property (3.6), the
matrix A3 has property (3.7) and the matrix A4 has property (3.8).

Now we sill give two; theorems on the independence of solutions of the problems
(3.0)-(3.1) and (3.2)—(3.3) on representatives of the matrix A.

Theorem 3.9. We assume that

(3.78) Ae9"RY,

(3.79) the matrix A fulfils at least one of the conditions (3.5)—(3.6),
(3.80) Rz(®,t) is a solution of the problem (3.9)—(3.10),
(3.81) Rn(®,t) € /™" [RY],

Ry (®,t) is a solution of the problem

(3.82)

Y'(t) =i(Ra(®,t)+ Rm(®,8))Y(t)
Y(to) =1, to € R

Then Ry (®,t) € &5 [R!].

Theorem 3.10. We assume that

(3.83) contitions (3.78) and (3.81) are satisfied,
(3.84) a matrix A fulfils at least one of the properties (3.7)—(3.8),
(3.89) Rz(®,1) is a solution of the problem (3.26)—(3.27),

Ry(<l>, t) is a solution of the problem

(3.86) { Y = ng(dn t) + Rm(®,1))Y (1)

Y(to) s to € R!.
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Then Ry (®,t) € §17"[R").

Proof of Theorems 3.9 and 3.10. If A fulfills at least one of the con-
ditions (3.5)~(3.8), then Rz(®,t) € &*"[R'] and (Rz(®,t))™" € &5 "[R!]. Let
Ry (®,t) be a solution of the problem (3.82) or (3.86). Then

(3.87) Ry(®.,1)

= Ry(®e,t) + / Rz(®e, 1) (Rz(®2,5)) " Ron(@e, ) Ry (@2, ) ds.

to

Hence, be the Gronwall inequality, we get Ry (®,t) € " [RY). Q

4. SYSTEM OF NONHOMOGENEOUS DIFFERENTIAL EQUATIONS

Theorem 4.1. We assume that conditions (3.4)~(3.5) are satisfied and f €
4" (R!). Then the problem

(4.0) () = iA@)z@) + f(t)
(4.1) {

has exactly one solution in 9™ (R").

z(to) = xo, toeR', zoeC®

Theorem 4.2. We assume that A € 9"**(R!), f € 9"(R!), and at least one of
conditions (3.6)—(3.8) is satisfied. Then the problem

(4.2) { z'(t) = A(t)=(t) + f(1)

(43) :L'(lg) = o, to € Rl, Tg € cr

has exactly one solution in 9™ (R?).

Proofs of Theorems 4.1-4.2. The uniqueness of solutions of the problems
(4.0)-(4.1) and (4.2)—(4.3) follows from Theorem 3.5 and 3.6. Now, we shall prove
existence of a solution of the problem (4.0)-(4.1). To this purpose we consider the

problem
(4.0) { z'(1) = iRA(®,t)z(t) + Ry (®,1)
(4.1 z(to) = Rqo(9),

where Ra(®,1) satisfies (3.5). Let Rz(®,t) be a solution of the problem (4.0)'~(4.1)’.
Then

(4.4) Ro(®,t) = Rz(®,t)Ry(2,1),
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where
(4.5) Dy R,(®,t) = (Rz(®,1)) ' Ry(®,¢)
(4.6) { Rv(‘b) tO) = Rto((p)

and Rz(®,1) is a solution of the problem (3.9)-(3.10).
By (3.16) and (4.5) we get

4.7 "~ (Rz(®,1))"' € €47 [RY), DyR,(¥,t) € & R
and
t 1
(4.8) Ro(®,1) = / (Rz(®,5) "Ry (®, 5)ds + Ry (®).
to
Thus '
(4.9) R.(®,1) € (R,

If we define z as the class of Rz(®,t)R,(®,t), then x is a solution of the problem
(4.0)-(4.1), which completes the proof of Theorem 4.1. O

The proof of existence of a solution of the problem (4.2)—(4.3) is similar to the
proof of Theorem 4.1. Indeed let, R;(®,1) be a solution of the problem

(4.2) { z'(t) = Ra(®,t)z(t) + Ry(®,1)
(4.3 z(to) = Reo(®).

Then R;(®,t) has the properties (4.4)-(4.9), which completes the proof of the the-
orem.

Theorem 4.3. We assume that conditions (3.4)—(3.5) are satisfied and f €
@"(R'). Moreover, we assume that Q is a solution of equation (4.0). Then every
solution z of equation (4.0) has a representation

(4.10) z=2Zc+Q,
where Z is a solution of the problem (3.0)(3.1), ¢ = (c1, ..., )T and cj are
generalized constant functionson R forj =1, ..., n.

Theorem 4.4. Let A € 4"**(R!), f € 4"(R!). Let Q be a solution of equation
(4.2), and let at least one of conditions (3.6)—(3.8) be satisfied. Then every solution
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z of equation (4.2) has a representation (4.10), where Z is a solution of the problem
(3.2)-(3.3).

Proofs of Theorems 4.3 and 4.4. We see that z defined by (4.10) is a
solution of the equation (4.0) or (4.2). Next, we consider equalities

(4.11) Q =iAQ+f
and
(4.12) Q' =AQ+f.

In view of the relations (4.0), (4.11), (4.2) and (4.12) we have
(z-Q) =iA(z-Q)
or
(z-Q) = Az - Q).
Applying Theorem 4.1 and 4.2 to the last equalities we get
(z - Q) = Ze,
which completes the proofs. O

Remark 4.1. If f is a piecewise continuous function on R!, we define R;(®,t)
as follows:

(13 Ry(®,1) = [o £+ wd(u)du  (see [4]),

where ® € &,. Obviously, R;(®,t) € &u[R']. Let fi, fo be continuous functions
defined by

1) " 0, if t <0,

(4 T ife> 0

and

(4.15) ay={ 0TS
' 7 0o, ift>0.

Then the classical product is 0. Their product in the Colombeau algebra ¢4(R?) is
non zero (see [4], p. 16). On the other hand, if g1, g2 € C*, then the classical
product and the product in ¥(R!) give rise to the same element of ¥(R!). Hence we
deduce:
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Corollary 4.1. Let all elements of a matrix A and of a vector f be C™ functions
on R!. Moreover, let zo € C™. Then the classical and the generalized solutions (i.e.
solutions in the Colombeau algebra) of the problem (4.2)-(4.3) give rise to the same
elements of 4" (R!).

Indeed, let ¢ and y be respectively a classical solution and generalized solution of
the problem (4.2)—(4.3) (because the matrix A fulfills condition (3.7)). Then

u'(t) = A(t)u(t), u(to)=0
where u(t) = z(t) — y(t). Hence, by Theorem 3.6 we infer that z = y.

Corollary 4.2. If all elements of the matrix A are piecewise continuous functions,
then the matrix A has the property (3.7).

Example 4.1. If necessary, we denote the product in ¥4(R!) by ® to avoid
confusion with the classical product. We consider the equations

(4.16) 2'(t) = fil®)=(1) + f2(0),
(4.16Y 2'(t) = fi(t) © 2(t) + fi(t),

where f; and f; are defined by (4.14)-(4.15).

If is easy to show that x = f is a classical solution of the equation (4.16) (in the

Carathéodory sense). On the other hand, z = f5 is not a solution of the equation
(4.16)" in the Colombeau algebra 9(R!) (because f; ® f» is not zero in 4(R?)).

Remark 4.2. It is known that every distribution is moderate (see [5]). On the
other hand, L. Schwartz proves in [19] that there does not exist an algebra A such that
the algebra €(R") of continuous functions on R! is a subalgebra of A, the function
1 is the unit element in A, elements of A are “C®” with respect to a derivation
which coincides with the usual one in C'(R?), and such that the usual formula for
the derivation of a product holds. As a consequence multiplication in ¢(R') does not
coincide with usual multiplication of continuous functions. To repair the consistency
problem for multiplication we give the definition introduced by J. F. Colombeau in

[5]-

An element u of 4(R!) is said to admit a member w € 2'(R') as the associated
distribution, if it has a representative Ry(®,t) with the following property: for every
¥ € 2(R!) there is N € N such that for every ® € @/ (R!) we have

(a.17) /m Ru(®.,)9(t)dt — w(y) as €— 0.

If u admits an associated distribution w, then this associated distribution is unique
(see [4], p. 64).
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Remark 4.4. The authors of [3] have considered a delta sequence 6, € 2(R!)
with the following properties:

(i) there is a sequence of positive numbers ay,, converging to 0 such that 6,(t) = 0
for |t| > an and [ 6a(t)dt =1,

(i) for every positive integer k there is a positive integer M; such that

O‘ﬁ/ |6()(t)|dt < My for neN.
[e o]

Definition 4.1. Let S and U be two given distributions on R!. If for every delta
sequence the product (S * 6, )(U * §,) admits a limit in 2'(R!) if n — oo, we define
SU € 2'(R!) as this limit (the asterisk denotes the convolution, see [3], p. 242).

The following theorem has been proved in [5] (p. 107):
Theorem C. If the product SU exists, then the product S© U € 9(R') admits
an associated distribution which is SU.

Definition 4.2.  We say that z € 9"(R!) is a weak solution of the system (1.0) if
n
(z}, — 3 Axj @z — fi) € 9(R") is associated to the zero distribution for k=1, ...,
j=1

n (see [4]).

Definition 4.3.  Let Axj, zj, fr € 2'(R') and let Apgjz;j denote products in the
sense of Definition 4.1 (k, j = 1, ..., n). Then we say that ¢ = (z1,...,2,) is a
distributional solution of the system (1.0).

Theorem 4.5. Let z be a distributional solution of the system (1.0). Then z €
%" (R!) is a weak solution of the system (1.0).

Proof. Let

RAkj(q)E!t) = (Akj *ﬂt)(t):
Rrj(d)s:t) = (zj * B )(t),
Ry, (@, t) = (fi * ﬂt)(t)7

n
U (e, t) = Rt (®c,8) = Y Ray;(®c,t) Ry (De, t) — Ry, (e, t),

j=1
where
-1 —t 1
418)  B(t)=c¢ <I>(—€-), ®cAR) and k=1,...,n.
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n
Then yi(®¢,t) € Ep[R'] and yi (P, ) is a representative of (z - El Aj Oz — fi)
1=

for k =1, ..., n. On the other hand, Theorem C and the convergence in 2'(R!)
imply

00
imy [ uu(@e, (0t =0,
e—0 o

where Y 2(R') and k=1, ..., n. a
The last inequality completes the proof of Theorem 4.5.

Remark 4.5. By Theorem 4.2 (property (3.7)) we observe that if all elements
of a matrix A and of a vector f are locally integrable functions and zo € C*, then
the problem (4.2)~(4.3) has exactly one solution z € 4"(R'). By virtue of Theorem
4.5 we deduce that r admits an associated vector distribution w = (wy, ..., w,) use

k-th component is
N 00

we(Yr) = CITB/ Ry, (®e, t)vi(t) de,

-00

where ¢ € 2(R!), k =1, ..., n, R(®.,1) is a solution of the problem

a:’(t) = Ra(®., t)z(t) + Rf(q)s,t)
z(to) = zo, to €R!, zoeCn

and Ra(®c,t) = [o) At + eu)®(u) du, Ry(®.,t) = [ f(t +eu)d(u) du.
Remark 4.6. It was shown in [13] that the problem

z'(t) = 28(t)z(t)
z(-1)=0

has a solution z = cH, where § denotes the Dirac delta distribution, H denotes the
Heaviside function and ¢ denotes a constant. On the other hand, the problem

z'(t) = 26(t) © (¢

(4.19) () =2(t)o=(1)
z(-1)=0

has only the trivial solution in 4(R!) (Theorem 3.3). Hence z = H is not a solution

of the problem (4.19). It is not difficult to observe that £ = 0 and = H are weak

solutions of the problem (4.19).

Remark 4.7. In many papers conditions are given which guarantee existence
of distributional solutions of ordinary differential equations (for example in [7], [11],
[12]-[16]). Non-continuous solutions of ordinary differential equations can be consid-
ered in an other way (for example, see 8], [9], [10], [17], [18]).
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Remark 4.8. Let Ax; = Bj;, where By; are functions of finite variation for k,
j =1, ..., nand the derivative is meant in the distributional sense. Moreover, let

(4.20) Ra,;(®c,t) = (B *8:)(t),
where 6, is defined by (4.18). Then [1] yields

/IRA,‘,.(<I>;,t)|dtsc<oo for d€o; and k,j=1,...,n.
K

Hence the matrix A has the property (3.7).

It is worth noting that if A is a matrix such that A € 4"*"(R"), A;; = B};, Bj;
are continuous functions, j = 1, ..., n, the derivative is meant in the distributional

sense, Axj = 0 for k < j and n > 1, then the matrix A has the property (3.8). (The
last fact follows by (4.20).)

Remark 4.9. The definition of generalized functions on an open interval
(a,b) C R! is almost the same as the definition in the whole R! (see [4]). In
this paper we have proved theorems on generalized solutions of linear differential
equations in the case (a,b) = (—o00,00). It is not difficult to observe that the above
proved theorems are also true in the case when generalized functions Agj, fi and =
are considered on an interval (a,b) for k, j = 1, ..., n. To this purpose it is necessary
to formulate the properties (3.4)-(3.8) on the interval (a,b).
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