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Abstract. Necessary and sufficient condition on the weights will be derived under which a
k-th order Hardy inequality holds on classes of functions satisfying more than & “boundary”

conditions.
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0. INTRODUCTION

In this note. we will deal with the k-th order Hardy inequality

) (/01 ()| w0 () (1.'13> v < O(/Ol lu("')(.l')jpw(:r)dm) e

on the class of functions u € AC'*~1(0.1) for which the right hand side in (1) is finite

and which satisfy the “boundary conditions”

(2) u'D(0) =0 forie M.
ui(1)y=0 for j € M.

where Mg, M, are subsets of the set {0,1,...,k—1}.

The problem what choice of the couple My, M| is meaningful, i.e., for what type
of conditions (2) the inequality (1) makes sense, is completely solved in [DK]-the
couple Mo, M; has to satisfy the so-called Pdlya condition. Such couples Mo, My will

be called admissible.
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For admissible couples satisfying additionally the condition
3) #Mo + #My =k,

necessary and sufficient conditions on the weights wo and w (i.e., functions measur-
able and positive a.e. in (0,1)) and on the parameters p,g (1 < p< 00, 0 < g < o0)
are completely described in [K] and in [S]. Such couples will be called standard. Let
us only mention that the method consists in reducing inequality (1) under conditions
(2) to the weighted norm inequality

@ ([ iep@imaea)” <o [ irwpoua)”

where T is the Green operator of the boundary value problem
(5) u® = fin (0,1), uP(0) =0 for i € Mo, u'P(1) =0 for j € My,

ie., .
w(z) = (Tf)() = / K07 @dt

with a suitable kernel K(z,t).

The aim of this note is to find necessary and sufficient conditions for the validity
of (1) in the case of overdetermined conditions, i.e. in the case that condition (3) is
violated:

(6) #Mo + #M; > k.

For some special cases, this problem was solved by [KKSim] (the case My = M; =
{0,1,..., k~1} and the case Mo = {0,1,...,k—1}, My = {k — 1}; mainly sufficient
conditions), by [KSin] (the case My = Mo U {k — 1}, My = M, U {k — 1}, where the
couple Ho, ZTil is standard for the inequality of order & — 1; necessary and sufficient
conditions) and by [NS] (the case k = p = ¢ = 2 on the semiaxis (0, 00); necessary
and sufficient conditions).

Here, we will show that if we construct the overdetermined couple Mg, M; adding
some new conditions to a standard couple ]T/lg, ;ﬁl, then the necessary and sufficient
conditions of the validity of (1) under the boundary conditions given by Mg, M; are
the same as the necessary and sufficient conditions under the boundary conditions
given by Mo, M, 1 provided the weights wo,w satisfy some additional assumptions.

For simplicity, we will explain our idea on the particular standard couple

) Mo={0,1,....k—1}, M, =0
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but it will be clear that the method can be extended to general standard couples
(see also Example 3).
Thus, let us consider inequality (1) under the (stanaard) conditions

(8) w(0) = «'(0) = ... = v~V (0) = 0.

Then the necessary and sufficient conditions for its validity have the form (for the
case 1 < p< g <oo)

1 Ya s o , 1/
sup (/ (t —z)t* ”"wo(t)(lt> ( / w7 (t)df) < oo,
o<z<t \Jz Jo
-1 1/q * , , 1/
sup ( / wc(t)clf> (/ (& — )= D g1 =7 (t)(l{) < 00,
o<z<1 \ Jz 0 X

with p' = I'%T

Now, let us add to (8) the conditions
(10) (1) =0 for je M

where M is a nonempty subsct of {0,1,...,k — 1}. Then we have the situation
described above. with Mg and A, from (7) and with Al = ﬁg, M; = M. Define an
operator T by

11) (Tf)(x) = (’ﬁlﬁ /Ox(.r — bl ndn @ e (0.1).

The function 1 = T f obviously satisfies conditions (8) and the equation w'¥) = f in
(0.1). Moreover, since

U(y) = 1Y [r NS S
u(x) (k—j»l)l‘o(ﬂ t) fidt, 0<ji<k—-1,

conditions (10) lead to the assumptions
1 -
(12) / 1=nFI"1f(t)dt =0 for je& M.
Jo

If we denote by L?(w) the weighted Lebesgue space normed by

L 1/p
el = ([ Ioeuteras) . 1<p <,
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and by Wy, the subsct of LP(w) of all functions f satisfying (12), we obtain imme-
diately the following assertion:

Lemma 1. Let M be a nonempty subset of {0,1....,k—1}. Then the Hardy in-
equality (1) with overdetermined conditions (8) and (10) is equivalent to the weighted
norm inequality

(13) 1T fllgwo, < Cllfllp for all f € Wiy

with Wy C LP(w) determined Dy conditions (12). If in addition the weight function
w satisfies

1
(14) / (1 - )k=i=Dr =¥ (hdt < oo for j€ M,
0
then Wy is a closed subspace of LP(w) with finite codimension #M. Moreover,

(15) W = Fi

]

where Fiy denotes the linear hull of the functions
(16) @i(t) = (1=t T hw™ (1), e M.

in LP' (w) and Fjiy its “orthogonal complement”, i.c. the set of all f € LP(w) such
that

1 1 .
| esorouna= [(a-o= =0
0 0
forallje M.

Proof. Recalling the above explanations it is clear that the Hardy inequality
(1) for u satisfying conditions (8), (10) is exactly inequality (13) for f € Wys. Denote
by (-,),, the duality between L”(w) and L7 (w):

1
(0 = /D fy(t)dt,  f € L), g€ L (w).

Conditions (14) guarantee that v; € L7 (w), and assumptions (12) can be rewritten
in the form

(fo@id, =0 for jeA,
which gives Wy = Fij. To sec that the codimension of Wy is #M consider the
linear mapping ¥: L?(w) — R#M
U(f) = {{f05) }ien-
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Clearly
Ker ¥ = {f € L"(w): (f,p;j), =0, € M} =Wn

and
U(LP(w)) = R#M

since there exist functions a; € LP(w), i € M, such that (e, ¢j), = d; [Ka,
Theorem 1.22]. Hence for the codimension dim L7 (w)/Wys of W we get
dim L?(w)/Wpy = dim L?(w)/Ker ¥ = dim ¥(L"(w)) = dim R¥M = M.
]

Remark 1. (i) Thus, the investigation of inequality (1) under conditions (8),
(10) can be reduced to the investigation of inequality (13) on the subset Fi; of LP(w)
provided w satisfies (14).

(ii) Obviously, conditions (14) can be replaced by a single condition

1
(an / (1 = 1)l=3=V8 1% (1)t < oo

0
where
Jo = max{j, j € M}.

(iii) If the set M is empty, then we have no additional conditions on w and the
subset Fj; coincides with the whole space LP(w). In other woxds: To investigate (1)
under the standard conditions (8) is equivalent to investigating (13) on the whole
space LP(w).

1. THE CASE p=2

In this case, condition (17) reads

1
(18) / (1 — t)2F=d0=Dey= ! (1)t < o0
0

and the Hilbert space L?(w) can be written as the orthogonal sum
(19) L*(w) = Fu @ Fiy = Fa 6 Wy

where Fpy is the linear hull of the functions ¢; from (16). Moreover, if we suppose
that the weight functions w and wq satisfy

3l €
(20) /0 (/U (e =01 —t)*-f‘w-lw-*(t)dr)qwa(z) dz < oo,
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then obvi'ously
Ty; € LYwg) for jeM

with T from (11). Since Fjy is finite-dimensional, T maps the subspace Fis contin-
uously into L?(wo)-
Thus, we are able to prove the following assertion:

Theorem 1. Let M be a nonempty subset of {0.1,...,k — 1}, jo = max{j, j €
M}, and suppose that the weight functions wo, w satisfy conditions (18) and (20).
Letp=2,0<g¢<oc.

Then the k-th order Hardy incquality (1) holds for u satisfying the overdetermined
conditions (8) and (10) if and only if it holds for u satisfying the standard conditions
(®)-

Proof. (i) If (1) holds for u satisfying (8), then it obviously holds for u satisfying
(8) and (10).

(ii) If (1) holds for w satisfying (8) and (10) and w satisfics (17), then according
to Lemma 1 inequality (13) holds (with p = 2) for all f € Wy, i.e. the operator T’
maps Wpr continuously into L7(wq). If, moreover, (20) is satisfied, then 7' maps also
Fy into L7(wg). and consequently, due to (19), T maps the whole space L?(wo) into
L%(wg). But this means, according to Remark 1 (iii), that (1) holds for u satisfying
(8). [m}

2. A GENERAL p>1
(a) Suppose that M contains ouly one element, M = {jo}. Then we have only one
function ¢: p(t) = (1 — 1)~ lw~L(t), ¢ € L? (w) provided (17) holds, and the set
Fyy is onedimensional. .
Define a function a by
(21) alt) = Co(1 = )= R=D' -1y =#'(g)
with a suitable constant Cp > 0. Condition (17) guarantees that
a € LP(w) and (o), > 0.

Indeed,

1 1
/ o (t)w(t)dt =C§/ (1= t)P=do=0r" 1= (1) 4t < 00
Jo 0
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and
1 1 . .
(o, = [ alOptwi =y [ 1 =000 wir ar
0 0

If we choose Cy such that (@, ¢) = 1, we can write every g € L”(w) in the form
(22) g=f+Ca, fE€Fy.

Indeed. if we put f =g — (g,9),, &, we have (f,©),, = (9,9}, = (¢, V) (0,0}, = 0,
ie., f € Fiz, and we have (22) with C = (g,¢),,-
If we now suppose that the functions w and wo satisfy

1 = q
(23) / (/ (z =ty 1 - {,)(k"i“‘”(”'*”w'”"(t)dt> wo(z) dz < oo,
Jo 0

then we have

Ta € L' (wo)
and T maps the onedimensional subset {ca}, ¢ € R, of L?(w) continuously into
L%(wp). Since T maps Fjy continuously into L7(wo) if and only if (1) holds for u
satisfying (8) and (10) (due to Lemma 1), we can repeat, in view of (22), the assertion

of Theorem 1, replacing assumptions (18) and (20) by (17) and (23), respectively,
and omitting the assumption p = 2.

Example 1. Let us consider inequality (1) under the conditions
u(0) =u'(0) = ... =u*"D(0) =0, w(1)=0.

Then we have the situation just described, with M = {j,} = {0}, and we can assert
that inequality (1) holds for p.¢ satisfying 1 < p < ¢ < oo if and only if conditions
(9) are satisfied, provided that

1
/ (1 = )*=D2" 1= (1)dt < o0
JO

and

1 T B , q
/ (/ (& = 1 (1 = =D =11 (l)rlt) wole) dz < oo.
0 i}

Remark 2. Of course our foregoing assertions remain true also for the case
p>¢q 0<g<o0,1<p< oc, but then we have to replace conditions (9) by the
corresponding conditions for the case p > ¢ (see, e.g., [OK]).
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Example 2. Let us consider inequality (1) under the conditions
(24) u(0) =/ (0) = ... =u*~1(0) = 0. u* V(1) =0.
Then we have again the situation described above, with My = {jo} = {k - 1}, and

we can again assert that inequality (1) holds for p, g satisfying 1 < p < ¢ < oo if and
only if conditions (9) are satisfied provided that

(25) / ' w!=? (t)dt < oo
0

and .

(26) /1 (/0 (x — 1Tyt (t)dt) qwn(:r;) dz < co.
0

The case of conditions (24) was investigated in [KSin] where the following five
conditions have been shown to be necessary and sufficient for (1) to hold, with
z € (0,1) arbitrary but fixed:

/9 z , 1/
(t —x)t*- l)"ll'g(f)dt) (/ w7 (t)dt) < 00,
o

1/q x i , 1/
/ ) (/ (@ — )10 1 (t)rlt) < oo,
Jo

1 1/q « , , 1/p

/ (t — 2%~ llfluo(t)dt> (/ (t — z)P w7 (t}dt) < 00,
1/q 1 , 17
/ 2)k- Dty (l)dt> (] w7 (t)dt) < 00,
w
1/q i

sup (/ (t = 2z)*I ”7uro(t)dt> (/ (z=— T (t )dt) < o0.

=1 0

sup
O<ae<z

(27)  sup
<z

sup
<z <1

([
B
(
(

We will come back to this casc later (see Remark 4).

(b) If M contains more than one element from the set {0,1,...,k — 1}, we can
proceed similarly, using again the concept of biorthogonality ([Ka, Theorem 1.22]).
We denote again jo = max{j, j € M} and suppose that (17) holds. Then for our set
{¢;}iem—see (16)—with p; € L? (w) there exist functions a; € LP(w), i € M, such
that {(ai,¢;),, = 6i; and we can write, in analogy to (22), every function g € L?(w)
in the form

g=f+h



where f belongs to Fjy and I belongs to the linear hull of the afs, i.e., to a finite-
dimensional subspace of LP(w). It can be shown that the functions «; can be ex-
pressed as linear combinations of the functions

(1= )*=a=00" Dy~ (1) j e M,
and if we suppose that (23) is satisfied, we obtain that
Ta; € Lwop), © € M.

The conclusion follows as in part (a).

3. A GENERAL STANDARD COUPLE

We explained our approach using the special standard couple ﬁg,ﬁl from (7),
but the method can be used for any other standard couple. Let us describe shortly
the approach:

We start with a standard couple ﬁo. }/\/71, for which the necessary and sufficient
conditions of the validity are known. Then we can express the function u with help
of an integral operator 7',

(28) u(@) = (TF)x) = /1 K(x,t)f(t)dt
o
where the kernel K is known. If our overdetermined couple My, M; is determined
by some additional conditions of the type
') =0, uwM1)=o0.
we simply use these conditions in (28) and obtain conditions on f:

1 .
201 . 6 N
RS (0.#)f(t)dt =0,

Supposing additionally that the weight function w satisfies

/ K
o

xo 0f)| o= (1)t < oo, / ’

then the conditions (29) describe a closed subspace of LP(w) (with finite codimen-
sion), and we consider the weighted norm inequality (4) for f from the “orthogonal

(29) (L ()it = 0.

N ,
;— (1.1} ‘ 101”’ (t)dt < oo,

complement” of this subset.

Finally, we try to find conditions on w and wy which would allow to extend in-
equality (4) to the whole space L”{w).

Without going into details, we explain our idea on a simple example.
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Example 3. We consider the third order Hardy inequality

(30) (/01 |} Two () (l:r)l/q < C(/: [u’”(;,;)\Pw(;r)dm>l/p

for functions v satisfying

(31) w(0) =0, u(1) =0, «'(0) =0, v"(1) = 0.

We start with the standard conditions

(32) u(0) =0, «/(0) =0, u(l) =0, '

ie, My = {0,1}, M = {0}, and the necessary and sufficient conditions of the

validity of inequality (30) for functions u satisfying (32) have (for 1 < p € ¢ < o0)
the form

/9

1 1/q z
sup (/ t7(1 - t)qwg(l)dt) (/ (1 - t)”‘wl_"'(t)dt> < 0,
0<z<t \ Jz 0
N 1/q 1 i , /¢
sup (/ tz"u'g(t)dt) (/ (1- )% w7 (t)dt> < o0
0<z<1 o Ed

(see, e.g., [K] or [S]). In this case we can write

(33)

£ 1
(34) (T ) =ux) = %/0 t(222 — 2%t — 2z + £) f(t)dt — %ﬂ/ (1 —¢t)2f(t)at.

The additional condition v”(1) = 0 leads to the condition

5l
(35) /O 2 — t) f(t)dt = 0.

Thus inequality (30) holds for « satisfying (31) if the inequality [{Tfllg.we < Cllfllpw
holds with T from (34) for all f € LP(w) satisfying (35).

But condition (35) can be rewritten in the form (f,¢), = 0 with o(t) =
(2 — t)yw(t) provided ¢ Dbelongs to L* (w), which means that w satisfies the
assumption

-1
(36) / 7w (£)dt < co.
o
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Then, similarly as in Section 2(a), we can construct a function a € LP(w), a(t) =
cot? =1(2 — £)? ~Lw!' =7 (t) and decompose the space LP(w). If. moreover,

1 =3
(37 /0 (.’r(lfﬂ:)/ (1 — iyt " (1)t

ol q
+ 1’/ (1 - )% L'~ (r)<lf,) wo(r) de < 0o

then T'a € L7(wo) and we can conclude that the conditions (33) are necessary and
sufficient for (30) to hold also in the overdetermined case (31) provided w and wo
satisfy assumptions (36) and (37).
4. ANOTHER APPROACH

Now. let us consider inequality (1) for functions u satisfying
(38) w0y =t (1) =0 for i=0,1,..., k-1,
i.e., for the case that in (2) we have My = M, = {0,1....,k—1}.

Let us choose z € (0, 1) arbitrary but fixed and introduce operators Sz, S2,. by

1 ¢ [ -
(S1:0@) = —— [ (=0 (ndt, @€ (0.2),
(k=1 Jy

(39)

. =t [—apy 21
(S2.-f)(x) = = 1)!/1 (t—2)* e, x € (2.1).
If we define

(40) w@) = x(0,5) (@) (S1,: /@) + (=1)F x(e0) (2)(S2,: ) (2)

then u satisfies conditions (38) and we have that u!*)(x) = f(x) on (0,2) U (z,1). If
[ satisfies the assumptions

(41) /Olt‘f(f)dr:o, i=0,1,..., k-1

then u(D(z + 0) = ul)(z ~ 0) and we immediately have

Lemma 2. The Hardy inequality (1) with overdetermined conditions (38) is
equivalent to the weighted norm incquality

(42) 1= fllg,un < Cllf o
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for all f € LP(w) satisfying conditions (41) with > € (0,1) fixed and T, = Si,. +
(=1)*Ss,..

So, we again have a situation similar to that of the foregoing sections: We have
reduced the Hardy inequality (1) to the special weighted norm inequality (42) on
a subset of the space LP(w), and now, we will try to extend T to the whole space
LP(w). To this purpose, we introduce functions

(43) ei(t) = tw(t), i=0,1,....k—-1

The additional assumption
1 ;
(44) / w' 7 (1)dt < oo
0
guarantees that o; € L? (w), and conditions (41) can be rewritten as

(f,i), =0, i=0,1,...; k-1

Similarly as in Section 2, we introduce functions o; € LP(w) such that (a;, ), =
8ji, in terms of the functions

Bi(t) = £ "Dyl =r" (1),

Condition (44) guarantees that 3; € LP(w), and the additional assumptions

2 « q
/ (/ (z ~ £k~ L0 =11 =» (t)(lf) wo(z) de < 00,
[} o

1 1 q
/ (/ (t — 2yt =gyl (t)dt) wo(z) dv < 0o

guarantee that Toa; € L(wo). Consequently, 7> maps the whole space L”(w) con-
tinuously into L?(wo) provided the Hardy inequality (1) holds for u satisfying (38)
and the weight functions w and wg satisfy (44) and (45).
Now let us look for necessary conditions. Assume that (42) Lolds for all f € LP(w).
(a) If the number k is even, then T is the sum of positive operators Sy,z, Sz, and
we have that

(45)

[Si,- fI < Sil f1 € (Srz + So ) fI =T2lf|, i=12,
and

(46) 152 fllaswo < UT= 1f] gy < CU L lpo = Cllfllpw
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for every f € LP(w), i = 1,2- Consequently, the necessary conditions

2 Vo v
sup (/ - JJ)“‘"”"wo(t)dt) (/ wi™? (t)c|t> < 00,
o<z<z \ Jg o
z 1/q x i E \ /7
sup (/ w(,(t)dt) (/ (& — ) 1= (i)dt) <0
O<z<s ES [

(for i =1, i.e., on (0,z)) and

x 1/q 1 , 1/p'
sup (/ (z— t)“"‘“qwo(t)dt) (/ w'? (t)(lt) < o0,
2<z<t \J: «

3 1/q 1 , , 1/
sup (/ wu(t)dt) (/ (t — )0 1= (t)dt) < 0
2] z Ed

(for i = 2, i.e., on (z,1)) have to be satisfied.
(b) If the number k is odd. then T, is the difference of positive operators Sy,
Sa,.. For f € LP(w), define g by

(7

(48)

f(z) for z € (0,2),
(49) o) = )
—f(z) for x € (z,1).
Then g € L2(w), lgllow = I llseo a0d 1S5z Fllossr = 162llgay since Stz is con-

centrated on (0,2) and S on (z,1). Since T.f = .9 + S2.g, we again obtain
(46) and the necessary conditions (47) and (48).
On the other hand, it follows from (47) that

z 1/a z 1/p
(50) ( / |<sl,;f)<x>|qwo<.r>aa-) <c( / If(r)l”w(r)tkv) <l

and it follows from (48) that

(51) ( / (S22 1)) ) 1) " c( / ) dm)w <Clf

and consequently, conditions (47) and (48) are also sufficient for (42) to hold on
LP(w).
So, we have proved

Theorem 2. Let z € (0.1) be arbitrary but fixed. Let 1 < p £ ¢ < oo. Then
conditions (47) and (48) are necessary and sufficient for the Hardy inequality (1) to
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hold on the overdetermined class of functions u satisfying conditions (38), provided
the weight functions w and wq satisfy assumptions (44) and (45).

Remark 3. Obviously. an analogous assertion can be derived also for the case
pP>q.
Remark 4. Let us consider the special case k& = 1. Then it was shown in

[IKSin] that for w such that

1 ’
(52) / w7 ()dt < oo
Jo

the following pair of conditions is necessary and sufficient for (1) to hold:

2 1/q z , /¢
sup (/ wn(l)dl) (/ w7 (t)(lt) < oo,
o<z<z \Jz 0

z 1/q 1 i 1/
sup (/ wﬂ(f)dt) (/ w (t)dt) < 00,
<<l \Jz =

with a fixed = € (0,1). (In fact. (53) are the conditions (27) which for £ = 1 reduce
to two conditions only.)

Conditions (53) are the conditions (47), (48) above (for k = 1!). Since (52) is in
fact condition (44), it seems that—in contrary to [KSin}-—the additional restrictive
condition (45) appears in Theorem 2. Let us show that this is not the case since (for
k = 1) condition (45) is satisficd automatically.

Without loss of generality, we can assume that (for = fixed)

= 1
/ lﬂ“”’(t)df < / u'l_”’(f)dt.
o B

£ = {ml-v’(t) +c  forte(0,z),

Define f by

w'=r (1) for t € (2,1)

where the constant ¢ > 0 is chosen so that

/n Fitydt = /:1 F(na,

and define g by (49). Then jnl g(t)dt = 0, i.e., g satisties (41) (note that k = 1. i.e.
i=0).
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According to Lemma 2, we have [|T:gllq,wo < Cllgllpw, and consequently (50),
(51). But due to the positivity of the operator S| ., we have from (50) that

‘/: (/OI zul’[”(t)dt,)qwo(m) dx = /0; |(5'17:m‘*’”)(x)|"wo(z)dx

< /0 1127+ &) ()| wo(w) dx = /D (51,2 £)(@)|Two () da

< ClflI3w < o0,

which is the first condition in (45) (for k& = 1) while the other follows analogously
from (51).
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