Mathematica Bohemica

William P. Ziemer; Kevin Zumbrun
The obstacle problem for functions of least gradient

Mathematica Bohemica, Vol. 124 (1999), No. 2-3, 193-219

Persistent URL: http://dml.cz/dmlcz/126244

Terms of use:

© Institute of Mathematics AS CR, 1999

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/126244
http://dml.cz

124°(1999) MATHEMATICA BOHEMICA No.2-3, 193-219

THE OBSTACLE PROBLEM FOR FUNCTIONS OF LEAST
GRADIENT

WILLIAM P, ZIEMER, KEVIN ZUMBRUN, Bloomington

(Received November 24, 1998)

Dedicated to Professor Alois Kufner on the occasion of his 65th birthday

Abstract. For a given domain Q.C R", we consider the variational problem of minimizing
the. L -norm of the gradient on €2 of a function u with prescribed continuous boundary
values -and satisfying a continuous lower obstacle condition u 2% inside Q. Under the
assumption of strictly positive mean curvature of the boundary 92, we show existence of a
continuous solution, with Holder exponent half of that of data and obstacle.

This generalizes  previous' results ‘obtained -for the unconstrained and double-obstacle
problems. - The main new feature in the present analysis is the need to extend various
maximum principles from the case of two area-minimizing sets to the case of one sub-and
one superminimizing set. This we accomplish subject to a weak regularity assumption on
one of the sets, sufficient. to carry out ‘the ‘analysis. Interesting open questions include the
unigueness of solutions and a complete analysis of the regularity.properties of area super-
minimizing sets. We provide some preliminary results in the latter direction, namely. a new.
monotonicity principle for superminimizing sets, and the existence of “foamy” ‘supermini-
mizers in two dimensions.
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1. INTRODUCTION

A rather complete and extensive literature is now-in place concerning existence
and regularity of solutions to.a wide range of variational problems for which the
following is prototypical:

e inf {/ [VulP: ue W), u— g € wg-f’(m} .
Q

Here, 2°C R™ is a bounded, open set, 1 < p. < oco-and g € Wi?(Q) n.CYUD).
The Euler-Lagrange equation for (1.1) is the p-Laplacian div(|Vu|P~2Vu) = 0. The
interested reader can consult recent books on this subject and the references therein,
{1], [11], and [13]. The theory related to the case corresponding to p =1 is far less
complete. In spite of the fact that there is a vast literature relating to the least area

functional,
inf{/ V1t |Vu[2} S
/g

there ‘are many open questions concerning other functionals with linear growth in
|Vul. Investigations concerning such questions were considered in [20], [19].  In
particular, the Dirichlet problem was investigated; that is, for ‘a bounded Lipschitz
domain @ C R”, and for g: 90 - R continuous, the questions of existence and
regularity of solutions to

(1.2) inf {{[Vull(): w € BV(Q), u =g on 50}

were examined. Here || Vul|(Q) denotes the total variation of the vector-valued mea-
sure Vu evaluated on Q. It was shown that a solution u € BV() n.C°(0). exists
provided that OS2 satisfies two conditions, namely, that 9 has non-negative curva-
ture (in a weak sense) and that 6Q is not locally area-minimizing. “See Section 2
below for notation and definitions.

In this paper we consider the obstacle problem

(1.3) inf {||Vull (9): v eC%Q), uz1on Qu=4g>1 on o0}

where Q' C'R™ is a bounded Lipschitz domain, g; 692 — R} is continuous and %-is a
continuous function on 3. The analogous obstacle problem for (1.1) was investigated
by: several authors and is now well understood, cf. . [4], {12], [16], [15].: One.of the
difficulties encountered in the analysis of both (1.1) and (1.3) is the fact that the
compactness in L(Q) of a sequence whose BV-norms are bounded does not:ensure,

a priori, continuity of the limiting function or that it will assume the boundary
values g, thus making the question of existence problematic. In this paper as well
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as in [20], we rely heavily on the discovery made in:[3] that the superlevel sets.of
a function of least gradient are area-minimizing. This fact, along with the co-area
formula (see (2.10) below), suggests that the existence of a function of least gradient
subject to an ‘obstacle constraint can be established by actually constructing each
of its superlevel ‘sets in such a way that it reflects both the appropriate boundary
condition and the obstacle condition. The main thrust of this paper is to show that
this is possible. Thus we show.that there exists a continuous solution to (1.3) and
we also show it inherits essentially: the ‘same regularity as the boundary data and
obstacle.

As-in '[20], both ‘existence and regularity are developed by ‘extensive use of BV
theory. and:sets of finite perimeter as. well as-certain maximum principles. - One of
the main contributions of this paper-is a new maximum. principle-that involves a
super area-minimizing set and-an area-minimizing set, Theorem 3.3.” The similar
result involving two area-minimizing sets, due independently to [14] and {18}, played
a crucial role in [20].

Ourextended maximum principle requires a weak regularity property-on one of
the sets, that the set be contained in the (topological) closure of its interior. This.is
clearly satisfied in the contexts that we apply-it, for which one of the sets is always
area-minimizing. But, an interesting open question is whether or not this technical
assumption can be dropped.

This -issue leads us to consider: a question of interest in its own right: “What
is the ‘regularity of a(sub)superminimizing set?” . We :conclude by presenting
some separate, preliminary results on this -subject, ‘including "a new monotonic-
ity principle for (sub)superminimizing sets, and the existence of unusual, “foamy”
(sub)superminimizers in_two dimensions. ‘It ‘is our hope that ‘these results will
stimulate further investigation-into the topic of regularity.

2. PRELIMINARIES

The Lebesgue measure of a set E'C R will be denoted |E| and H%(E),a > 0,
will denote a-dimensional Hausdorff measure of E.-Throughout the paper, we almost
exclusively employ H”~. The Euclidean distance between two points z,y € R™ will
be denoted by |z —y|.. The open ball of radius r centered at  is denoted by B(z,r)
and B(z,r) denotes its closure.

If © C R™ is an ‘open set, the class of function u € L*(€2) whose partial derivatives
in the sense of distribution are measures with finite total variation in - is denoted
by BV($2) and is called the space of functions of bounded variation on 2. The space
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BV(Q) is endowed with the norm
(2.1) llullmvie) = fullua + | Vull ()
where [[u]l1;o denotes the L-norm of  'on Q and where ||Vul| is the total variation
of the vector-valued measure Vu.
The following compactness result for BV(£2) will be needed later, ¢f. [10] or [21].
2.1 Theorem. IfQ C R™ is a bounded Lipschitz domain, then
BE(@) N {u: [lullpvey S 1}
is compact in L}(). Moreover, if u; — u in L*(2) and U C Q'is open, then
lim inf || Ve, [ (U) 2 IVe|(U).
A Borel set E C R" is said to have finite perimeter in Q provided the character-
istic function of ‘E, xg,:is a function of bounded variation in €. Thus, the partial

derivatives of xg are Radon measures on (2 and the perimeter of E in {} is defined

as
(@2) P(E,Q) = [Vxzll ().

Aset E is said to be of locally finite perimeter if P(E;{) < oo for every bounded
open set ) C R™,

One of the fundamental results in the theory of sets of finite perimeter is that
they possess a measure-theoretic exterior normal which is suitably general to ensure

the validity of the Gauss-Green theorem. A unit vector v-is defined as the measure-
theoretic exterior normal to F at & provided

lim 7= Ble,r) N {y: (g —2) - # <0, y g E}| =0
and
(2.3) S%r‘"]B(z,r)ﬂ{y: (y—z):-v>0,y€E} =0
The measure-theoretic normal of E at z. will be denoted by v(x, E) and we define

(24) hE={z: v(z,E) exists} .
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The Gauss-Green theorem in this context states that if E is a set of locally finite
perimeter-and 'V : R™ — R™is a Lipschitz vector field, then

(25 /;: divV(z)dz = [9 V(@) v B AE ),

of. [6, §4.5.6]. Clearly, ,E C 8E, where OE denotes the topological boundary of E.
Also, the topological interior of E is denoted by E*= (R™\ 0E) N E, the topological
exterior by E¢ = (R™\ 0E) N{(R" \ E).and Eto denote the complement R™\ E.
The notation E CC F means that the closure of E, E, is a compact subset of F?,

For measurable sets E, the measure-theoretic interior, E,, is.the set of all points
at 'which the ‘metric density of E is 1 and the measure-theoretic exterior, Ef,, is
all points 'at which the metric density is ‘0. The measure-theoretic closure, E, is
the complement of Ef, .and the measure theoretic-boundary is defined as G, E =
R™\ (Ei, U ES). Cleatly, 3, E C 0, E C 8E. Moreover, it is well known that

(2.6) E'is of finite perimeter if and only if H*=(0,,E) < 00

and that

(7). P(E,Q) = H*}QN3,E) = H"{(QN,E) whenever P(E, Q) < o0
cf..[6 §4.5]. From this it easily follows that

(2.8) P(EUF,Q) + P(ENF,Q) < P(E,Q) + P(F, ),

thus implying that sets of finite perimeter are closed under finite unions and inter-
sections.

The definition implies that sets. of finite perimeter are defined only up.to sets of
measure 0. In other words, each such set determines an equivalence class of sets
of finite perimeter. In order to avoid this ambiguity, we will‘employ the measure
theoretic closure of F as the canonical representative; that is, with this convention

|EnB(z,r)| <

B "

(2.9) x € E if and only if limsup
=0
Furthermore, it easy to see that

(2.10) 8.E = 9E.

This convention will apply, in particular, to all competitors of the variational prob-
lems (2.22) and (2.23). below as well as to the sets defined by (2.18).
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Of particular importance to us are sets of finite perimeter whose boundaries are
area-minimizing. - If £ is a set of locally finite perimeter and U a bounded, open
set, then E is said to be ‘area-minimizing .in U if P(E,U)- < P(F,U) whenever
EAF CCU. Also, E is said to be super area-minimizing in U: (sub area-minimizing
in U) if P(E,U) < P(EUF,U) (P(E,U) <P(ENF,U)) whenever EAF CC U.

A tool that will play a significant role in this paper is the co-area formula. It
states that if u € BV(Q), then

o0
(2.11) [Vaufl(@) = / P(E,,Q)dt
where E; = {u > t}. In case u is Lipschitz, we have
-
/ [Vl de = / H (o ()0 9) d
Q —00
Conversely, if u is integrable on. £ then
oo
(2.12) / P(E,;Q)dt < oo implies u € BV(€2),
~oo

of. [5),17).
Another fundamental result is the isoperimetric inequality for sets of finite perime-
ter. It states that there is a constant C = C(n) such that

(2.13) P(E)=1 < C|B)

whenever £ C_R™ is a set of finite perimeter. - Furthermore, equality holds if and
only if E is a ball when C is the best constant.

The regularity of OE plays a crucial role in our development. In particular, we
will employ the notion of tangent:cone, Suppose E is area-minimizing in U and for
convenience of notation, suppose 0 € UNJE. Foreachr > 0,let B, = R*N{z:rz'€
E}. Tt is known (cf. [17; §35]) that for each sequence {r;} — 0, there exists a
subsequence (denoted by the full sequence) such that x g, converges in L [(R™) to
Xc, where Cis a‘set of locally finite perimeter. In fact, C is area-minimizing -and
is called the tangent cone to E at 0.:Although it is not immediate, C'is a cone and
therefore the union of half-lines issuing from 0. It follows from [17, §37.6] that if C
is contained in H where H is any half-space in R™ with 0 € 8H, then 0H is regular
at 0. That is there exists r >:0-such that

(2.14) B(0,7) N.OE is a real analytic hypersurface.
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Furthermore, 9E.is regular at all points of 8, E and
(2.15) HY((BE\ O, EYNU) = 0for ellar >n -8,
cf:-[10, Theorem 11.8].- We let sing(8E) denote the points of OF at which OE is not
regular.

The boundary data g admits a continuous extension G € BV(R™\@)NCY(R™\ ),
{10, Theorem 2.16]. In fact, G € C°(R™\ 1), but we only need that G is continuous

on the complement of §). Clearly, we can require that:the support of G is contained
in B(0, R) where R is chosen so that Q CC B(0, R).-We have

(2.16) G € BV(R™\ ) nCOR™ \ ) with G-= g on 30

We now introduce sets that will ensure that our constructed: solution satisfies the
required Dirichlet condition u = g on 9€ and the obstacle condition u > ¥ in Q.
Thus, for each ¢ € [a,b], let
(2.17) Ly= R\ N {z:G(z) 2t}

(2.18) Ly = closure({z: z € Q,%(x) > 1}).

Note that the co-area formula (2.11) and the fact that G € BV(R™ \ 1) imply that
P(Le;R™\ 0) < oo for almost all t. For all such ¢, we remind the reader that we
employ-our convention (2.9) in defining L.

We let [a,b] denote the smallest interval containing g(9Q) U ¥(9) and define

(2:19) T = [0, b n{t: P(L, R\ D) < 0.

Thus, by (2.7) and the fact that H"=1(8Q) <00, we obtain

(2.20) HY Y0 L) = P(£4, R™\ Q)+ H" 7 (3mL:) 0 (392)] < 00.
For each 7€ T, the variational problems

(2.21) min {P(E,RY): E\Q =L \0, ED L},

(2.22) max {|E|: £-is:asolution of (2.21)}

will play a central role in our development. In-light of Theorem 2.1, a solution
to:both problems can be-obtained from the direct method, *(2.20) is also used to
obtain existence for:(2.21)." We will_denote by F, the solution to (2.22)." In this
regard, note that our convention (2.9) ensures that' E, \ T = £, \'@; furthermore,
because of our convention, £, need not. be a closed set. Also, observe that F, is super
area-minimizing in Q.
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3.-A MAXIMUM PRINCIPLE

First, we begin with a result-which is a direct consequence of 3 maximum principle
for area-minimizing hypersurfaces established independently in [14] and [18].

3.1 Theorem. * Let E, C E, and suppose both Ey and E; are area-minimizing
in an open set U C R™. Further, suppose z € (9E\) N (8Ey) NU. Then 8E; and
OE; agree in some neighborhood of .

3.2 Lemma. For arbitrary measurable sets- A, B C R”, it holds that
H>™ (0n(AUB)) S H'THOmAN(BL)) + H" "} (0mB N (A)°)
HY Y 0n(ANB) < H Y (0nANBL) + H'Y8mB N Ap).
Proof. It follows immediately from definitions -that
(OmAN (BL)?) U (BB N (A5)%) = (OmA N (B1)) U (8B N (An)?),

which yields the first inequality. The result for intersections then follows from 9m 4 =
O ASand AN B ={A%UB°)". w}

3.3 Theorem. ' Let E be sub area-minimizing and F super area-minimizing
relative to an open set U, with £ C-F and 0E NOF CC U. Further, suppose that
EnU = EiNU. Then, relative.to U, either 8E N OF = { or else 3E = 9F in a
neighborhood of 9E N JF.

Proof.  Suppose SENOF # 0. The set 8ENOF is contained in open neighbor-
hood V .CC U and thus, for sufficiently small |w|, w € R™, we have

(3.1) (E+w)\FcV+wcclU

Choose zo € 9ENIF. Since E = E7, there exists w € R™ with w| arbitrarily small
such that o — w € E¥, or equivalently

(3.2) 20 € (B +w)'.

Denote the translated set E'+w by E,,. By shrinking U if necessary, we can arrange
that E,, is sub area-minimizing in U.
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Now we will show that F' is area-minimizing in the open set U'N E%,. For, suppose
to the contrary that there were a set. G with

(3.3) GAF cCUNE],
and
(3.4) P(G,UNEL) < P(F,UNEL).

By (3.3), GNU = FNU near 8E,,, while, by (3.4),

(3.5) H" 1 (0,GNE,LNU) < H Y8, F N ELNU).
Since F and G agree on (Ey)% \ Ei C 0,,E,, it follows that

(3.6) HH8,GNn (B, nU) < HY 0, F N (Ey)h, nUN.

On the other hand, super ‘area-minimality of F'in U implies that P(F U E,,U) >
P(F,U). With Lemma 3.2, this gives
HY Y O0nF N (Bw)i) ) + H 0 By 0 (Fr) N U)
2 H YO, (FUE,)NT)
> H*Y(8,,FNU)
= H" N0 E N ((Ew)i) N U)
+ H T 0 F N (Ew)i D),

and thus
(3.7) H*  0mEu N (Fr)SNU) 2 B0, F N (Ey)y NU).

Therefore,
(3.8) . .
HY Y0n(GN E)NU) S H Y (0mEw NGm NU) + H* 1 (0mGN (Ew), NU)

= H"" Y 0By NFn NU) + HH0nG N (Bw)i,nU)
<HYOmEw NFEmnU) + H " H0mF N (Ew)i, N 1)
SH Y OnEw NFm NU) + H 0By N (Fr)SNU)
=H"" 0 EuNU),

where the first inequality follows by Lemma 3.2, the second by substituting F" for G

in the vicinity of O, Ew, the third by (3.5), the fourth by (3.7), and the last by set
decomposition.. In other words, P(G:N E,,,U) < P(E,,U). But, at the same time,

(GNE4)AE, = Ey\ G C (Ew\ F)U(GAF)
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is compactly supported in U, by (3.1) and (3.3), contradicting the sub area-
minimality of ‘E,,“in U. ‘By contradiction, we have that F'is:area-minimizing in
Ei, nU, as claimed.

By basic regularity results, we also have that F' = F7 in a neighborhood of zo.
By a symmetric argument, it follows that E is area-minimizing near zo as well, and
therefore we can appeal to Theorem 3.1 to-obtain our conclusion. n]

We do not know whether the hypothesis ENU = E?N U.in the previous result is
necessary. ‘However, in the case where FE is area-minimizing in U, the regularity re-
sults (2.15) show that the hypothesis is satisfied and this is sufficient for.the purposes
of this paper. The following result is what we need and it now follows immediately
from Theorem 3.3,

3.4 Corollary. Let £ be arca-minimizing and F super area-minimizing relative
to-an.open set U, with E C-F and 8E N 8F CC U. ‘Then, relative to. U, either
8E N OF = or else OE = 8F in a neighborhood of 9E N OF.

4. CONSTRUCTION OF THE SOLUTION

In this section we will construct a solution u of (1.3) by using E, N to define
the set {u > t} up to aset of measure zero for:almost all ¢. This construction will
be possible for -bounded Lipschitz domains {2 whose boundaries satisfy. the following
two conditions.

(1) For every € O there exists €9 > 0 such that for every set of finite perimeter
A CC B(z,€0)

(4.1 P(Q,RY) < P(QUA,R).

(ii) For every = € 0Q, and every £ > 0 there exists a set of finite perimeter 4 CC
B(z,&) such that :

(4.2) P(Q,B(z,6)) > P(Q\ 4, B(z,¢)) -

Clearly, we may assume that z € A.

The first condition states that 9§ has non-negative mean curvature (in the weak
sense) while the second states that 1 is not locally area-minimizing with respect to
interior variations. "Also, it can be easily verified that if 8Q is smooth, then both
conditions together are equivalent to the condition that the mean curvature of 9§
is positive on a dense set of 0.
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An important step in our ‘development is the following lemma.

4.1 Lemma.  For almost all t € [a,b], 0E, NN C g7 ().

Proof.  First note that if £ > iné%?(}g(ac), then 8E, N dQ = 0.- So we may
assume that ¢ € T and ¢ < max g{z). The proof will proceed by contradiction and
we first show that GE; is locally. area minimizing in a neighborhood of each point
79 € (0E:NAN) \ g71(2), i.e.; we claim that there exists ¢ > 0, such that for every
set I with the property that FAE, CC B(zg,¢), we have

4.3) P(E:, B(zo,¢)) € P(F, B(xo,£))

or equivalently, P{E,, R™) < P(F,R™).

By our assumption, either g(zo) <t or g{zo) > . First consider the case g(zo) < ¢.
Since G(zo) = g{xo) <t and G is continuous on R™\ £, there exists € > 0, such that
B(wo,€) N L, = . Also, 9 is continuous on § and (z0) < g(xo) <'t, s0 we may
take ¢ small enough such that L, N B(xq,&) = 9. We will assume that € < g0, where
£ appears in condition (4.1). We proceed by taking a variation Fthat satisfies
FAFE, CC B(2o,£). Because of (4.1) and (2.8), for every A CC B(xo,€), note that

P(AUQ,R™) + P(ANQ,R™) < P(A,R") + P(Q,R")

(4.4)

S P(AR™) + P(AUQ,R™)
Hence
(4.5) P(ANSQ,R™) < P(A,R™).

Define F'. = (F'\ B(zg,)) U(F N, clearly

F'\Q = (F\ B(zg,))\ @= (F\ ) \ B(xo,e)
=F \ 0\ B(zo,€) = L, \ @\ B(zo,6) = L\ T
and F' D L,. Thus F"is admissible in (2.21) and therefore
P(E,R") < P(F',R").

Now we will show that P(F’,R™) < P(F, R™) which, with the previous inequality,
will imply (4.3)." First observe from F;AF CC Blag,e) and (B, \ ) N B(zp,e) =
(L: \ﬁ) NB(zo,£) = B that F'NB(xo,e) = F.N B(z,e) N and FIAF CC Bl(zo,€).
Hence we obtain by (4.5)

P(F,R") — P(F',R") = P.(F, B(z0,¢)) — P(F', B(xo,¢))
(4.6) = P(F N .B(zo,¢), B(zo,€)) —P{F N B(zg,e) 0 Q, B(xg, £))
= P(Fn B(zo,e), R") = P(F.N B(zp,e) N L R™) >0
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This establishes (4.3) when g(o) <'t. Now using the facts that z¢ € 8E; N 0Q and
that near zq, 950 is super area-minimizing (by (4.1)), E: is both contained in Q2 and
is area-minimizing, we may employ Corollary 3.4 to.conclude that 9E, and 89 agree
near zo. This implies that 99 is area-minimizing near zo, which contradicts (4.2).
The. argument to establish (4.3) when g(zo). >t requires a slightly different
treatment from the previous-case. Since G(zo) = g(wp). > t, the continuity of G
in Q¢ implies that B(zp,e) \ Q@ C L, provided ¢ is sufficiently small. Thus, we
have B(xo,¢) \f2.C E,. Clearly, we may assume e chosen to be smaller than g
of (4.1). Observe that the assumption that. 99 is locally Lipschitz implies that
P(Q,B(zo,£)) = P(R™\ Q, B(wo, €)). Consequently, we can appeal to (4.1)-to con-
clude that R™\ Q.is sub area-minimizing in B(%g, ). On the other hand, E; is super
area-minimizing. Since Ey N B(xo,£)\ Q D B(%o, ) \ {2 we may apply Theorem 3.3
to find that 0F, = 9(R™\ ) = 09 in some open neighborhood U of zo. This
implies that L; NU = @ since L, C E; and 8E, NU N N = 0.  Consequently, E; must
be area-minimizing in U, which implies that 85 is also area-minimizing. As in the
previous case, we arrive at a contradiction to(4.2). m}

In order to ultimately identify E; N (l as the set {u.>>t} (up to a set of measure
zero) for almost all ¢, we will need the following result.

4.2 Lemma, If s,t € T with s < t, then B, CC E;.
Proof. We first show that E, C E;. Note that
ENEQ\ U= (BEADN(END = (LN\DN(L\D) =L\ T

and
L, CE, L CE; = L CENE;.

Thus, E, N E; is a competitor with E;.
Similarly,

(B VE)\ T = (BADUEND) = (LADULN\D =L\0

and
Ly C By, LoC Ey=> Lo C BsU By

So E, U.E; is a competitor with E,. Then employing (2.8), we have
P(E;, R*)+ P(Ey, R") < P(E;UE:, R")+ P(Es N By, R") < P(E,, R") + P(E;, R"),
and thus, since E; and E, are minimizers,

P(EsU E,,R") = P(E,, R")
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and
P(EsN E, R™) = P(E,, R").

Reference to (2.23) yields'|E, U Ey| = | Es|, which in turn implies {Es \ Ey| = 0. In
view of our convention (2.9),

|En B(z,r)}

B

z € E if and only if " limsup
=0
we conclude that E; C'E,.
Now. we .come to the crucial part of the argument which is to-show. that this
containment is in fact strict. For this purpose, first note that

(4.7) ENR=LA\QCCL\T=E\D
Now observe that Lemma 4.1 implies

(4.8) OB, NOE, NN =10

In review.of (4.7) and (4.8), it remains to show that

(4.9) OB, NOE,NN=10

in order to establish the lemma. For this purpose,let S = 0E, N 8E; N Q. Then for
9 €S, there are three possible cases with case (ii) being the central issue of this
paper.
(i) For any e >0, LN L, QN B(xo,€) is non-empty.
(ii) zo € L5 and B(zo,e) N L, =0 for some e > 0.
(i1t} B(zo,€) N L =0 = B(xo,e) N L, for some ¢ > 0, thus implying that both 4E,
and ‘Ey are area-minimizing in B(zo,€).

Next, we will prove that the 3 cases above are impossible,i.e. .S =@, which implies
that E, CC E..

For case (i), we can choose some sequence {yn} C LsNL¢, such that ﬂlgxgc Yn = Tp.
Since 1)-is continuous, we have "lggg P(yn) = Y(zo) = 1. Since t> s, there exists an
£ >0, such that B(zo,€) C E; which contradicts the fact that z € 9E.

For case (ii), first observe that E; is super area-minimizing and that E, is area-
minimizing near zp. Since E; C E,, if follows from the maximum principle that 6E,
and JE, agree in a neighborhood of zo.

For case. (iil), since E; and E; are area minimizing in B(zo,¢) and F; C E;,
we apply. the maximum principle again to conclude that ' 9F, and OF, agree'in a
neighborhood of o,
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Now combining above (i), (i) .and “(iii), we conclude that for-each z € S, there
exists €, > 0 such that B(z,e,) C Q2 and S is area minimizing in B(z,&;).- Also, we
see that 'S consists only of componentis of 8F, that do not intersect 6.

‘We proceed to conclude the proof by showing that'S =-0. Intuitively, the reason
for this is that ‘any component of S:must be a cycle (and therefore a bounding cycle).
But locally area-minimizing bounding eycles de not exist. The rigorous justification
of this is essentially. contained in the proof of [17, Corollary 37.8], which we include
for the reader’s convenience.

Let 'S" be a component_of the set of regular points of \S. Our first step is to show
that S" is a cycle in the sense of currents; that if, we wish to.show-that

(4.10) /5 dp=0

whenever ¢ is a smooth (n — 2)-form on R™ with compact support. For each z € 5,
we use the area-minimizing property of S in B(z,¢,) and the monotonicity formula,
f.’[10, Remark 5.13] to conclude that H*~}(B(z,7) n.5)r={"=1) is a nondecreasing
function of 7 on (0,&.) where S”is the component of S containing 2. Thus, it follows
that only a finite number of components of S can intersect any given compact subset
of B(x,¢,), in particular, spt ¢ N B(z,e2/2). Thus, there exists a concentric ball
B C B(z,€:/2) such that for any smooth function ¢ with spt ¢ C B, we have

[9’n§ d(¢p) = /BE,. d(Cp) =0.

As this holds for each x €S’, using a partition of unity, we conclude that
de=0
<

as required.

This shows that S" is an (n — 1)-rectifiable cycle in the sense of currents; that
is, 85’ = 0. From the theory of integral currents, it follows that S’ is a bounding
cycle. That is, we can appeal to [6, Thm. 4.4.2] or [17, 27.6] to conclude that there
is a‘set. F' C R™ of finite perimeter such that F = S’. 1t follows from elementary
considerations that there is a vector v-€ R™ and a corresponding hyperplane, P,
with normal v such that P.N.5 # 0 and

FC{z:{z~2) v<0}

where 2o € P NS Corollary 3.4 implies PN 5" is open as well as closed in P, thus
leading to a contradiction since SN 9N =@, 0
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Now we are in a position to construct the solution u to:problem (1.3). For this
purpose, we first define fort € T,

Ar=E NQ.
With the help of Lemma 4.2, observe that for t € T,

(411) {g>1}C(B) NoNC AN
(412)  WSHCANNCENIN=[(E)UIEINNC{g>1}.

Finally, note that (4.12) and Lemma 4.1 imply
(4.13) A CCAs

relative to the topology on {1 whenever s,t € T with s < 1. We now define our
solution u by

(4.14) u(z) = sup{t:x € A}

4.3 Theorem.  The function u defined by (4.14) satisfies the following:
(i) w=gonoQ
(ii) w is continuous on §,
(iii) Ay C{uzt} forallt € T and |{u >t} — A¢| =0 for almost-all t € T.
(iv) w2 on

Proof.  To show that u = g on 89, let 2o € OQ and suppose:-g(zo} = t.. If
s < t, then G(z) > s for all v € Q% near zo. Hence, 1y € (E,)'N.0Q by (4.11)
and consequently, zo € A, for all s € T'-such that s < t. By (4.14), this implies
u(z) > t. To show that u(x) =t suppose by contradiction that u(z) = 7 > . Select
r € (4,7)NT. Then z.'€ A.. But 4, NI C {g >} by (4.12), a contradiction since
glz)=t<r.

For the proof of (ii), it is easy to verify that

{u;i}:{ﬂAs:sET,s<t} and{u>t}={UAR:s€T,s>t}.

The first set is obviously closed while the second is open relative to § by (4.13).
Hence, u is continuous on {1,

For (iii), it is clear that {u 2t} D A;. Now, {u' 2 t} ~ 4, Cu~'t). But
luT(#)| = O for almost all ¢ because || <-co.

In (iv), it is sufficient to show u(zo). 2 (o) for zo € Q. Let t = u(zy) and
7 = (o) and suppose t < 7. Then xp € L C Eq fort < v’ <. But then,
70 ¢ Ay by the definition of u, a contradiction. 0
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4.4 Theorem. If§)is a bounded Lipschitz domain that satisfies (4.1) and (4.2),
then the function u defined by (4.14) is a solution to (1.3).

Proof. ' Let v € BV(Q), v. = g on 8Q be a competitor in problem (1.3).
We recall the extension G € BV(R™ — ) of g, (2.17). 'Now define an extension
T € BV(R™) of v by 5= Gin' R® - (. Let F; = {# > t}. It is sufficient to show that

(415) P(E,, Q) < P(F,9)

for almost every t € T (see (2.19)), because then v € BV(Q) and (2.11) would imply
b 00
[ PE@as " pEoa=|vi@ <o
o -0

Hence, by (2.12), u € BV(Q); furthermore, || Vu| () < || V2|l (2) by (2.11) .
‘We know that F, is a solution of

(4.16) min {P(E,R"): EXT= £\T, ED L},
while F} ~ @ = £, ~ (L and F, D L. Hence,

(4.17) P(E;,R™) < P(F;,R™).

Next, note that

P(E,RY) = H* 8,E, — ) + H' Y (3, B, n 0N) + H" 710, E, 1 Q)

(4.18) ; =
> HH0.L, = ) + P(E, Q).

We will now show that

P(FuRY) = H* 1L )+ H (0. F.n Q)

(4.19) o i
= H" 0.0, ) + P(F., ),

which will establish (4.15) in light of (4.17) and (4.18).
Observe

P(F,R™ = H"N8,L, =)+ H* (8, F,n 0Q) + H* " HO.F, N Q).

We claim that H?»-1(8,F, 1 8¢) = 0 for almost all ¢ because 8, F; C 8F; C TTh(t)
since. T € C”(R")A But H""l(ﬁ’l (t) N 8Q) = 0.for all but countably many ¢ since
H"1(8Q) <00, ]
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5.-MODULUS OF. CONTINUITY OF THE SOLUTION.

5.1 Lemma. - Suppose: is-a bounded, open. subset of R" whose boundary:is
C? ‘with mean curvature bounded below by a > 0. Assume g € C**(0Q), and
¢ CO/2(Q) for some 0 < o < 1. Let u € C°(Q) n BV(Q) be a solution to
(1.3). Then, there exist positive numbers 6 and C depending only on a, ligllco.aa),
Ilgl)ca(an,; kuco.u/:(m and ||7"”(7n<9) such-that

[u(z) = w(zo)] € Cla— wo|*/%

whenever zo € O and z € T with |z — xo| < 6.
Proof. For each 7o € 85 we will construct functions w*,w™ € C2(U) where
U =U(xo,6) := B(xo,6):0 Q2 and § > 0.is sufficiently small, such that
(i) w(@o).= w7 (o) = g(x0),
(i) for z € U(zp,9)
Jwt (2) —g(z0)| < Clw — o]*/?
Jw™(2) = g(zo)| € Cla = wo|*/?,
(iii) w™ < v <wh in Ulzg, §).
We begin with the construction of w=. To this end, let d(z) = dist (z,990). Since
30 € C? recall that d € C*({z: 0 < d(z) < do}) for some 6o > 0, cf."[9, Lemma

14.16]. Furthermore, since 9§} has positive.mean curvature and |Vd| = 1,it follows
that

Vd
5.1 divl — ) = Ad < ~a,
&) () = i<
in {z::0 < d(z) <d} for some a > 0. Foreach £ >.0, set

v(z) = |e =z + Ad(z)
W () = max{th, — Kv*"2(x) + g(xo)},

where A > 0 and K are to be determined later. Clearly (i) is satisfied.
Next, in the open set {w™ > 10}, observe that

[Vwr| = K 3v# 7} To),
|Vo] = |2(z = %0) + AVd] 2 A|Vd| = 2Ja — 2|
=,\—-2‘SE~zO| >0,
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provided we choose d and’ A such that A > 24. Further, we note that

Vw™ Vo -1
ivli=——) = —div| == =4
v () = o (57) = e
where Av = |Vo|?Av ~ D;vD;vD;;v. Finally, observe that ‘Av <0 for A sufficiently
large and & sufficiently small.- Indeed, using D;dD;;d = 0-for any j, one readily
obtains
Av={VuP(AAd + 2(n — 1)) — 4M(z — 70)i(T = 20); Dy;d
and
|Vo2 =A% + 4z~ wo[* + 4Nz — m) - Vd
so that
Av < =aX 4+ 0(\%), a5 A > 00
uniformly for 4 <dp.
Clearly, we can choose K ‘sufficiently large so that w™ =1 'on 8U(zy,6) and that
(id) is satisfied, where K" depends only on |lglion.«(aq) '"-‘7"0"(69) Ml o,y and

Jlullogy- Also, on A :={w™ > u} N U(zo,d), we have w™ = ~Kv/? 4 g(z0) -and
therefore :

5.2) (Vo[>0 and div(22") >00n A

(5. (%) an v ] .

We now proceed to show that A ‘= ), which will ‘establish the first of the in-
equalities ‘in (iii).  For this purpose, note that w™ €:BV(A). Next, for ¢ > 0, let
Ay:={w” — 1t >u} and note that

(5.3) A=Usol A CCACR

Let w” := max(u,w” —t) and note that w* € BV(Q)NC®(Q) since w™—t = p—t < u
on @A;. For all but countably many t > 0, it follows from basic measure theory that

(5.4) IV 1{0A:) = 0 = [Vu|| (94:)-

For the remainder of this argument, we will consider-only such ¢, Since w* > u 2,
it follows that

(5.5) Vull (@) < [V [ ().
Now let 17:€ C§2(A) satisfy n =1 on A, and 0 <77 < 1in A, Set

Vw~
[Ver|

h=7
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so that h € [C3(A)]".Since w* = won A — Ay, it follows from

/ wdivhde = —Vu(h),
A
and
/ whdivhde = —Vw*(h),
N

that
/ u—whdr = / (w'=w™ 1) divhde = [V{w" — u)](h).
A Be

It follows from (5.4) and the definition of the BV norm that
V| (0A:) < IVull (0A,) + /M |Ve*]de =0,

so that

/A (u—w* + 1) divhdz = V! (hxa,) = Vulhya,)

> [ 19urlda = vull (a0,
Since u — w4¢.< 0-and divh >0 on Ay, we have
[ 19ede < 1vu a0,

That is,

Ve (a8 < [Vull (A0).

Since w* = u on R™\ A, we ‘obtain from'(5.4) that ||Vw*|| (22) < [|Vul| (), which
contradicts (5.5). Thus we conclude that w™ < u on Uz, ).

The proof of the second inequality in (iii) is obtained by a similar argument using
wh(z) 1= Kv®/2(x) + g(x0)- ]

5.2 Theorem. Suppose Q is.a bounded, open subset of R with C? boundary.
having mean curvature bounded below by a > 0." Suppose g € C%*(89), and
€ C%%/2 for some 0 < o < 1. - Ifu € C°() N BV(9) is a solution to (1.3), then
u € CO¥/2(Q).

Proof. For s < t, consider the superlevel sets E,, E, of u and assume that
dist(9F;, dE;) = ly — 2| where z.€ E; and y € E,. Assume t — s is small enough to
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ensure that |y —x] < 4, where d is given by Lemma.5.1.. Observe that L, C E; CC E,.
Theorems 4.3 and 4.4 imply that w is continuous on {1 and therefore bounded. Hence
it is sufficient to show that Ju(y) — u(z)] =t = s| < C|z — y|*/* whenever ly —z| < 4.
This will be accomplished by examining the following five cases.

(i).1f either z or'y belongs to 9%, then our result follows from Lemma 5.1,

(i) y € OB\ Ls, z€ OB, N L;: Since L D Ly, there exists y" € 0L, such that
y' — 1 = cly—1),0 <c< 1,and therefore

(56) luly) —u(@)| = Jt - 8| = [0y) - (@) < Cly' — 2| < Cly — 2]/,

(iil) y € BE; N L, z € OF; N Ly: This is treated as in the previous case.

(iv) y € 0E, N L,, v € 8F, \ L;: Let [0E}, denote the translation of E; by the
vector v = y — &. Since E; is super area-minimizing and E, is area-minimizing in
some neighborhoods of y and z respectively, we can apply Corollary 3.4 to conclude
that 0F, and [0F,], agree on some open set containing their intersection. Let S be
the connected component of the intersection that contains y. If z is a limit point
of 'S, then z:€ S since S.is.closed and z = y' ~z' where y' € OF, and z' € 9F,.

~There are several possibilities to consider. First, if ¥ and 2’ can be treated by the
first three cases, then nothing more is required as our desired conclusion is reached.
If not, then either y' € 8E, 0 L, 3" € 0B, \ 'Ly, or y' € DE,\ Ls, a' € OF;\ Ls.
In the first of these last two possibilities, observe that F, is super area-minimizing
and [0F;), is area-minimizing while in the second of the last two possibilities, both
OE, and-[0F,], are area-minimizing. Hence, in'each of these two possibilities, we
may: apply Corollary 3.4 to conclude that OE; and [8F;], agrec on some open set
containing their intersection. Thus, if ¢'-and 2’ cannot be treated by the first three
cases,” it follows that S.is area-minimizing in some open set containing 5. With
S'-denoting ‘a component of the regular set of .S, we are precisely in the situation
encountered in the proof of (4.10) in Lemma 4.2, which leads to a contradiction.

(v) y'€ 0E;\ 'Ly, z € 8E, \ L;: This is treated as in the previous case. 0

6, A MONOTONICITY. PRINCIPLE FOR SUPERMINIMIZING SETS

An issue left open in our development is whether the regularity requirement E N
U=FEnUis necessary in - Theorem 3.3, the extended maximum principle for sub
and superminimizing sets.

‘This ‘suggests the question, of interest. in its. own right, of what regularity, if any,
is enjoyed by (sub)superminimizing sets.  For example, do (sub)superminimizers
have tangent cones? ‘Are they C! or analytic. H*~* almost-everywhere? ‘And, the
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question begged by Theorem 3.3, is a subminimizer necessarily the closure of its
interior?  In the next section,: we will give an‘explicit ‘example showing that the
last’ conjecture is false. In this section, we present some preliminary results in:the
direction of regularity, consisting ‘of a new 17

icity principle and consequent
one-sided. mass bound for (sub)superminimizing sets.

Let B, = B(0,r) denote the ball -of radius.» ‘about the origin in R®. Let F:be a
superminimizing set in U, -and without loss of generality, assume By C U.

6.1 Lemma. ‘Let A = {x € A°: the metric density of A'is'one at:ax}.  Then,
H»=Y(0B, N A).= 0 for almost all r.

Proof. The Lebesgue measure of An Bjis zero. But, by the co-area formula,

(2.11), it is also equal to fol H"=1(8B, n'A) dr, whence the result follows. o

6.2 Lemma. ~Let E area subminimizing in U, By C U, and 1 such that
H»Y(0B,.NE)=0. Then, P(E,B,) < H"YENOB,).

Proof.” Theset G = E\B,is acompetitor to E: Exteriorto B, G has the same
reduced boundary as does E; but interior:to ‘B, it  has no reduced boundary. On
0B, G has reduced boundary contained in the set of points at which F has density.
one, which by assumption is contained in E except for a set of H™7}-measure zero.

Therefore, by. the subminimality of E, we have

0< P(E\B,,U) - P(BE,U) < H* (EN3B,)~ P(E,B,),
giving the result. (w]
Define the dimension-dependent. constant 0.<'d(n) <'1/2by
5(n) = |D1/|Bul,
where D, .C By 'is.a set bounded by a hemispherical cap of radius one, orthogonal to
dB;.
6.3 Lemma, ~If|ANDB,|/|B,| < 6(n), then P(A,;B,)/H" " (8B,). > |ANB,|/|B.|.

Remark: Another way of stating this result is that P(4,B,) 2 %|AN B,|. Tt
could also be rephrased as an isoperimetric inequality.

Proof. By rearrangement, we find that the set D of minimum’ perimeter
P(D, B;) subject to |D N B,| = |A N B,| is the set bounded by a hemispherical cap
meeting 0B orthogonally. Trivially, we have

(6.1) P(D,B).< P(4,B).
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Let D, be the set bounded by a spherical cap of radius r, intersecting 8.8, orthog-
onally, so that |D 1 B.|/|B-| = §(n). Since |D.n B,|/|B,| = |ANB,|/|B.] € §(n),
we thus have that |D| <:|D,| and so the radius of the hemispherical cap bounding
D is less than or equal to 7. It follows by elementary geometry that

(6.2) H"=1(0D N9B) < P(D, B).

(To see this, e.g., one can reflect. the hemispherical cap D about the plane of its
intersection with B, to obtain a surface oriented in:the same direction as the patch
DnaB, and containing the patch in its interior. Since the patch has positive mean
curvature, it follows that this outer surface has greater area than does DN 3B,.)

But, D-is entirely contained in the cone C from 8D N 8B, to the center of B,
and tangent to:D at 8B,. That is, |A N B;| < |C|.:On the other hand, the volume
ratio |C|/|B,| for a cone is exactly its surface ratio, H»~*(9D-n 8B,)/H"* (8B,).
Combining these facts with (6.2) and (6.1), we have

|41/1B,1 < |C1/|B.| = H"=}(2D 1 3B,)/H*~*(95,)

<

< P(D,B,)/H""}(0B;) < P(A, B,)/H""}(8B,),

which leads to our desired conclusion. (m]
We now prove our main result, a volume monotonicity principle for superminimiz-

ing sets.

6.4 Propositi Let E be subminimizing in U, B, C U. If\ENBy|/|B1] < 6(n)
(0.-<8(n) < 1/2 as defined above Lemma 6.3), then the ratio |E N B,|/|B,| is
increasing in r-for 0 <7 <1,

Proof.: From Lemmas 6.2 and 6.3, we have
H*"NEN8B,)/H" (9B,) > P(E, B,)/H*"M9B,) > |[EN B,I/|B.)]

for almost all 7, so long as |EN By|/|B:| < d(n).
By the co-area formula, (2.11),

(d/dr)|B,| = H*"X(9B) and (d/dr)|EN B,| = H*"}(EN8B,).
Thus, :
dlEN B,|/ d|B,| = H*"(ENOB,)/H"~}(3B) >-|[EN B,|/|B.,

giving monotonicity so long as |E N B:l/IB,| < 6(n). But, because of monotonicity,
this property persists for all 0. 7 < 1. 0
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This ‘property has many implications.  Among them'is the following important
one, a one-sided bound on the average density.

6.5 Proposition. - Let E be subminimizing in U, By C U. If0 € OF, then
|ENBy|/|B1] 2 6(n).

Proof. . Suppose to the contrary that. |E'0 Byl/|Bi] < é(n). Then, for some
R <1, |En B(z, R)| < é(n) for every = € B;_ . By the monotonicity: property: of
Proposition 6.4, we thus have |E 0 B(z,)|/|B(z, )| <d(n) for r < R. Thus,

|[ENB|/|Bl < d(n) <4

for any ball contained in-B;._g; hence the density of E is strictly less than 1/2 at
each point of By_g.

But, since the density of E must be zero or one at almost every point of By _g, the
density of E-must be zero at almost every point in By . g, and therefore |[EN B, _g| =
0. But, by our: convention-in choosing set representatives, this would imply that
B;_g C'E*, in particular 0°€ E*, a contradiction. |

6.6 Corollary. If E is subminimizing, then B, = (E%)¢ = E.

Proof. By Proposition 6.5, the density of E at any « € 9F is strictly greater
than 0, hence dEN ES, = 0. Tt follows that OF, and therefore E as well, is contained
in (ES)° C Ei,. Since Ei is always contained in E, we thus obtain

B, =B =F,
as claimed. a
6.7 Corollary. . Let E be minimizing in U and'x € OE. -Then, in any ball

B(z,r).-C U, the relative volume fractions of E_and ‘E¢ are bounded below by
8(n) > 0.

Proof. By the previous Proposition applied to £ and E¢, we find that violation
of this bound would imply that 2 were in the interior of E or of E¢. But, z € 6F
by ‘agsumption, a contradiction. 0O

6.8 Corollary. Let E be minimizing in U and x. € OE. Then, in any- ball
B(z,r) U, P(E,B,) > 6r®7, where 6 > 0 is an independent constant.

Proof. This follows from Corollary 6.7 plus the explicit form of the minimizer
of P(A, B,) among sets with |A] = |E|. 0
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Remark. Propositions 6.4 and 6.5 give an alternative, and more elementary
route ‘to:regularity of minimizing sets than'the ‘usual path ‘via. the Isoperimetric
Theorem for minimal surfaces, ¢f., [10, Chapter 8] Using Corollary 6.8, one can go
on to show existence of-tangent cones, etc.” This standard result is usually-proved by
reference to the Isoperimetric Theorem for minimal surfaces, cf. [10, Chapter 5],

7. “FOAMY” ‘SETS

We conclude by demonstrating existence of sparse, “foamy” superminimizing sets
having topological boundary with positive Lebesgue measure, thus indicating poss-
ible limitations of ‘a regularity theory for (sub)superminimizing sets.

For Blay,;r), Blao, R) C U C R?, Bla1,7).n Bz, R) = 0, consider the obstacle
problem

(7:1) inf{ P(F,U): B{zy,7) UB(zo,R) C F-CCU}.
7.1 Lemma. . Forr sufficiently small, the solution of (7.1) is
E = B(zy,7) UB(zo; R).
Moreover, for any connected set F containing B(x,,r) UB(zo, R), there holds
(7.2) P(F,U) > P(E,U)+56,

for some § > 0.

Proof.  Without loss of generality, take U to be all of R%. Since we are in two
dimensions, minimal surfaces for-(7.1) are easily characterized as arcs of 9B(zo, R),
OB(z3,7) joined by straight lines.: By explicit comparison, it is then found that
the connected. competitor F with least perimeter is the convex hull of 8B(zg, R),
8B(zy,7), which for r sufficiently small satisfies (7.2). Among disconnected com-
petitors, the best is-E = B(z1,7) U B(xo, R), by (2.13). a

7.2-Proposition.  For any open V- -CCU C R?, and any e >0, there exists a
superminimizing set F in U such that F.= V and |F| < ne?.
Proof.  Enumerate the rationals as {z;}. ]
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Claim. . Forsuitably chosen rj,

Fy =) Blajyrs)
igd
has the properties:
(i) Any set F'y'C G.CC U with a connected component containing two. B(z;,7;)
withj < J, satisfles

P(G,U) > P(Fp,U)+6y, 3;>0,
(i)

(7.3) 3 P(B(xjyrs) < b
j=J+1

Proof of claim. Theradiir; may be chosen inductively, as follows;
Choose 71 < /2 sufficiently small that B(zy,71) C V. T z;41 € Fj, then take
7541 = 0.-Otherwise, choose ;11 s0 small that ‘B(zj1,751) CV\F;,

) P(B(@j11,701),U) < %,

and, by Lemma 7.1, any connected set G centaining B(z,rj+1) and any B(zk, ),
k<7 satisfies

(7.5) P(G,U) > P(B(%j41,7541), U) + P(B(ax,71%),U) + 941

for some 0541 >.0. By (7:4), (i) is clearly satisfied. Further, (7.4) and (7.5) together
give (1). For, if G has a component containing any Bz, 7x), Bz, 1), b #L< 7,
then (7.3) holds by the induction hypothesis. Likewise, if no component of G contains
B(zjt1,754+1) and any B(xy,7:), k < j. The remaining case is that precisely one
Bz, 1), k <7, lies in'a component with B(x;11,7541), and the rest lie-each in
distinct components. In this case, (7.3) follows by (7.5) and (2.13).

Defining F:=J B(x;,7;), we find that Fis superminimizing in U, For, let G be

7
any competitor. If G has any component containing B(x;,7;) and B(zk, 1), j <k,
then (i)-~(ii). together give

P(G,U) > P(Fy,U) + 8 > P(Fy,U) + 3" P(B(wj,15),U) 2 P(F,U).
k41

On the other hand, if-each B(z;,7;) lies in a distinct component G; of G, then either
G = B(zj,15), or, by the Isoperimetric Theorem, P(Gy,U) 2 P(B(z;,7;),U), with
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strict inequality for some J. Noting that P(G,U) > Y P(G;,U) for any finite sum,

J=1
and recalling (ii), we thus obtain P(G;U) > P(F,U) as claimed.
By: (ii), and the choice 71 < ¢, we have [F} <'ne? 3" (1/2)% < re?. But, clearly,
=1
also, I is dense in V, giving F = ¥ as claimed. m]

Remark. It is not clear whether such a construction can be carried out in higher
dimensions, since Lemma 7.1 no longer holds with positive 4.

Consequences. 1.-The construction of Proposition 7.2 shows that in general
E = E' is false for subminimizing sets £, in contrast to the result of Corollary 6.6.
It would seem that some form of connectivity must be assumed on E, if this property
is to hold.

2. A similar construction with U = B(0, 1) yields a superminimizing set of the form
Bt(0,1) UG, where G'is the union of a disjoint family of discs dense in U\ B(0,1).
Here ‘B*(0,1) denotes the upper half-ball {z € B(0,1): z, > 0}. Taking E =
B+(0,1) and- F = E'UG, we find that the strong maximum principle as stated in
Theorem 3.3 is violated, although the regularity assumption E = E; is satisfied.
This shows that the assumption 0E:NJF CC U is important. However, we remark
that in the original form as stated in [18], the conclusion of the theorem was that
OF and OF should agree on their components of 2g. This version of the theorem
remains valid also for the above example, though the two statements are equivalent
for minimizing sets.

Evidently, the issue of a maximum principle for sub- and superminimizing sets is
a delicate 'one, requiring ideas beyond those in this paper. This would appear to be
an interesting area for further study.
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