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Abstract. It is proved that a Kothe sequence space is weakly orthogonal if and only if it
is order continuous. Criteria for weak property (3) in Orlicz sequence spaces in the case of
the Luxemburg norm as well as the Orlicz norm are given.
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1. INTRODUCTION

Let (X, ||||) be a real Banach space and B(X) (S(X)) the closed unit ball (the
unit sphere) of X, respectively. For any subset A of X, by conv(A) (conv(A)) we
denote the convex hull (the closed convex hull) of A. Denote by N and R the sets of
natural and real numbers, respectively.

Rolewicz [18] introduced the notion of property (), which can be formulated
equivalently as follows:

for every € > 0 there exists § € (0,1) such that for each element x € B(X) and
each sequence (z,,) in B(X) with sep(x,,) > € there is an index k for which

T + Tg
2

<1-4,

where sep(z,,) = inf {||z, — || 1 7 # m} (see [12]).

! Supported by Chinese National Science Foundation Grant.
2 Supported by KBN Grant 2 PO3A 031 10.

303



We say that a Banach space X has the weak property (3) if there is a number
d > 0 such that for any x € S(X) and any weakly null sequence (z,) in B(X) there

exists k € N such that
T+ T

2

N

1-9.

Let us say that a Banach space X has the weak Banach-Saks property whenever,
given (z,) in X such that x,, — 0 weakly, there exists a subsequence (z,, ) of (z,)
such that

in norm.

A Banach space X is said to be weakly orthogonal if every weakly null sequence
(z5,) in X satisfies

lim ]Hxn + x| — ||zn — a:||] =0
n—oo
for any x € S(X).

Recall that the characteristic of convexity is the infimum of those € € (0, 2] that
dx(g) > 0. Here dx(g) denotes the modulus of convexity of X (see [2] and [14]).

Falset [3] showed that if X is weakly orthogonal and its characteristic of convexity
is strongly less than 2 (i.e. X is uniformly nonsquare), then X has the fixed point

property.
Kottman [10] defined for any Banach space X its packing constant A(X) by

AX) = sup{r >0: I(zn) C B(X) s.t. ||xm —zp| = 2r for m #n

and U Bx (zy,r) C B(X)}

n=1

under the convention sup {0} = 0, where Bx (z,,7) = {y € X: ||z, —y|| <r}. He
also showed that

__bx)
AX) = 2+ D(X)’
where
D(X)= sup inf ||z — x|l

(zn)CS(X) m#FN

Let 19 be the space of all real sequences. A Banach space (X, ||-||) is said to be a
Kothe sequence space (or a Banach sequence lattice) if X is a subspace of [° that
contains an element = with x(7) # 0 for all ¢ € N and it is an ideal, i.e. if x € X,
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y € 19 and |y(i)| < |z(i)| for every i € N, then y € X and ||y|| < ||z (see [9] and
[14]).

Recall that an element x of a Kéthe sequence space X is said to be order continuous
if for any sequence (z,) in X such that 0 " x,, < |z|, we have ||z,| — 0.

It is easy to see that an element x of a Kéthe sequence space X is order continuous
iff

oo

Zx(i)ei

i=n

7(z) = lim = 0.

Denote by X, the set of all order continuous elements of X. If X = X,, we say that
X is order continuous (OC for short), (see [9] and [14]).

A Kothe sequence space X is said to be semi-order continuous (SOC for short)
if for any sequence (z,,) and x in X we have ||z,| " ||| whenever 0 < z,, /" x.

It is well known that every linear continuous functional f over a Ktthe sequence
space X can be uniquely decomposed into the form f = g + ¢, where g = (g(7))
belongs to the Kothe dual X’ of X, it is identified with the linear functional defined
by

(z,9) = Zg(i)w(i)

for every x € X, and ¢ is a linear singular functional, i.e. ¢ vanishes on X, (see [9]).

A map ®: R — [0,00) is said to be an Orlicz function if ® is vanishing only at 0,
even and convex. We say an Orlicz function ® is an N-function if

0] P
lim ﬂ =0 and lim ﬂ = 0.
u—0 u U—00 u

The Orlicz sequence space lg is defined by the formula
(oo}
lp = {x €l Ip(cx) = Z@(caz(z)) < oo for some ¢ > 0}.
i=1

We endow this space with the Luzemburg norm
. x
||| = inf {5 >0: I (E) < 1}
or with an equivalent one
lillg = inf 7 (1+ I (k)
o = 350 & SANE))
called the Orlicz norm or the Amemiya norm.
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To simplify notation, we put lo = (lg,|-||) and I3 = (13,][|,). For every Orlicz
function ® we define a function ¥: R — [0, 00), complementary to ® in the sense
of Young, by the formula

W (v) = sup {uv] = @ (u)}.

It is well known that ¥ is also an Orlicz function whenever ® is an N-function.

We say an Orlicz function ® satisfies the d2-condition (® € do for short) if there
exist constants k > 2 and ug > 0 such that

D (2u) < kP (u)

for every u € R with |u| < ug.

For more details on Orlicz functions and Orlicz spaces we refer to [1], [11], [15],
[16] and [17].

2. RESULTS

We begin with some general results.

Theorem 1. A Kéthe sequence space X is weakly orthogonal if and only if it is

order continuous.

Proof. Necessity. If X is not order continuous, then X, is a closed proper
subspace of X. By Riesz’s Lemma, for any 6 € (0,1) there is 9y € S(X) such that
|lxg — z|| > 6 for any = € X,. Take a sequence (n;) of natural numbers such that

1
S
{2
MNi4+1

zi= Y woli)e

j=n;+1

n; T oo and
MNi4+1

> woli)ey

j=n;+1

where 6 € (2,1). Then, setting

fori=1,2,..., we immediately get

1

W) (1-7)o<lal<1
i

for ¢ =1, 2,... Moreover,

(2) x; — 0 weakly as i — oo.



Really, it is easy to see that for any f = g+ ¢ € X* with g € X’ (the K6the dual

of X) and ¢ € (X,)*, we have (z;, f) = (z;,9) . Since > 24(j)g(j) < oo, we get
j=1

MNi41

(r4,9) = Z 29(5)g(j) — 0 as i — oo.

j=n;+1

Moreover, by (1) we have

1
oo + 2l > 2l > 2 (1 1 )

fori=1,2,.... However, ||zg — z;]| < 1, so by
1 4 1 4
2(1-2)o>2(1-2) —2
1 3 1 3
we have
1
Jim fllzo + @il = llwe — aslll > 3,

i.e. X is not weakly orthogonal.

Sufficiency. For any € > 0, any « € S(X) and any weakly null sequence (z,,) in

X, there are ig and ng € N such that

o0

E xr(tr)e
i=ig+1

an(i)e
i=1

€
< — and
7 an

for n > ng. Put

i0 s} 10

Ty = Zx(i)ei + Z xn(i)e; and 7, = Zx i)e; —

i=1 i=ig+1 i=1

for n=1,2,... Then ||Z,| = ||7,,|| for every n € N and

eZJr Z

i=ig+1
0
Z xn(i)e;
i=1

[(x+zn) =0 =

oo

i=ip9+1

Z x(i)e;

Z X (i)e;

oo

i=ig+1

£
S1

_|_

€
4
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for n > ng. Moreover,

0 i
e —20) = Fall = || D z(i)es =D aali)es
i=ig+1 i=1
o > e e ¢
< an(i)ei + Z wiei| <7 +7=5
1=1 i=ip+1
for n > ng. Hence, we have
[z + znll = [lo = zalll = [l + znll = |Zall + [l = 2]l = |7,
< llz + znll = [1Zalll + [l — 2ull = 7]l
e €
Spty=«
for n = ng. This means that lim |||z 4+ 2,|| — ||z — z,]|| = 0. O
n—oo

Corollary 1. Orlicz sequence spaces lg equipped with the Luxemburg norm or
with the Orlicz norm are weakly orthogonal if and only if ® € §5.

Proof. Since OC of lp and [} is equivalent to ® € s, the corollary follows

immediately by Theorem 1. (]

Theorem 2. Any Banach lattice that is SOC and has the weak property () is
ocC.

Proof. Assume to the contrary that X is not OC. Then X contains an almost
isometric order copy of I (see [7]). Therefore, we only need to notice that I, has
not the weak property (). Indeed, define

zr=(1,...,1,...) and =z, =(0,...,0,1,0,...).

Obviously,

1
oll = ool = | o )] =1

k
for any n € N. So we only need to show that z,, — 0 weakly. Since > x, < z for
n=1
every k € N, we get for any positive z* € ()%,

k

> (an, ) = <nz::1xn,x*> < (z,2%) < oo

n=1

*

Consequently, (z,,z*) — 0 as n — oo. Since any z* € (I)* is a difference of two

positive linear continuous functionals, we get that z,, — 0 weakly. O
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Corollary 2. Each Kéthe sequence space with the weak property () is weakly
orthogonal.

Proof. This follows by the fact that the weak property (3) implies OC and by
Theorem 1. O

Proposition 1. If ® € dq, then for each € > 0, each x € S(lg) and each weakly
null sequence (z,,) in B(lg) there is ng € N such that

|z + zn|| < D(lg) + & for n = no,

where

D(ls) sup{cz > 0: i@ <@) = % g@(z(i)) =1, n= 1,2,...}.

c
i=1 z

Proof. By ® € §, for any € > 0 there is § > 0 such that
e(z +y) — Io(z)| <k,

whenever I (z) < 1 and Is(y) < J (see [8]).
It is clear that I (m) < % for any « € S(lg) and any € > 0. So, there is
g1 > 0 such that

To(—% ) 426, <1
*\D(le) +¢ NS

Next, there is 4; > 0 such that
s (x +y) — la(x)] < &1
whenever I (z) < 1 and Is(y) < d1. By ® € Jo, there is ig € N such that

> ? (pris) <o

i=ip9+1
Since z,, — 0 weakly, so z,, — 0 coordinatewise, whence there is ny € N such that

4 xn(l)
S o (o for n > ng.
(D(lq>)+5> <o forn=mno

i=1
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Hence

(lo) r (Us)
S (B) + 3 ()
<D (o) v Z o (i) <3i
for n > ng. Thus, ||z + x,| <D(lg) + € for n > ny. _

Remark 1. We do not know whether or not Proposition 1 can be formulated
with € = 0. It is clear that if ¢, < D(lg), we can put € = 0.

Define for any Orlicz function ®
1 -1
p(@) =supdA>1: @ (55 ) < 50w, 0<u< () (.

Then VU € § if and only if p > 1 (see [5]).

Theorem 3. If ® is an N-function, then le has the weak property () if and only
if® €y and ¥ € §s.

Proof. Sufficiency. Since ¥ € 42, we get p := p(®) > 1. Take A € (0,p). Then
for any x € S(ls), we have

(21/A) g <21/A)\ Z(I)

Hence, D(lg) < 2v < 2. In virtue of Proposition 1 with ¢ > 0 so small that
D(lg) + e < 2, we get that lg has the weak property (53).

Necessity. By Corollaries 1 and 2, we only need to prove that ¥ € do. If ¢ §s,
there is a sequence u,, \, 0 such that

Un, 1 1
*(3)>3 (1 - 7) (un)
for n = 1,2,... Passing to a subsequence of (u,,) if necessary, we may assume that
there is a sequence (N,,) of natural numbers such that

1
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forn=1,2,... Put

Nn
—N—
T1n = (Un, Un, ..., Un,0,0,...),
Nn Np
———_———
Zan = (0,0,...,0,Upn, Up,...,up,0,0,...),

(m—1)N, Ny,

Then we can easily prove that

1
1- om < me,nH <1

for m =1,2,... Moreover, z,, , — 0 weakly as m — oco.

In fact, we can assume by Corollaries 1 and 2 that ® € §5, whence it follows that
(13)* = lg. Let y € Iy and Ao > 0 be such that Iy (A\oy) < co. Take any & > 0. Since
Is (At ) = Is(Ax1,) for every A > 0 and m € N, by (®(u) /u) - 0asu — 0, a
positive number A; can be found such that

1

Nong L#Aamon) <

| ™

for all m € N. Let mg € N be such that

1 €
To [ ) E . <
Mo ‘l/( 0 " yzez) < B

i>(m—1)N,

for m > mg. Then by the Young inequality,

1
(Trmn, ) < o <I<I>()\1$m,n) + Iy <)\0 Z yﬂi)) <e

i>(m—1)N,

for m > myg. This shows that z,,,, — 0 weakly as m — oo forn =1,2,...

We also have

271(1,1’” + xm,n) 2nx1,’n
LI) ( an+1 _ 9 - 2LI> an+1l _ 9
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Hence

1\2
|71, + Tl =2 <1 - 2_n> )
which means that ls has not the weak property (3). This shows the necessity of
U € do, which completes the proof. O

Theorem 4. If ® is an N-function, then 1 has the weak property (3) if and only
if® €y and ¥ € §s.

Proof. Necessity. By Corollaries 1 and 2, we have ® € d2. So it is enough
to prove the necessity of U € do. Assume to the contrary that U ¢ d2. Since every
non-reflexive Banach sequence lattice has the packing constant equal to % (see [6]),
we have D(I3) = 2, where D(13) is the constant that defines A({3). It is known that

D(1%) sup{inf{cm,k >0: Iy ( k‘”) = % k> 1} : xeS(zg)}

Cx.k

(see [19] and [20]). For any & > 0 there is 79 € S(I%) such that

-1
inf{cmk >0: Ip < ko ) = kT, k> 1} > D) —e.

C:L’o,k

So, for any k > 1 we have

k k-1
Coo > D(19) — ¢ if Lp( ‘”°> =

Ca:g,k

Take a sequence (N;) of subsets of N such that Card(N;) = oo (i = 1,2,...),
(o)
Ne NN, =0 for K # m, infN; — oo asi — oo and UN; = N. Let N; =

i=1
{ﬁ,jé, ce JE } . Define
(oo}
Ti = Zxo(k)ej,i
k=1
for i =1,2,... Then it is obvious that ||z;||, = ||xol|, = 1 for i = 1,2,... Moreover,

z; — 0 weakly as ¢ — oo.
Really, for any fixed y € ly and € > 0, a positive number )y can be found such
that Ty (Aoy) < co. By the condition (®(u) /u) — 0 as u — 0, there is Ay > 0 such

that
1

Aol

Iq>()\1x0) <

N ™
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Since inf (supp ;) < inf ji — oo as i — oo and Ip(Ax;) = Ip(Ax) for all i € N and
A > 0, there is i¢ such that

| ™

1
— 1 A supp z;
/\0/\1 N4 ( OyX pPp 1) <

for each 7 > ig. Hence

(i, y) = Z zi(k)y(k)
k=1

1
<
Ao

1 e ¢
(Lp()qa?i) + quf (Aoy Xsuppaﬁi)) <gts=¢
ie. z; — 0 weakly as i — oo.

Take any ¢ € (0,1). Since ® is an N-function, for each 7 € N there is k; > 1 such
that (see [4])

D(Y)—«

This means that
lwo +zillg > D(lg) —e=2—¢

for i = 1,2,..., whence it follows that (3 has not the weak property (/3), completing
the proof of necessity of ¥€ §5 for the weak property (3).
Sufficiency. For any x € S(I3) there is k, > 1 such that

1
Izllo = 7 (1 + Ta (ka2)) -

Since ¥ € 42, the number M = sup{k,: = € S(I3)} is finite (see [1]). Put
m = inf{k,: = € S(I3)}. Then m > 1. Indeed, if this is not true, there are a
sequence (z,,) in S(I3) and a sequence (k) of positive reals such that k, — 1 as
n — oo and 1% (1+ Is(knzpn)) = ||znl|ly = 1, whence 1+ Ig(ky,2,) — 1 and conse-
quently ILH;O Iy (kpxy) = 0. In virtue of @ € §y, this means that nILH;o |knznll, =0,
Le. lim n||xn||0 = 0 because k,, — 1, a contradiction.

Urgin(;;> again the fact ¥ € J3, we can conclude (see [4]) that there is § € (0,1) such
that

(3)  @(Mu) < (1 —60)A®(u) whenever X € {0, MM

n J and |u| < M® 1 (1).
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Since ® € d,, for any ¢ € <0, 0(;‘1\/;1) and k£ > 0 thereis § > 0 such that ¢ < %

and |Is(z +y) — Is(x)| < € whenever Is(x) < k and I (y) < 0 (see [8]).

Next, we will show that for such z, y and § > 0 we have
(4) Ip(x +ty) < Io(x) + te

for any t € [0, 1].
Indeed,

Ig(z +ty) = Io(t(z +y) + (1 - t)x) < tle(z +y) + (1 — ) La(2)
<t(p(z)+e)+ (1 —t)s(x) = Ip(x) + te.

For any zo € S(I3) and any weakly null sequence (z,,) in S(I%), there is a sequence
(kn) with k,, > 1 for n =0,1,2,... such that

o) lonlly = 5 (1+ To(kuza))

forn=0,1,2,... Take ig € N such that

Since z,,(i) — 0 (i =1,2,...) as n — oo, there is ng € N such that
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for n > ng. Therefore, since ko/(ko + k»)

each i € N, in virtue of (3), (4), (5) and (6) we get

l|zo + ano X

//\

<

ko + kn, kokn,
< 14 I [ 200 .
o ( + @(kOJrkn(a:o—i-%)))

(e Ee (e
0

o(0) + 249 )

> kokn . .
+ Z ) (ko v (20(4) —l—xn(z))))
i=ip+1
ko + k., i kokn , ko
)
(e (o) e
o n
+.Z (komnx “”)*kwkﬁ)
i=ip+1
ko + kn ky
1 ok
Fokn ( "ot Fn 223 ( ozold

k
i 0 170 Zq)(kxn

")
)+)

< M/(M + 1) and |zo(i)| < ®7!

(1) for

1=i9+1
. (1+Z¢> (koxo(i ))>+k—(1+ Z @(k (i ))>>
0 n i—ig+1
Z ® (kpxn(i))) + 2Me
i=ip+1
1+1-0(m—1-0)/M+2Me =:0 <2

for n > ng. Since o depends neither on zy nor on the sequence (), the proof of the

theorem is complete.

O

Remark 2. Theorem 3 (resp. Theorem 4) states that ls (resp. [$) has the
weak property () iff it is reflexive. On the other hand, by the fact that ! has the
Schur property, we can conclude that [! has the weak property (3). Therefore the

assumption that ® is an N-function is essential in these theorems. Another example

of a non-reflexive Kéthe sequence space with the weak property () is the space cy.

Since the property () implies reflexivity (see [18]), these examples show that the

weak property () does not imply the property (5).
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