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A RATIONAL CANONICAL FORM ALGORITHM

KEITH R. MATTHEWS, Brisbane

(Received August 15, 1991)

Summary. We present an easy-to-implemeént algorithm for transforming a matrix to
rational canonical form.
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1. INTRODUCTION

In this note we show how the Jordan canonical form algorithm of Viliaho [8]
can be generalized to give the rational canonical form of a square matrix A ovet an
arbittary field F. If m4 = p* .- .p}* is the factorization of the minimum polynomial

of A into distinct monic irreducible factors, our objective is to find a non-singular
matrix P over F' such that

P'AP=H,®---© H,,
where
Hy= H(p;*)® - H(p;"™) _
and whete the hyperco_tlnpan‘ion matrix H(p;*) is defined by

Cm) O 0
N C@m) «+ 0
0

B =| 0 N e
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There are e;; blocks on the diagonal and N is a square matrix of same size as C(p;),
the companion matrix of p;, where

00 0 -ao

1 0 0 —a1
C) =" 01 0 -—a2

0 0 -+ 1 —ap

ifp=z"+an_1z" '+ ---+ayz +ao.

Every entry of N is zero, apart from the top right-hand corner, where there is a
1. The overall effect is an unbroken subdiagonal of 1’s.

In the special case that p; = z — \;, H (P;*’) reduces to the elementary Jordan
matrix

A 0 0

1 ,\'- e 0

1 ... 0

Jeii(Xi) = _— .
0 0 ... X O

0 0 1 X

We present our algorithm in terms of linear transformations. However for

matrices, the algorithm is easily translated into one which can be used directly by
any exact arithmetic matrix calculator which works over F' and which computes the
minimum polynomial m, of a square matrix A and factorizes m, as a product of
monic irreducibles over F[z].

Rational canonical forms were first introduced by Frobenius in 1879. (See [3, page
72] for references to this and other early papers.)

Of the many modern proofs of the rational form decomposition, typical are the
ones in Friedberg, Insel, Spence [1, pages 339-354], Pearl [5, pages 157-164] and
Rotman (7, pages 54-56]. Their proofs are inductive in nature and do not lend
themselves to immediate computer implementation.

There is another standard proof based on the Smith canonical form of the matrix
zI — A, where A = [T)g is the matrix of T relative to a basis 3 (see Perlis [6, page
162]). However, computationally the resulting algorithm is limited to matrices of
small size.

As is well-known (see Jacobson [2, page 188]), V becomes a left-F[z] module if
left- F[z] multiplication is defined by

fv=f(T)(v), fe€F[z),veV.
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With appropriate changes of terminology, our algorithm generalizes to give a proof
of the structure theorem for finitely-generated torsion modules M over a principal
ideal domain R: simply replace V by M, F[z] by R and replace the scalar multipli-
cation (2), defined below, by the left-module multiplication fv, f € R, v € M.

We finish the paper with an example of an 6 x 6 matrix over Z3.

In the interests of brevity, all proofs are omitted and left as exercises. Most are
straightforward.

2. DEFINITIONS

Let T: V — V be a linear transformation over F, with dimV = n. Let mTF =
p'l" ...pl* be the factorization of the minimum polynomial of T into distinct monic
irreducible factors. We make crucial use of the vector spaces

Npp, =Imp} ' (T)NKerp(T), 1<i<t, 1<hgd,

following Valiaho, who dealt with the special case p; = @ — A
In particular N p; = Ker p;(T"). Then we have the sequence of subspace contain-
ments:

(1) NI,P-' 22 Nb.-.m # {0}

The following result is important for computing a basis for N p,:
If Ker p?(T) = (u1,...,u,), the subspace generated by u, ..., u,, then

Nogi = (B} (@) (wn), ., BT (wr)).

Let F,, = F[z]/(pi) be the field of residue classes mod p;. Then in addition to
being an F-vector space, N} p; is also an Fp,-vector space if Fp -scalar multiplication
is defined as follows:

. Let = f+(pi), f € F[z] and v € Ny p,. Then

2)  Ju=£(D)().

Some relevant properties of this scalar multiplication are:
(i) f=dg¢pi|f— g (that is p; divides f —g).
(ii) Let n; = degp;. Then

r ni=-1

v=fim++fu,ov=) Y cuTHw), cp€F.
' j=1 k=0
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(iii) Vectors wy, ..., wy in Ny, are Fp, -linearly independent if and only if
H(T)(w)+ -+ fr(T)wr) =0=>pi | f1,...,0i | fr-
This last implication is in turn equivalent to the statement that
3) wy, T(wy), ..., T Y(w), ..., w, T(wy), ..., T }(w,)

are F-linearly independent.
We refer to the expanded array (3) as the padded array. It is the means whereby
in numerical examples, F,-basis calculations can be reduced to F-basis calculations.

From property (iii) we have

. ) 1 MT)) —v(p? (T
(4) Vhp, = dxmp’i Npp, = d_e_g—;: dimp Nhpp; = V(P,( ))degi’p(ipg (1)

where v(p?(T")) denotes the F-nullity of p?(T). (See Mirsky [4, page 161].)

The integers vpp;, 1 < i < t, 1< h < b, form a sequence called the Weyr char-
acteristic (see MacDuffee [3, page 74]). In view of the sequence of containments (1),
we have for 1 < ¢ < ¢, the decreasing sequence of positive integers:

V1,p5 22 Vb pis
v(pi(T))
deg p;

Telescopic cancellation using (4) gives

where vy 5, = dimp,, Ker pi(T) =

(T
Vip;+- -+ Wp, = %E%'
]

We mention that this sum in fact equals a;, where p{ is the exact power of p; which
divides the characteristic polynomial chy. (This emerges as a consequence of taking
characteristic polynomials of both sides of (9) in Section 3.)

It is helpful to visualize the above sum as a dot diagram formed by a tower of left-
justified rows of dots, where the h-th row from the bottom contains v p; dots. The
height of the tower is b;, while the width at the bottom is 4; = v1,,. For example
with b; = 4 and vy p, = Vap, = 3, V3,p;, = V4,p, = 2, we have the dot diagram

V4,P'.
Va,p,'
Vz.P'.
Vip
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The integers represented by the respective columns of dots from left to right, form
a decreasing sequence :

bi = ei1 2 - 2 iy,

These sequences for 1 € ¢ < t form the Segre characteristic of T' (see MacDuffee 3,
page 74]). For example, in the above dot diagram, the conjugate partition is ;) = 4,
ei2 = 4, €i3 = 2.

The polynomials p;*/, 1 € i < t,1 < j < 7 are called the elementary divisors
of T.

3. DECOMPOSITION OF V INTO INDECOMPOSABLE T-CYCLIC SUBSPACES

(Good references for this section are Friedberg, Insel, Spence [1, pages 280-300]
and Pearl [5, pages 137-164)].)
If v € V, the T-invariant subspace Cr,, of V defined by

Crv = {f(T)(v)If € Flz]}

is called the T-cyclic subspace generated by v. The minimum polynomial mr,, of
v is the monic polynomial f of least degree such that f(T)(v) = 0. If v # 0, then
m = degmr, > 0 and Cr,, has a basis g:

v, T(v),...,T™ }(v)

called a T-cyclic basis. If W = Cr, and Tw denotes the restriction of T to W, then
[Twls = C(mr,0).

In the special case where mp, = p®, where p is a monic irreducible polynomial of
degree n, Cr,, has another basis '

v, T('l)), LR T"'l(v)
TY0),  TeTN) ... TB(T)
PN, T @O, 0 T

called a canonical basis. Here [Tw]s = H(p®).

The well-known primary decomposition theorem (see Friedberg, Insel, Spence 1,
pages 342-343)) states that

(5) V =Kerp}!(T) & - & Ker p*(T).
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We will give an algorithm which decomposes each Ker p}*(T) into a direct sum of
indecomposable T-cyclic subspaces:

%
(6) Kerp;i(T) = @CT,..‘,., where mr,,; = p;¥
j=1

and b; = e;; > ... > ei,;,. Consequently in view of (5), we have a decomposition of
V as a direct sum of indecomposable T-cyclic subspaces:

M V= @éc"'mr
i=1 j=1

Then if B;; is the canonical basis for Cr,,; and

t v
(8) 8= U B8,
i=1j=1
then S is a basis for V with the property that
t v -
) [T1s = DD HG!)-
i=1 j=1

We can now apply the result to the special case T = Ty : Vo(F) — V,(F), where
Va(F) is the F-space of n-dimensional column vectors over F, A € M,xn(F) and
Ta(X) = AX. If P is the non-singular matrix whose columns are the respective
members of the basis § defined in (8):

P =[via] - |vay, |- Joa] - - |veq,),

then

t v
P7IAP = [Tu]s = PP H").

i=1 j=1
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. 4. CONSTRUCTING THE VECTORS v;;

The motivation for the construction of the vectors v;; comes from a uniqueness
result for the elementary divisors, which involves the Fj,-vector spaces Nap;- For
we see that in any decomposition (6), we must have

mr = pi*t - pit,

thereby determining the polynomials py, ..., p; as the distinct monic irreducible
factors of mr. Also for each i, 1 < i< ¢, if 1 < h < by, it is easy to prove that Nip,
has the Fp -basis

ei1—1 eij,—1
(10) [ A PR A TR

where e;), ..., €j, are the integers in the sequence ey, ..., e;,, which are not less
than h.

There are consequently dimp,, Nap;, = vpp; such integers and hence the number
of integers €;1, - . ., €iy; €qual to h is equal to vsp, — Va41,p;, which depends only on
T. In other words, for each i, the sequence e, ..., ei,;, depends only on 7.

In particular, Ker p;(T') possesses a special type of Fy, -basis

(11) PN T (wia), -, P T (T) (i)

with the property that the vectors (10) with ja = vy p,, form an Fy;-basis for Nap,,
1<h<b;.

In fact such a basis is easy to construct. We start with a Fp,-basis for Ny, p,,
extending it to bases for the successive distinct subspaces in the sequence

Nb.'m-‘ c---C NI,P-"

until we eventually reach an Fj,-basis for Ker p;(T) of the required form (11).

It is then straightforward to prove that the secondary decomposition (6) follows
as a consequence. (The reader is urged to verify this statement in the particular case
of the earlier -dot diagram. A proof by induction of the general case, should then
suggest itself.)

We illustrate the construction of the Fp -basis (11) using the earlier dot diagram:
here e;; = 4, ;20 = 4, e;3 = 2.

First choose an Fp,-basis p}(T)(vi1), p}(T)(viz) for Nap, = Nap,. Then ex-
tend this to an Fy,-basis p}(T)(vi1), p}(T)(viz), pi(T)(vis) for Nap, = N1,p,. Then
Ker p}(T) = Cr,vi, ® Crvia ® Cr,vy5, Where mp,,, = pf = mr,y,, and mr o,y = -
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5. A NUMERICAL EXAMPLE

Let A € Msxe(Zs):

€ Msxe(Z3).

—_ O N O =
OO = OO0 O
(=T — I~ I~ I -]
O = o= NN O
N DN = N

O O O = O O

Here my =pl,pr =22+ 2+ 2€ Flz), F = Z3, p1(A) = A2 + A + 2.

00 0O0OTDO

020210

012201 Vipi(A
pi(4) = 011012l v(p1(A)) = 4, Vlml:%lg_(;lnzg_

0012 2 2

00 00OTUO

Pi(A) = 0, ¥(p}(4)) = 6, v, = ”(p%(Azi)eg—pvl(m(A» =521

Hence we have a corresponding Fp,-dot diagram:

e

VZ»PI
Vl P

We have to find an Fp, -basis p(A)vy; for N3 ,, and extend this to an Fp -basis

p1(A)v11, v1a for N(p1(A)) = Ker p1(T4).
An F-basis for N(p3(A)) is E, ..., Eg, the standard basis for V5(F). Then

Nz, = (P1(A)EL, . ..,p1(A)Ee) = (p1(A)E3).

Thus p1(A)E; is an Fp,-basis for Na,p, so we can take v;; = Ej.
We find the columns of the following matrix form an F-basis for N(p;(A)):

00

OO O O O M=
OO = NO
O e O e
_- O = O
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We place p1(A)E; in front of this matrix and then pad the resulting matrix to get

001100O0O0TO0?2
2001201201
1200121012
11021102200
0100011101
0 00100O0O0T1T1

The first four columns p1(A)E2, Ap1(A)E2, E;, AE; of this matrix form an F-
basis for N(p1(A)) and hence py(A)E3, E; form an Fp,-basis for N(p;(A)). So we
can take v12 = E;.

Then Vs(Z3) = N(p?}(A)) = Cra,v,, ® Cr, vy, and joining canonical bases vy,
Avyy, p1(A)vi1, Api(A)vy, for Cr, vy, and vy3, Avyg for Cr,v,,, gives a basis vy,
Avn, pl(A)vn, Apl(A)vu, V12, A‘vu for %(13)

Finally, if P is the non-singular matrix whose columns are the respective members
of this basis, we can transform A into a direct sum of hypercompanion matrices:

010000
1 200 00
010100
=1 AD — I(n2 —
0000 01
00001 2
where
00 0011
1 0 2 001
011200
P=1o01102
000100
00 00 01
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