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Matematicky &asopis 21 (1971), No. 4

A NOTE ON MEASURABLE SETS

BELOSLAV RIECAN, Bratislava

We present here a strengthenning of the previous results of the author
concerning the measurability of some sets with respect to an outer measure,
some examples and a remark about the Hausdorff measure in abstract spaces.

Theorem 1. Let H be a hereditary o-ring*), y be an outer measure on H.
Let R be a symmetric relation on the system of all subsets of X such that EAF,
Eic B, Fyc F implies B1 RF1. Let y(BEUF) = y (B) + ypF) whenever
EZRF. Let {Vy} be a non-ascendent sequence of the sets of H, (Vo — Vu11)Z Ve

(n=1,2,...). LetCbeasetC < Vy,CR(X — Vyu)(n=1,2,...),([NVa—C) =0.
n=1
Then C is y-measurable.

Proof. Since we only modify a well-known proof (c. f. [2], Theorem 2, [3]
§ 11, exercise 8, [5], Theorem 1), we present only basic ideas. Let £ € H

be an arbitrary set. Then

[eo]

(1) Yl — Va) £ y(B —C) th—0)+7( — Vax) +

+Z Yl O (Vo — Vo)) + Z V(B N (Va1 — Vaie))

i=k
for all k and n. If both series in (1) converge, we get
2) YE — C) = lim p(B — Va).

In the reverse case we use to prove (2) the following relations:

y(E — Vo) 2 Z (B N (Voo — Vaie)),

k
YE — Vo) 2 2 y(B 0 (Vas — Vaiea)).
1=1

*) We use the terminology according to [3].
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The last two inequalities follow from the relation (V, — Vyu41)ZVy+2. From:
the relation C#Z(X — V,) and from (2) it follows

yB) 2z imy((ENC)YVU (E —Vy))=yENC)+ limyE — Va) =

=yENC)+yE —C)
for all ¥ € H.

Theorem 2. Let H be a hereditary o-ring of subsets of X, y an outer measure.
on H, Y some y-measurable set of H. Let # and y fulfil the assumptions of
Theorem 1. Let U < Y, {D,} be a non-descendent sequence of the sets Dy< U,

DyA(Dnye — Dpia), DhZ(Y —U) (n =1,2,...), y(U— |J Da) = 0.
n=1
Then U s y-measurable.
Proof. Put C =Y — U, V, = Y — D,. Then C is y-measurable according
to Theorem 1. Since Y is y-measurable and U = Y — C, U is y-measurable
too.

Corollary ([2], Theorem 2). Let (X,T) be a topological space, y be an outer
measure such that y(E U F) = y(E) + y(F), whenever E NF = (. Let A be
an open set and {An} be such a sequence of sets in X that An < A, Apsz — Ans1 N
NAy =0 and y(A — |J 4a) = 0. Then A is y-measurable.

n=1 .
Another corollary of our theorems (especially of Theorem 1) is the previous

result of the author in [5], Theorem 1 (c. f. also [6], Theorem 1). There are
a few known as well as a few unknown examples in [5], [6]. Here we present.
further ones.

Example 1. Let X be a linear space. We shall say that two sets 4, B are
separated if for every x € A, y € B the segment [z, y] contains a subsegment.
[u, v]< [z, y] (v = v) such that [u,v] < A" U B’. Let y(4 U B) = y(4) +
+ y(B) for any A, B which can be separated. Then the radial kernel (see [4])
of any convex set is y-measurable.

Proof. Let A be the radial kernel of a convex set B, a€ A. Then 4 — a
is the radial kernel of U = B — a. Let p be the Minkowski functional for U.
Then {z: p(z) < 1} = A — a. Hence if we define a functional f by the formula

J(x) = p(x — a), then 4 = {z: f(x) < 1}. We can put D, = {&: f(x) < 1 — 1/n}
and EZF, whenever E, F can be separated.
Example 2. Let 4 be a convex body (see [4]) in a linear topological space,
y(E U F) = y(E) + y(F), whenever E N F = 0. Then A4 is y-measurable.
Proof. Here A = {x: f(x) < 1} for a continuous function f (see [4], Theorem
13.2).

Example 3 ([2], Theorem 3). If f is a continuous function on a topological
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space X, y(B UF) = y(E) + y(F), whenever E N F = @, then {z: f(x) = 0}
is y-measurable. ,

Proof. ERF it ENF =0, V, = {x: f(x) < 1/n}.

Example 4 ([7], Theorem 2.4). In the example 3 the condition £ N F = ¢
can be replaced by a stronger one (hence a theorem with a weaker assumption
holds): there are open disjoint U, V including E, resp. F.

Proof. EZF iff there are open disjoint U, V including & resp. F.

Example 5. Let X be a topological space, y(£ U JF) = y(H) 4+ y(F),
whenever E N F = @ or E N F = §. Then every closed G set is y-measurable.

Theorem 3. Let y and X satisfy the assumptions of Theorem 1. Let D < X.
Let to any 6 > 0 and any T < X, with y(T') < o there be Vi, Cn = X such
that Vy, o Vn+1, C'n+1c Cn < Va, (Vn - Vn+l)=%Vn+2’ Cn< D (n =1,2, ),

yDNT —C1nNT)<é/2, y(CoNT — CroaNT)< /2041, () Va NT —
n=1

—nOnnT):O.

n=1
Then D is y-measurable.
Proof. Put #(B) =yENT), C = () C». C is m-measurable according
n=1
to Theorem 1. Further

a(D — C) £ a(D — Cy) + i 7(C; — Ci1) £ 0.
ia

Hence to any i there is a m-measurable set M; = D with n(D — M;) < 1/i.
M = U M; is then m-measurable, M < D, n(D — M) = 0, therefore D is

-1
n-measurable. Now if y(K) = co, then oo = y(K) < y(K N D) 4+ y(K — D).
Ify(K) < oo, thenput K = T'. Then y(K) = y(K N T) = n(K) = n(K N D) +
+ a(K — D) = y(K N D) + y(K — D).

Theorem 3 is a generalization of Theorem 1. For obtaining Theorem 1 it

suffices to put Cp, =D (n=1,2,...). Theny((VanT —DNT)=0,
n=1

y(D — D) = 0 < §/27+1. The formulation of Theorem 3 is quite complicated
but we can get directly from it the Bledsoe-Morse theorem on the measurability
of closed G5 (resp. open Fy) sets in so-called y-normal spaces (see [1], Theorem
2.17 also [5], Theorem 7).

Finally we should like to say a few words about the Hausdorff measure.
The well-known classical definition was generalized in [1] for arbitrary topo-
logical spaces. We intended to generalize it further on abstract spaces (using

266



Theorem 1). We actually obtained some results concerning the measurability
and the comparison of various definitions in a uniform space. But after reading
an excellent and thoroughly exhaustive paper [8] we found that all our results
had been contained explicitely or implicitely in [8].

Therefore we present here only a direct proof of a measurability theorem
with respect to a Hausdorff measure in an abstract space.

Definition 1. Let T be a set of indices, X be an abstract space, K; (t €T) be

a system of subsets of X, 0 € K;, t be a non-negative function on K = U K,
teT

(@) = 0. Then for any A < X put
’Vt(A) = inf{z T(Ag): U Ai o A, Az EKt},
i-1 i1
v(A) = sup {»(4):teT}.

Definition 2. For A < X and a family B of subsets of X put B[A] =
=VU{E:EeB, EnA + 0} and say that B[A] is the B-star of A.

Theorem 4. v is an outer measure (for any K;, t€T). If T is directed, t<< s
implies Ky > K and A, B are subsets of X with disjoint stars (7. e. there are s, ¢
such that K;[A] N K[B] = 0), then v(A U B) = »(4) + »(B).

Proof. The first assertion is evident. Let Kij[A]N KB] =0, u>s,¢.
Then Ky.[A] < K[A], Ku[B] < Ks[B], Ku[A] N Ky[B] = 0. Let »(4 U B) <
<< 00, 6 > 0. Then there are E; € Ky (¢ = 1, 2, ...) such that

WwAUB)+6>>tl)z > )+ 2 vli) = vu(d) + w(B).
i-1 End+#0 EinB#0
The rest of the proof is now evident.
Theorem 5. Let K be a system of subsets of X, 0 € K, 7, d be two non-negative
Sfunctions on K, (@) = 0. For any A < X, r > 0 put

he(d) = inf {3 v(ds) : | 4i > 4, die K, d(di)< 7}
i1 i1
and
h(A) = sup {hs(4) : r > 0}.
Let d satisfy the following condition:
(C) If Ev, Es e K, d(Eh)< 11, d(ls) < r2, B1 N EHy % 0, then there is E € K

such that E > E1 U Es and d(E)<<r1 + rs.
Now if A is an intersection of r-stars (i.e. of sets A, =V {EeK :E N
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NA4d+0, dE)<r}), or if more generally h (N A, — A) =0, then A s
h-measurable. e
Proof. & is a special case of y; T = (0, ), Ky = {F € K : d(E)< r}.
Put Uy =U{EcK:EnA+0, dE)< 1/n}. We shall prove that Un1, U,
can be separated. Put B = 1/2 (1/n — 1/(n + 1)and construct R-stars of
Uyp+1, resp. U,;. Denote them by U, resp. V. We assert that U N V = 0.
Prove it indirectly. Let x € U N V. Then there are Z, £s € K such that
dB)<R, BExNUpi1+9, BEsnU. +0, xcE NE;. According to the
assumption there is E3e K, E3 > E; U E3, such that d(E3) < 2R = 1/n —
— 1/(n+41) = o. Since E3 > Es, there is y € U,;, y€Es. Since Es N\ Uy + 0,
there is Bs € K, Es N A + 0, Es N E3 + 0, d(l/y)< 1/(n+1). Then according
to the assumption there is Be K, B> Es U I3, d(B)< 1/(n + 1) 4+ o = 1/n.
Since BNA>EsN A4+ 0, d(B)< 1/n, we have B < U,. Since B> E3,
we have y € B. Hence y € U, which is a contradiction.
Now it is clear that U, — Up+1, Up4e can be separated. The possibility
to separate 4, X — U, can be proved similarly. Hence we can use Theorem 1.
Remark. If K satisfies the condition (C), then K satisfies also the condition
(511) from [8], hence A is y-measurable = h-measurable according to corollary
7.4 of [8]. Hence Theorem 5 is obtained implicitely in [8].
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