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Summeary. In this paper, we define a PU-integral, i.e. an integral defined by means
of partitions of unity, on a suitable compact metric measure space, whose measure yx is
compatible with its topology in the sense that every open set is u-measurable. We prove that
the PU-integral is equivalent to pu-integral. Moreover, we give an example of a noneuclidean
compact metric space such that the above results are true.
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INTRODUCTION

In 1984, Jarnik and Kurzweil gave the idea of PU-integral on R™ (cf. [8]), which
permitted to define an integral on an abstract space. In fact they used partitions of
unity by suitable functions instead of simple objects of the topology of the space, as
rectangles in R™. :

In [12], Pfeffer used a PU-integral on an abstract measure space (X, M, u) and
proved some of its properties under the following assumptions:

i) each p-integrable function is PU-integrable,

ii) each PU-integrable function is u-measurable.

In [7], Henstock defined the Davies-McShane integral on a measure space (X, M),
using partitions of X by means of measurable sets. He proved the equivalence be-
tween this integral and the p-integral for p-measurable functions, however, leaving
open the question whether Davies-McShane integrable (D-McSh-integrable) func-
tions are p-measurable.

This work was supported by M.U.R.S.T.
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In this paper [Sections 1, 2, 3], we define a PU-integral on a measure space
(X, M, ) and give some conditions on the measure space to prove the assumptions
i) and ii) used by Pfeffer [12]. Moreover [Section 4], using the results of Henstock [7],
we show the equivalence between the p-integral and the PU-integral. This last result
gives an affirmative answer to the open question of Henstock on the p-measurability
of a D-McSh-integrable function.

Finally [Section 5], we give an example of a noneuclidean measure space on which
our results can be verified.

PRELIMINARIES

In this paper X denotes a compact metric space, M a g-algebra of subsets of X
such that each open set is in M, p a non-atomic, finite, Radon measure on M such
that:

«) each ball U(z,r) centered at = with radius r has a positive measure,

B) for every z in X there is a number h(z) € R such that p(Ulz,2r]) < h(2) x
w(Ulwm,r]) for all r > O (where Ulz,r]) is the closed ball),

v} 1(8U(z,7)) = 0 where OU (z,r) is the boundary of U(z,7).

We introduce the following basic concepts.

Definition 1. A partition of unity (PU-partition) in X is. by definition, a finite
collection P = {{6;,z;)}7_; where z; € X and 6; arc non negative, yi-measurable and

»
p-integrable real functions on X such that Y 6;(2) =1 ae. in X.
i=1

Definition 2. Let § be a positive function on X. A PU-partition is said to be

é-fine if
Sp, = {x € X: 0i(x) #0} C Uwi, 8(23)), i =1,2,...,p.

Definition 3. A real function f on X is said to be PU-integrable on X if there

exists a real number I with the property that, for every given ¢ > 0, there is a
14
positive function §: X — R such that l ¥ flas) - foidu— I] < ¢ for each é-fine
i=1 X

PU-partition P = {(9;,.1‘;)}:7:1.
The number [ is called the PU-integral of f and we write I = (PU) | f.
X
It is easy to verify that if I exists, it is unique.

If A C X is compact, we can view it as a compact space in its own right, and
define the integrability of a function f on A as above.
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1. PU-INTEGRAL

Proposition 1.1. If § is a positive function on X, there exists a é-fine PU-
partition.

Proof. Consider the family U = {U(x ) 2z € X}. Since Y is an open cover
of X, there is a finite subcover {U(z;, -%—) i=1,2,...,n}of X.
Set
Vi = Ulzy, 422), ;= Ufa;, 422 UL. ey =2

The functions

8i() @ 1 ifzxeV;

i(z) = v (z) =

= 0 ifegV

verify the relation Z": 8:(z) = 1 and the partition P = {(6;,z;)}]—, is d-fine. [m}

i=1

Proposition 1.2. A real function f on X is PU-integrable if and only if for every
¢ > 0 there exists a function 6: X — R* such that, if P = {(8],z)}]_, and
Q= {(HJ'-’, 2 }].=1 are two 3-finc PU-partitions then the inequality

m

/a’d# ]Z:f(:“ /0 dp

<g

holds.

Proof. The proposition can be easily proved using the technique of Prop. 2.1.8
n [13]. a

Proposition 1.3. If f: X — R is PU-integrable on X andif A C X is a compact
subset of X then f/A: A — R is PU-integrable on A.

Proof. Ife >0, there exists §: X — R* and we set §/A4: A — R to be the
restriction of § to A. Since A is compact, there exist J-fine PU-partitions in A, and
let P, = {(9§1),J;§1))}§:, and Py = {(9(,?],1,&2)) r-1 be two such partitions. Extend
«9;” and 6(2 onto X setting

(ﬂ(])( r) = (1) =0 for # ¢ A; we have then S’gm ng C A, for cach j and k.

By Pmp 1 1, there exists a d-fine PU-partition in X, 1’ = {(#;,x:)}72, such that
1(Sp, N Sp;) =0 for i # j. If we set A = Sp, N A and AY = Sy, N (X — A) for each i
we get
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A;UAY = So,,0; = 0} + 0 where 8! = 0; - x.a; and 6/ = 6; XAy

The family P = {(8},2;)}m, U{(87, 2:)}12, is &-fine; therefore P is a PU-partition
in X.

Now if we consider

Pr= {657, ) ey U {8, 2},

Py = {02, 2P) oy U {(8), )},

it is clear that P; and P, are é-fine PU-partitions in X.
By Prop. 1.2 we have

7 ‘Zf(x?” O du 3 fw) - [ 6 du
s [ e |
-3 i) /9,(3) du= 3 ) /0:} "
K % R e
= ’Zf(zﬁ”) </9§”du—2f(z§>) ./9L2>dp‘,
j % . 4

which proves the PU-integrability on A of f/A. [m}

2. [-MEASURABILITY OF A PU-INTEGRABLE FUNCTION

In this section we are going to study the p-measurability of PU-integrable func-
tions. For this purpose, we recall some classical results.

Theorem 2.1. Let X be a metric space, M a o-algebra of subsets of X and B
a Vitali system with B C M. If ¢ and p are totally additive set functions on M,
then the derivative of ¢ with respect to p and the system B at a point x € X is a
u-measurable function.

Proof. See [5] p. 247. 0
Theorem 2.2. If X is a metric separable space, if the closed sets belong to a
measure space (X, M, p) of subsets of X, and if to every x € X there is a finite

number p(x) > 0, such that u(U[z, 2r]) < p(x) - w(Ulw,}), then the system C of the
closed balls Ulz,r] (for all z € X and all v > 0) is a Vitali system.

Proof. See[5]p. 263. o
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Now we show our results about the y-measurability of the PU-integrable functions.
Proposition 2.1. If f is PU-integrable on X and (C;)%, is a finite family of

compact subsets of X such that

k
u(x -U Ci) =0 and p(C; N C;) = 0 for i # j,
i=1

k
then (PU) [ f= 3 (PU) [ f.
X i=1 ol
Proof. Using Prop. 1.3, we can say that f is PU-integrable on C; for every ;
therefore, if € > 0 there exists §: X — R* such that for each §-fine PU-partition
in C;, P = {(6'( 2 )} _, and for each d-fine PU-partition in X, P = {(6x,zn)}r_,

izjjﬂz;”) : C/ 6 dyu (PL’)(/ fJ <o

we have

and
c

‘;f(zh)'/t%d,u—(PU)/f‘ <t
X X

k -
Consider the d-fine PU-partition in X given by P = |J P; where we set 0;') (x)=0

i=1
forz € X — C;.
Then we have:
k k
‘PU/f ZPU f’ ’PU f- Z z‘)/a(“dyl
=1 =1
k
+ Y[ X saf) /6”du— PU)/f‘
i=1!
£ £
<§+k %O

]

which proves the proposition.

Proposition 2.2. Ife > 0 and if f is PU-integrable on X and P = {(6;,%:)}_,
is a 6-fine PU-partition in X with 6; = x¢, where C; is a compact subset of X and
n(C;NC;) =0 fori# j, then

>

i€J

f(z,-)./xc‘ d,u—(PU)/f{ <9
X C:
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for any J C {1,2,...,p}.

Proof. Ife >0, there exists 4: X — R* such that, if P = {(xc,,z:)}i=; is a
§-fine partition (P exists by Prop. 1.1), we have

‘Zf XCdu (PU f‘<—
X

By Prop. 2.1, we have

i[f(%)-/xc;du—(PU)/f]{ <§ .

=1 X &

For each i ¢ J, there exists 6;: C; ~—» RT such that for every d;-fine PU-partition
in Cy, P; = {(xc; > Ti,6) 1k, We obtain

‘Zf(lk /chdu (PU)/f’ 3

where m = p — card(J).
If we suppose &; < & for each ¢, the family P = U ((XC,-»J?]')} u U {(xcin Ti ) e
JEJ igJ
is a é-fine partition in X.
By the PU-integrability of f, we have :

Z(f(zj)'/XC/ du—(PU)/f)‘:

Jj€eJ

S (#6a- [ e dn- (PU)é( )

g i i
+;’[;< X/xmdu (PU)J f)]
_g[z( X/xc‘du (PU)CK f)”

<[ /M du+§[;< X/X“‘d‘”ﬂ

LEJ 1>11){f+§ (;(PU)G‘/‘ f)”
+ s /vc.;kdu—wU)C!h fl<grms =

838



Dividing the lefthand side into subsums of the positive and the negative terms and

applying our result separately to each of them, we obtain the assertion of Prop. 2.2.
=]

Proposition 2.3. If f is PU-integrable then

f(l'):clug % ae inX,

where C,, are closed balls centered at x with radius r,, > 0 and C,, converges to z in

the sense that r,, converges to 0.
Proof. We use the same technique as in {11], Prop. 4.4,
Set
(PU) Jo, f
w(Cn) 7

for each zg € A there exist a sequence {Cr}, of closed balls converging to zo and a
number (zo) > 0 such that for every g > 0 there is ng with the property that

PU) fo,,
1(C,)

Set A, = {z € Ale(z) > L}, then A = |JA,. Givene > 0, if 6: X — R* is

A= {z € X: f(x) # ('lim”

Chy CU(x0,0) and — f(20)| = e(zo).

the corresponding positive function from the definition of integral, for each zo € A,
there is a closed ball C[zo] C U(xo,8(z0)) such that

(PU) Jeey
1(Clxo)

Observe that the family {Clxo]: To € An} is a cover of A,,, and since the system
C of all closed balls is a Vitali system by condition 5 on the space (X, M, 1) and by
Theorem 2.2, there exist a countably many disjoint sets C{x;], i = 1,... such that
0 < 3 Xcfe(®) €1 ae in X. For each k € N the family {(‘\'C[mi],x,-)}le can be

~ f(xo)| >

1
g

considered as part of a é-fine partition in X, P = {(xp,,z:), F; closed set }: so by

Prop. 2.2 applied for 3 instead of €, we obtain

k k
Zy(C’[n]) <n- Z ‘ ((PU) / = fla:) ~u(C{1‘;]))‘ <n- ’51 =¢ forevery k € N
i=1 Ci'r,]

i=1
and

1 (An) = 1 (An n UC[II]) < ”(U C[.IT,‘]) = Zp (C[m,-]) <&

it follows that u(4,) = 0.
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Proposition 2.4. If f is PU-integrable then f is p-measurable.

Proof. Itisa consequence of Prop. 2.3, of the condition 3 on the measure space
M and of Theorems 2.1 and 2.2. In fact, by Prop. 2.3 f(z) is almost everywhere
in X the derivative of the set function ¢: C — R, where ¢(C) = (PU) [ f, with

c

respect to the measure p and the Vitali system C. a

3. PU-INTEGRABILITY OF A u-INTEGRABLE FUNCTION

Proposition 3.1. If f is u-measurable and u-integrable, given e > 0 there exists
a function §: X — RY such that

;](f(ﬁ)'x/eidﬂ—!f&du)| <e

for each d-fine partition P = {(6;,x:)}; € X.

Proof. Givene >0, setn= Tﬁ")

By Vitali-Caratheodory theorem, there are two real y-measurable functions a(z)
and b(z) defined on X such that

a(z) is upper semicontinuous and upper bounded,

b(z) is lower semicontinuous and lower bounded,

a(z) € f(z) < b(z) for each z € X,/(b(z) —a{z))dp <.
X

For each x € X there exists a ball U(z,(z)) such that
ay) <a(z)+n < flz)+n, bly) >blz)—n> f(z) —n for each y € U(z,6(z))-

For each d-fine partition in X, P = {(9,', Zi)}i the following relations hold:

/aﬁidu—n/éidui /f(zi)'9fdu+n/€idu-r//9idu
X X X X X
= /f(r.')‘gidué/b9idu+n/€idu,
X X X

/a-@idug /f"zdlLS/beid#
X X X
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Since 3, 0i(v) = 1 a.e in X, we have
|Z</f(z;)-9,-d,u—/f91du) Slz(/b@;du+n/9idu—/a9idu)l
i X x LE's X X
=Z( (b—a) 6idu+n aidll)< b-a)dp+n | du<n+n pX)=e.
-/ Jr) < o-own]

a

Proposition 3.2. If f is y-measurable and p-integrable, then f is PU-integrable
and we have (PU) [ f = [ fdu.
X X

Proof. Ife > 0, we take §: X — R* as in the previous proposition and let
P = {(#;,z:)}; be a 5-fine partition in X. By Prop. 3.1, we have

lZf(l‘f)-/szu*/fdul:’Zf(l“)-/‘?zdu*Z/fé‘xdul
i X X i X ix
=i;(f(z,)-}(/e,du—x[fﬁidu)’<s,

from which, recalling Definition 3, the proposition follows. [m]

4. EQUIVALENCE BETWEEN THE PU-INTEGRAL AND THE p-INTEGRAL

In [7] the Davies-McShane integral is defined in an abstract measure space and it
is proved that it is equivalent to p-integral for each p-measurable function.

In this section, we suppose that (X, M, ) is a topological compact measure space,
with a finite non atomic measure p and with topology T C M. A real function f
on X is said to be Davies-Mc-Shane integrable if there exists a number I with the
property that given ¢ > 0, there is a function G: X — T where G(z) is an open
neighborhood of z, such that for every finite family {(f;,:)}; with I; € M and
I C G{z), (X = U ;) = 0 and p(L; NI;) =0 for i # j, we have

H

‘ S i) - i) 1[ <.

and in this case we write ] =(D-McSh) | f.
X
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Proposition 4.1. If f is PU-integrable then f is (D-McSh)-integrable and the
two integrals coincide.
Proof. Given e > 0, we find the positive function & from Definition 3 and
set G(z) = U(z,8(x)). If {(I;,x:)}, is a family with I; € M, I; C U(z;,6(z:)),
h
w(I;NI;) =0fori#jand u(X — | I;) = 0 then the family {(x1,,%:),,2: € X}
i=1
is a d-fine partition in X . Therefore we have

h

3 flea) - / Xt du - (PU) /f‘ -
X

i=1 X

£ >

h
S f) - ulls) —(PU)/fl.
i=1 . X
0

Proposition 4.2. If f is PU-integrable then f is u-integrable and (PU) [ f =
X
[ fdu.
X

Proof. This proposition is a consequence of Prop. 2.4, Prop. 4.1, [7] and
Prop. 3.2 a

Remark. In [7] the p-measurability of D-McSh integrable function is left an
open problem. Prop. 2.4 and Prop. 4.1 give an affirmative answer to this question if
we modify the definition of PU-integral and use only functions #; = x;, with I; € M.

5. EXAMPLE OF A NONEUCLIDEAN COMPACT METRIC SPACE

In this section we give an example of a noneuclidean compact metric space, satis-
fying the conditions «, 3, v of this paper.

Let us consider the space E(“) of the infinite strings from the alphabet E = {0,1}
(cf. [4]).

Fixing two symbols, say 0 and 1, we consider finite strings made up of these
elements. For example 100010. The set E = {0,1} is called the alphabet of the
strings. The number of symbols in a finite string o is called the length of the string
and denoted |a|. By convention we say that there is a unique string of length 0 called
empty string and denoted by A. The string 100010 cited above has the length 6.

We write E(™ for the set of all the strings of length n and we set

EW=EOuEOUEP Y. . .UEMU. ..

If o and 3 are two strings, we may form the string af3, called the concatenation
of o and f3, by listing the symbols of string & followed by the symbols of the string
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B. For example if @ = 010, 8 = 10101 then af = 01010101. If |a| > n we write a|n
for the initial segment of o of length n.

Now, let E() be the set of infinite strings of the alphabet E. We define in E)
a metric p as follows:

if B,y € E«) and 8 = af’, v = ay', where o € E(*) is the longest common initial
string and 8,y € E@), we set o(8,7) = (%)lal and ¢(3,8) = 0. If @ = A then we
set o(3,v) = 1.

To verify the triangle inequality it is sufficient to verify the so called ultra-triangle
inequality, that is:

it B, v, 0 in E®) then o(3,v) < max[o(8,0), o(7,0)]-

The last inequality allows us to say that the space E) is not euclidean. It is
called an ultrametric space.

We suppose that 3,v,0 are all different and o(8,0) = (%)" < 1 and ¢(o,7) =
(3)™ < 1. If we set k = min{n,m}, then 8 and 7 have at least a common initial
segment of length &, and o(8,7v) < (%)’c = max{(%)"‘ (%)’"} = max{e(8,0),0(c,7)}.

The geometric and topological properties of an ultrametric space are quite different
from those of a euclidean space. Let’s give some properties:

1) every triangle is isosceles,

2) the ball U(z,r) has diameter at most 7 and each of its points is a center,

3) every ball is a closed and an open set (clopen set), so its boundary is empty.

1t is not difficult to verify that E“) is a complete, separable and compact space
(cf. [4]). It is important to observe that the set [a] = {3 € E&): 8 = af for
some f3'} is an open set, and, given any ball U(, ), there exists a € E®*) such that
o] = U(z,r).

We define a measure on E), On A = {[a], @ € E*)} we define the set function
my ([e]) = (§)!*! and extend 1y onto X in the following way:

m%(A) = u,[inl,d {m% (Z[O,]) } for each A C X.

154 =

In [4], p. 142, it was proved that m% is a metric outer measure that is an outer
measure such that if A, B C X and g(Aﬂ, B) > 0 then m} (AUB) = m*.?(A) +m} (B).

Let M% be the g-algebra of all m‘%-measurable set,s:in Cau‘atheotfory sense., and
put My (M) = m’;(M) for each M € M.

In [4], p. 138, it was proved that the open sets are ini 1-measurable, so the condition
a of the Preliminaries is true. Condition « is a consequlencc of the metric properties,
so the condition 3 only must he proved.
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Proposition 5.1. For each k € Rt and for every x € E(w) we have

my (U (e, 2%))
my (U@ R)

Proof. Observe that for each @, 8 € E(“) we have o(qa, ) < 1 so that 2k < 1
and k < 3. Given k > 0 there exist 7',y € E®*) such that U(z,k) = [v] and
U(z,2k) = [v']. Let h = min{t € N|(%)‘ < k}and by = min{t' € N[(%)t' < 2k}. So
the inequalities h > log;_ k and h; > log; 2k hold.

Then .
h:{[lcg%k]+1 if logy k ¢ N
logy k if logrkeN
and
o (logy 2k] +1 if logy 2k ¢ N
1T {mg; 2% if logs 2k € N,
where [a] denotes the integral part of a.
Note that U 2K) (b -
3 ’ ) (L
EREN R O
but

hy — h = [logy 2k] +1 - [log, k]~ 1 = [logy 2k] - [logy k]
logy 2+ logy k] — [logy k] = [~1 + log, k] — [logy K]
=1+ [logy k] — [logy kl=-1 if log, &k ¢ N,

hy —h=logy 2k —logyk=—-1 iflogykeN.
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