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Matematicky €asopis 21 (1971), No. 3

EXTENSION OF CONTINUOUS FUNCTIONALS
EUGEN FUTAS, Kosice

§1. Introduction

This paper deals with the problem of extension of functionals under con-
ditions which make the problems of integral and measure extension special
cases of this problem.

In [2] another solution of this problem was proposed. The solution proposed
in this paper is a generalization of that discussed in [1] where it was used for
measure extension.

§2. Construction

Consider a lattice X. We shall call X relatively o-complete if for every
sequence of elements {x,}, ;, » € X the following implication holds:

o (o]
an < @, 20€X =3I neX(@n = w0, x0€X = [) zn e X).
. n=1 n=1

Further we shall write z, / « to denote that x, < @p41, x = |J @n. RN
n=1
will be interpreted analogously.

Let X be a relatively og-complete lattice. On X define further two opera-
tions -+ and —. Suppose that on X the following relations hold:

Daw,yneX,2n /2, Yn Yy =Ny 2Ny,

2) %, Yn € X, Tn N X, Yn N Y = 2u U Yn N T U Y,

N, yeX =2zt y=y+a,

Yz, y,zeX,e2y=>r+z<yt+z,x—2<y—z,2—r 22—y,

5) @n, Yn€ X, a0 7 &, Yu /1 Y(@n N T, Yn N Y) = Tn + Yn S &+ Y (@n + yn N
N e+ y)

6) Zn, Yy€X, Tn A 2(Xn N\ X) =X — Y A X — Y, Y — Tn N Y — 2(Tp — YN
N & —y, y— ¥ Y — ),

Ne,yeX,zz2y=>x=y+ (x —y).

8) There exists an element 0 € X such that 2 — x = 0 for every z € X.
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9 21, y1, 2, Y€ X, 1 = X2, Y1 = Y2 = [(®1 + 1) — (22 + y2)]U [(v1 —
—¥2) — (@2 — y1)] < (21 — @2) + (Y1 — ¥2).

Definition 1. M e X = M; ={x:xe X, Jxpe M, x4 7 a}.

Definition 2. M € X = Ms = {x: 2z € X, Jap€ M, xp \ 2a}.

Evidently the following lemmas hold:

Lemma 1. Let M be a lattice. Let xn € Mg, xn 7 x(xn € Ms, @n N\ X). Then
there exist yn € M yn < Xn (yn > xn) such that yu A x(yn N ).

Lemma 2. Let M be a lattice closed with respect to the operation +. Let x,
Yy € My(x, y € Ms). Then there exist uy, € M such that uy A x + y(un N\ * + y).

Lemma 3. Let x € My, ye Ms. Suppose that there exist xn, yn€ M such
that xn 7 @, Yyn N y. Tn — Yn € M(yn — xn € M) for every n. Then x — ye
€ ]PIg(x — Y€ Ma)

Let A € X be a sublattice of X closed with respect to the operations + and
— and having the following property:

(x) For every « € X there exist y, z€ A such that y < 2 < z. On 4 define
a finite real-valued functional ¢¢ such that

Dz, yed, x>y = gox) > po(y),

(I z, yed = oz U y) + ol N y) = go®) + @o(y),
(I z, yed, x > y = go(x) = @o(y) + @olx — ¥y),
(IV)z, ye A = o(@ + y) < @o(®) + @o(y),

(V) zn€ 4, zn ™\ 0 = lim go(xn) = 0.

Lemma 4. If z, ye Aslx,y € As), ®n A @, Yn A Y, (X N T, Yn N V), T,
yn€ A, x = y, then im @o(xs) = lim @o(ya). If e Ag N A, %p, yn€ 4, 20 7 x,

—>0Q0 Nn—->x0

Yn N @ then lim @o(xn) = lim @o(ya).

Proof. 1. We shall prove the first statement for 2, y € 45. The proof would
be analogous for xz, y € 45. For all natural n x Nz, = y,. Evidently z, N
N Yn A & N Ya, therefore xm Ny 7 yn. By II and I we have qo(yn)=
= lim @o(m N yn) < lim @o(xm). Therefore lim @o(yn) < Lim @o(xm).

m-»0 M—>0 n->ow m->x

2)x e As N As. Evidently y, — 2, 0. By V we have lim go(yn — 2zs) = 0.

By III, lim @o(y=) = lim go(y).

n->o0 Nn—>0
Definition 3. B; = 4, U As. z € As(x € 4s) = gr(x) = lim go(zys), n € 4,
1>
Xn A X(Tn N ).
Remark 1. These limits always exist and are finite, since they are limits of
monotonous bounded sequences of real number.
Remark 2. The uniqueness of ¢1(z) is guaranteed by Lemma 4.

Remark 3. x€ 4 = gi(x) = go(x).
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Lemma 5. @, y € Ag(x, y € 4s), * > y = g1(x) > g1(y).
Proof. A consequence of Lemma 4.

Lemma 6. z, y € Ag(x, y € 4s) = ¢1(x) + ¢1(y) = gr(x U ¥) + g1(x N y).
Proof. We shall consider only the case z, y € 4.

Let n, yn€d, xn # %, yn 7 y. Then 2y U yn A xU Y, Ta Ny 1 TN Y.
By 11, for every n .

®o(Zn) + Po(¥n) = Po(Tn U ¥n) + @o(Xn N Ya),

and therefore for n — 0.
P1(x) + ¢1(y) = eu(x U y) + qi(x N y).

Lemma 7. x, y € As(x, y € 4s) = p1(x + y) < g1(x) + @1(y).
Proof. Analogous to that of Lemma 6. :

Lemma 8. x € 4y, y€ 45, v < y = ¢1(y) = p1(z) + @iy — ).
Proof. Let @n, yn€ A, xn 7 @, yo  y. Then yn > Tn, yn — xn N ¥y — .

@o(yn) = @o(Tn) 4+ @o(yn — Xn),

1(y) = ou(x) + @ily — ).

Lemma 9. ze€ 4, yeds, v < y = ¢p1(x) < p1(y)-
Proof. Analogous to that of Lemma 8.

Lemma 10. Let x, € As(xn € 4s), n 4 2(xn ™\ x). Then gi(x) = lim @1(zx).

Proof. We shall consider only the case z, € 45. By Lemma 5 ¢i(xa) <
< qi(z), and therefore also lim @i(zn) < @i(x). Is is now sufficient to prove

N—>00

the reversed inequality. According to Lemma 1 thereexist y, € 4 (n = 1, 2, ...)
such that y, < s (n =1,2,...) and y, 7 2. By Lemma 5, go(ys) < ¢1(®s),

lim @o(y») < lim gi(2n),

n->0 Nn->0

i(x) < lim g1(x4),

">

since y, A «.

Lemma 11. Let x € A, ye A, v = y. Then gi1(x) = @o(y) + @1(x — ).
Proof. Let x, € 4 so that x, > ¥y, s 7 « and use III.

Lemma 12. Let x,, 2 € As(xn, € ds), xn\ &(xn 7 ). Then ¢i(x) =
— lim g1 (2).

n->00

Proof. We shall consider only the case x,, v € 4;, since in the other case
the proof would be analogous.
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By Lemma 5, lim gi(xs) > ¢i(x). It is therefore su“ficient to prove the

91->00

reversed inequality. Let 2 € 4, 2» » z. By Lemma 11, 1(zyn) = @o(x™) +
+ @1(xn — 2*) so that lim ¢i(xn) = lim go(x?) 4+ lim @i(xn — 27) = @1(x) +

N->00 N->0 N—>00

+ lim ¢y(xn — x7). Since x, — 2\ 0, it suffices to prove that wu,e Aq
n->oo
(n=1,2,...), upx 0 = lim ¢1(un) = 0. Let ¢ >0. For every n there exists
Nn—->0

vp€A such that 0 < vy < up and @i(ua) < @o(vn) +¢. 22 Put w, =
= [ v:. Then gi(uas) < @o(wn) + &> 2-i. The proof shall be by induction.

=1 i=1
1) For n = 1 — evident from the definition.

2) po(wn+1) = go(wn N Vnt1) = @o(wn) + Po(Vn+1) — @o(wn U Vns1) > @1(ua) —
n+1

n
— &2 27 + i(uas1) — €277 — gi(un) = @1(uni1) — e 27

=1 nil =1
Thus 0 < @1(ua) < po(wn) + &> 24,

i1
0 < lim ¢1(up) < lim go(wn) + e
1n->00 911>
Since wy, € A, wy ™\ 0, we have lim go(ws) = 0, 0 < lim ¢1(un) < e. Therefore
71— 0 n—->00

lim ¢i1(us) = 0.

Lemma 13. Let x € A5, y € 4s, x = y. Then g1(x) = ¢1(y) + ¢r(x — ¥).

Proof. Let &, yn€ A, xu 7 x, ya» \ y. By Lemma 11, gi(x) = @o(xs N
N Ym) + ¢1(x — (n N ym)). For m — o0 we have xn Nym N xn Ny € 4s,
X — (X N yYym) # *— (xn Ny)€As. By Lemma 10, ¢i(x) = ¢i(xa Ny) +-
4+ gi(x — (xn N y)). For n—> 00 we have & Ny 7 y, x — (@n N Y) N\ & — 7.
By Lemma 12, @1(x) = ¢1(y) + ¢1(x — y).

Lemma 14. Let x € A5, y € As, x > y. Then g1(x) = p1(y).

Proof. Analogous to that of Lemma 13.

Definition 4. Ay = 'As)s, Ass = (As)s.

By Lemma 2, 445 and 44, are lattices closed with respect to +. Analogously
as in Lemma 3 we could prove that if x € Ags, ¥ € Ass, then @ — y € Ay,

y—xerg.

Lemma 15. Let x, y € Ago(x, y € Ass), Tn A X, Yn A Y(Xn X T, Yn N ¥),
Z =Y, Tn, Yn € Ae(Tn, Yn € As), then lim g1(xn) = lim @1(ya). If x € Ags N Ass,

1->00 n—->00
Zn € Ao, Yn € Ao, Tn A T, Yn N 2, then lim @1(xn) = lim @1(yn)-
71->00 n->0

Proof. 1) The proof of the first statement would be analogous to that of
Lemma 4.
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2) Let x € Ags N Ass. Evidently x, < y». By Lemma 13 @i(ys) — @1(@n) =
= @1(yn — xn). Clearly yn — xn € A, yn — xn X 0. By Lemma 12, lim ¢1(yn —

N—>00
— xy) = 0. Therefore lim ¢;(yn) — lim ¢1(xs) = lim @1(yn — 2n) = 0.
n->0 n->00 Nn->00

Definition 5. Ry = Ags U Ags.
Definition 6. x € Ass(x € Ags) = @a(x) = lim @i1(xn), 20 € A5, X0 7 x(Xn €

h—>0o0

€ Ag, xn N X).

Remark 1. These limits always exist and are finite since they are limits of
bounded monotonous sequences of real numbers.

Remark 2. Lemma 15 guarantees the uniqueness of go(x).

Remark 3. x € R; = go(x) = ¢u(x).
The following statements could be proved by methods analogous to those used
heretofore.

Lemma 16. &, y € Aos(x, y € Ags) = @2(x) + @2(y) = @2(x U y) + @2(x O ¥).
Lemma 17. 2, y € Ass(x, y € Ags) = @a(x + y) < p2(2) + @a2(y).

Lemma 18. x € Ags, y € oo, x = y = @a(x) = @2(y) + p2(x — y).

Lemma 19. x € Aoy, y € Ags, x < y = @2() < @a(y).

Lemma 20. x, y € Ass(z, y € Ags), = y = @a(x) = @aly).

Lemma 21. x, € Ass, xn 7 x, (¥n € Aoso, Tn N x) = @o(x) = lim gg(xs).
N—->00

Definition 7. We say that x €8 iff there exist ye Ass, z€ Ags such that
y <z < zand gy) = @alz). :

Lemma 22. Let x € S. Suppose further that yi, ys€ Ass, 21, 22 € Ags. Let
y1 <z <z and y2 < ® < 22. If, moreover, ga(y1) = @2(21), @2(y2) = @a(22).
Then g2(21) = @2(z2).

Proof. Evidently z1 N z3 € 4Ags, 21 N 22 > 2. By Lemma 19 and 20 we have
P2(y1) < @2(21 N 22) < @a(21) = @a(y1), s0 that ga(z1 N 22) = @2(21).
pely2) < @a(z1 N 22) T @a(22) = @a(y2), 50 that @a(21 N 22) = @a(z2).
Therefore @o(z1) = @a(21 N 22) = @a(22).

Definition 8. x € S = ¢(x) = @2(y) = @2(2), where y, z are those of Defini-
tion 1.

Remark 1. Lemma 22 ensures the uniqueness of ¢(x).

Remark 2. We see that ¢ is a finite functional which is an extension of gq.

§3. The proof

Theorem 1. x, y €8S, x > y = ¢(x) = @(y).
Proof. We choose 1, y1 € Ags, X2, Y2 € Aos such that z; < < a1,92 < y <
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< y1, g2(x1) = @a(a), @a(y1) = @a(y2). Evidently x2 U y2 € Ass. Then xp U
U SZUY=2 <2 &2 < 22U Y2 < 21. By Lemma 19 and 20 g(x2) <
< @22 U ¥2) < @a(1) = @a(w2) or g@o(rz) = @2(22 U y2). Therefore ¢(x) =
= @a(22) = @a(22 U ¥2) > @2(y2) = ¢(y).

Theorem 2. 2, yeS =zuy, cNyesS, @)+ ¢ly) = @z v y) +
+ ez N y).

Proof. Choose 1, y1, 2, y2 as in the proof of Theorem 1. Then x; U 31>
ZaUY Z20UY, 1Ny Z2TNY = XN Y.

By Lemma 16, we have

(1) gal@1) + @2(y1) = @2(21 U Y1) + @221 O 31),

(2) @2(x2) + @a(ye) = @a(@2 U y2) + ga(x2 N y2).
By Lemma 19,

(3) p2(z1 N y1) = @ale N y2).

Substituting (3) into (1), we obtain

(4) @a(x1) + @2(y1) > @o(21 U 1) + @a(z2 O y2),
and subtracting (2) from (4)

@221 U y1) < g2(x2 U y2).

By Lemma 19,

@2(x1 U ¥1) = @222 U y2), so that

(5) @2(x1 U ¥1) = @a(x2 U y2). Therefore x U y €S.

By substituting (5) into (1) and subtracting (2) we obtain

@2(21 N Y1) = @a(x2 N y2) so that x Ny € S. Now

P(x) + ¢y) = ga(r1) + @2(y1) = @210 y1) + @21 OV Y1) = @z L ) +

+ ¢l@ N y)

Theorem 3. x, yeS =z —yeS; 2 > y = ¢(x) = p(y) + ez — ).

Proof. The choice of x;, y1, 22, y2 is the same as in proving Theorem 1.
Evidently a2 —y1 S x —y < 21— y2, @2 — y1€dos, ®1 — y2€ Ags. By
Lemma, 19, @2(z2 — y1) < ga(@1 — ¥2).

By Lemma 18, axiom 9, and by Lemmas 20 and 17, we have 0 < ga(21 —
— y2) — @2(T2 — y1) = @a((@1 — y2) — (@2 — y1)) < @a(Xr — @2) + (Y1 —
— 42)) < @221 — x2) + @2(y1 — y2) = 0, so that @o(r1 — y2) = 2(x2 — 1),
which means that x — y e S.

Now let « > y. Then z; > y2. By Lemma 18, p(x — y) = @a(a1 — y2) =
= ga(a1) — p2(y2( = P(x) — @()-

Theorem 4. x, y €S = x + y €8, ¢(x) + (y) > ¢z + y).

Proof. With the same choice of x1, y1, @2, 2, we see that 22 + y2 < « +
+y <21+ Y1, vz + Y2 € doo, 21+ Y1 € Ags. By Lemma 19, @o(x2 + y2) <
< go(a; + ¥1). By Lemmata 18, axioms 9, 20 and 17, we have 0 < go(x1 +
+ y1) — @2(22 + y2) =@a ((x1 4 y1) — (X2 + ¥2)) < @2((21 — 22) + (Y1 — 3/2)) =
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= @z(x1 — @2) + @2(y1 — y2) = 0, so that gs(x1 + y1) = @a(22 + y2), or = +
+ y €8. Now ¢z + y) = ga(@1 + y1) < g2(21) + @2(y1) = @(2) + @(y).

Theorem 5. Let x, €8S, xn < Tpi1(Tn = ¥p41). Let there exist a € X such
that xn < a(xn > ) Then

x_aneS nxneS ) and @(x) = lim @(zy).
n=1 n=1 n->0

Proof. According to («) we may suppose that ¢ € 4. The proof will be
outlined for a non-decreasing sequence with the understanding that the same
methods could be used for nonincreasing sequences.

Let yn €Ass, 2n€Ass, 2n < Tp < Yn and, ¢’2(zn) = 972(3/11), Zn S Zp+l-
By Lemma 21, z, 7 z € Ao,

‘ @2(2) = lim @2(zn) = lim @(x,).

71> Nn—>o
Clearly ¢ < .
Let ¢ > 0. There exists vs(c) € A5 such that y, < va(e) < a, @i(vale)) <

< @2(yn) + €. 277

Put wp(e U vi(e). Then wy(e) < wpi(e), wn(e) € A, wale) < a. Tt is
i=1

n
necessary to prove that gi(wa(e)) < @2(yn) 4 €2 27i. This we shall do by
i1
induction
1. For n = 1 the statement holds by definition.

2. pr(wn+1(e)) = <p1(wn(e U vni1(e)) = @r(wa(e)) + @i(vnii(e)) — gr(wale) N

n+1

N vp11(e)) < @2(ya) +- 822 ¢+ @a(yn+1) 4 €271 — @2(yn) = (Pz(y"*‘l + SZ 2.
t=1

Further wy(e) 7 w(e) € Aa, w(e) =

hence gi(w(e)) = lim gi(wn(e)) < hm @2(yn) + e.

Put w, = [} w(lfi). Evidently u,€ds, 2 < 2 < up < w(l/n), Upsr < Un,
i-1

hence @2(2) < @i1(ua) < @r(w(l/n)) < lim @o(yn) + 1/n = lim @o(z4) + 1/n =

Nn—>0 n->00
= @a(2) + 1/n, further u, X u € Ags, < %, @a(2) < a(u) < @1(un) < @2(2) +
+ 1/n, therefore go(u) = @2(2), so that x € S.
Now @(x) = @2(2) = lim @a(2,) = lim p(xx).

n->0 Nn—>00
Corollary. R, < 8.
Remark. Theorems 1—5 demonstrate that ¢ is the required extension
of ®o -
Theorem 6. ¢ is the only extension of @9 to S with the properties I—V.
Proof. Let there exist a functional y(x) defined on S with the properties
I—V such that x € A = y(x) = @o(x).

197



A consequence of the properties («) and I is the fact that y(x) is a finite
functional. Let x € As. Then there exist x, € A, xn 7 x. By the properties
I1T and V we have p(z) = lim y(x,). Therefore y(x) = lim y(x,) = lim ¢(xn) =

7N->00 n->00 N—->00

= @(x). Analogously we could prove that if x € Ry = ¢(x) = yp(x).

Let x€8. Take y € Ags, 2€ Ao, 2 < & < ¥, ¢2(2) = @ao(y). By 1, ¢(x) =
= @2(2) = 9(2) < p(@) < p(y) = 2(y) = (), so that y(z) = ¢(2).

Theorem 7. Let x € X. Suppose that there exist y, z € S such that y < v < z,
¢(y) = @(z). Then x € S.

Proof. Take y1, z1 € 4gs, Y2, 22 € Ass such that y2 < y < y1,22 < 2 < 21,
P2(y1) = @2(y2), @2(21) = @2(22). Evidently w2 <y <2 <z <2, @ye) =
= @o(21) and therefore x € S.

§4. Measure and integral

1) Consider a set M. Let Z be the system of all subsets of /. The operations
U, N, — will be interpreted in their usual set theoretic sense. Let 4 be identical
with U. Then the assumptions 1—9 hold for X.

Now let o/ be a nonempty algebra of subsets of M on which we define
a finite measure pg. Put go(x) = wo(x). Then the assumptions I—V are also
satisfied. Consider the functional ¢ of Definition 8. By Theorems 1—5 & is
a c-algebra and ¢ a measure. By Theorem 6 it is the only extension of ¢o to
& . By Theorem 7, ¢ is a complete measure.

2) Consider a set M. Let X be the system of all bounded real-valued functions
defined on J. Let the operations 4+ and — retain their usual sense. Let
xUy =max{r,y}, Ny =min {x, y}. Then the assumptions 1—9 are
satisfied for X.

Let A4 be a system of all simple integrable functions. Let u be a finite measure
on a o-algebra. Let go(z) = f xdu. Then the assumptions I—V are also satisfied.
Theorems 1—7 ensure the existence of a unique extension of ¢y to ¢ where ¢
is an integral on . The integral is complete by Theorem 7. Evidently if ¢ is
linear on 4, then ¢ is on &.
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