Matematicko-fyzikalny ¢asopis

Alexander Rosa
On Cyclic Decompositions of the Complete Graph into (4m + 2)-Gons

Matematicko-fyzikdlny ¢asopis, Vol. 16 (1966), No. 4, 349--352

Persistent URL: http://dml.cz/dmlcz/126977

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1966

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/126977
http://project.dml.cz

A TEMATICRO-FYZITR ALNY CASOPTR SAVO 160 10 1966

ON (YCLIC DECOMPOSITIONS
OF THE COMPLETE GRAPH INTO (4m -~ 2)-GONS

ALENANDES ROsNN ) Bratsloya
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pooonssowhere p O fnnsd V), waes given b paper L The eave p P{mod
was vestionied m [ 2] Thisc article orces the solution of the problers of a evetu
devomposivion o the complete geaph in the remaining cace o 2 feod 1)

et s he natueal, and et ool the form o noo e 02 he gtvens where s

nataral, Denote w0 28p 10 To avrcement 1o 2] the (&0 p)-matrix A
coowilh be cadled asmatein of tvpe (D ban . L gl o2
hobds,

Theovem L For arbitvary Ioand poof the form p o dm 0 2 There vaisis o
Ve peatrie A iy of the type (VY and conslants & oor oSl
thal

y
D dige 0 (mod )
T
kolds o all i | Y A5
Proof. The matrix A aipl and the constants ¢ satistying the conditions

of the theorem can be determined as follows:
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One can see easily that the conditions of the theorem are satisfied. Obviously
cach of the numbers 1.2, .. kp appears in the matrix A exactly once. The
/- th row of the matrix A is of the form:

Vo Dp - - Dp b2, o dp -t ip — 3, ip—2, (k—i -k Dp 1,
(k i Dp. We obtain
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S ey = = Dp -+ 1 [G= Dp 2] = |6 —1p o+ 3]~

G p 4 LG Up 5] =L — Dp o+ 6]
1= Dp 4 T+ 16— Dp + 8T - (G p 4 9) —
— [ Dp + 101 [~ Vp + 1] = [ — Dp + 121} -

o {ip —5) = (ip —4) — (ip—3) + (ip — 2} +
ki D — 1] ki Dp = 26— p 2
(k—1i4+ Dp— 1+ (k—2 -+ 1)p=2kp — 1.

Let there be given a complete graph (n) with n vertices vy, ..., v5, wherc
n is of the form n = 2kp + 1, p is of the form p == 4m 4 2, L is natural.

The length of an edge vw; in the graph <n) is defined as a minimum of the
numbers ¢ — jl, # — |t — j|. By the turning of an edge v;u; in the graph »
we mean the adding of a 1 to the indices. whereby we get the edge ;00
from the edge v;v;5 (the indices are taken modulo 1). By the turning of a polyaon
in the graph <{», we mean a simultancous turning of all edges of the polyeon.

A decomposition # = {K, ..., K.} of the complete graph into » polyeons
Ny, ..., Ky is called cvelie if the following holds: If # contains a polveon A
then 2 contains also the polygon A’ obtained from K Dby turning.

Theorem 2. Foir an arbitrary natwral k and for an arbitrary p of the forin p
s b 20 acher s natural, there exists a cyclic decomposition. of the qrapl
2hp A1 ento p-gons.

Proof. Let in the graph <2ktp -+ 1. be given £ polveons, with p edges cacl:

1

T P » ’ v e Qen 11 R} :
Ny 0,0, 00,0000 - 0 0 B e e g,y ST 200 2hp - T - 120 L

If cach of the possible lengths 1, 2, ..., kp in the graph (2kp + 1> is the length
of exactly one of kp edges of the p-gons Ay, .... K, then call the svsten: of
p-eons A= {Kq, ..., Ki} a basic system of p-gons in the graph (2kp - 1
We obtain a cyclic decomposition of the graph  2kp -~ 1> into p-gons if any
of the p-gons of the basic system is turned successivelly 24p times.

The basic system of p-gons in the graph (2kp -+ 1) can be determined with
the help of the matrix of the type (1) satisfying the condition of Theorem 1.
f.et A = llagll be such a matrix and let E == ¢, be the corresponding matvix
of constants constructed to prove Theorem 1. Denote hy A” and E” the matrix
which arises from the matrix A and E if the elements of each row of the matrix
A and E respectively are permuted:

a) for m == 1 under the identic permutation
b) for m 22 2 under the permutation
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45 6 7 8 Lo 2m -2 2m 4~ 3 2m - 4
45 4m 41 4m—1 4m—3 ... 9 7 4m

oo
w

2m =5 .0 4m dm 4+ 1 4m | 2
4m—2 ... 8 6 4m + 2

The matrix A’ clearly also satisfies the conditions of Theorem 1 with the
constants e;/-.

Choose an arbitrary vertex v, (x & {1, 2, ..., 2kp 4 1}). The p-gon K; will
be determined as follows:

v

)
wieciar **

K, = {vp, ?

)
¢ CASS

e Y v.vf‘r ci1 }x'l'chpfl’

where

J
) ’ 14 . .

Cip = e, 1= 1, .,k j=1, ... p
v=:1

1t is easy to verify that no vertex appears in the sequence of the edges of
N; more than two times. Namely, it is easy to verify an equivalent statement
that no pair of numbers «, b, for which @ == b (mod 2kp + 1), appears in the
following sequence of p numbers:

C—Dp-+ 1, 20— Dp +3, 3¢—1)p-+6, 20— 1)p -+ 2, 30— L)p 4- 7.
P2k --2) 6, pli R —2) 9, (20 4+ k—2) 44, pt + k—2)
I (e -k —2) - 2m 4+ 3, p(20 + Lk —-3) + 2m + 12, p(F -k — 2) -

—

L2moA- 5, p(20 4+ k—2) = 2m - 3, (@ - k- 2) + 2m - T,

P20+ k—2) L 2m 1, p@ + k—2) 4 2m+ 9, . op( - k—1)—

i

- Lopi+ h—2) 4+ 7, ple + k—1) + 1, 2kp - 1.

This completes the proof of Theorem 2.

lExample 1. The cyclic decomposition of the complete graph (61> into
10-gons will be obtained if each of the 10-gons Ky, K2, K3 is turned successi-
velly 60 times (the vertices are denoted by v, ¢ = 1, ..., 61):

Ky = {v\w2, vavy, viv7, V703, V3Vg, Vgl37. U37030, V3038, U3gV32, U320 )
Ko = {oyoe, vi22y, 024037, V37003, Uaalsg ., Ussls7, V57040, Vaolss, Usglis, Viobi)
[\'3 ] :I)lb'gz s V22044, VaqV¢, Va3, Viasly, V7016 . V16Us0 . Us0V17 , V17052, 7)53’(,’1}.

By Theorem 2 with p -2 (mod 4) there exists for an arbitrary » =1
(mod 2p) a cyclic decomposition of the graph {(»> into p-gons. Obviously if
» 2 (mod 4) there exists no w, x=:1 (mod 2p) so that for an arbitrary
n o x (mod 2p) there exists a cyelic decomposition of the graph (»> into
p-vons. However, it is easy to verify that for some p, p = 2 (mod 4) there exist
nand x.x ~ 1sothat n = x (inod 2p) and there exists a cyclic decomposition
of the graph (> into p-gons. This fact is shown by the following example.
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