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Abstract. In the present paper we show that free MV -algebras can be constructed by
applying free abelian lattice ordered groups.
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1. INTRODUCTION

Free MV-algebras have been investigated in detail in Chapter 3 of the mono-
graph [2]. The main tool was the notion of the McNaughton function (cf. [6]).

Free abelian lattice ordered groups have been studied in [8] and [9].

Each MV-algebra can be constructed by a standard method from some abelian
lattice ordered group with a strong unit (cf. [7]). Thus a natural question arises
whether we can construct free MV -algebras by applying free abelian lattice ordered
groups.

We proceed as follows. For an abelian lattice ordered group G with a strong unit «
we consider the MV-algebra A = I'(G, u) defined as in [7].

Let m be a cardinal with m # 0 and let X be a set, card X = m. We choose an
element ug which does not belong to X and we put Xg = X U {ug}. There exists a
lattice ordered abelian group GG such that X is the system of free generators for G;.

We denote by I the ¢-ideal of G; which is generated by the element ug A0 and we
put Go = G1/I. For g1 € G; we set g1 = g+ I. Then @y > 0.

Let us denote by i3 the convex ¢-subgroup of GG, which is generated by the element
@p. Then %g is a strong unit of G3 and hence we can construct the MV -algebra

A?n = F(Gg,,’ﬁo).
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Further, we put
Y={(ZVO0)Aty: v € X}

We denote by A,, the subalgebra of the MV-algebra A% which is generated by
the set Y.

We show that card Y = m and prove
(A) Ay, is a free MV-algebra with the set Y of free generators.

We remark that in this construction we apply only the definition of the free abelian
lattice ordered group without using any results on the specific properties of free
abelian lattice ordered groups which have been proved in [8] and [9].

2. PRELIMINARIES

We apply the same notation and terminology for lattice ordered groups as in [1]
and [3].

For the sake of completeness and for fixing the notation we recall some definitions
and results on M V-algebras.

We define an M V-algebra A as a nonempty set A with binary operations @, x,
a unary operation — and nulary operations 0,1 on A such that the conditions
(M1)—(M8) from [4] are satisfied; cf. also [5]. For a formally different but equiv-
alent definition cf. [2].

If no misunderstanding can occur then we write A instead of A.

For the following results (x) and (xx) cf. [7].

(¥) Let G be an abelian lattice ordered group with a strong unit u. Let A be
the interval [0, u] of G. For a,b € A put

a®b=(a+b)Au, -a=u-—a,
1:U, a*b:—!(—\GJ@—!b).

Then the algebraic system A = (A; @, *,-,0,1) is an MV-algebra.
The MV-algebra from (x) will be denoted by I'(G,u) (in [5], a different notation
has been applied).
(%) For each MV-algebra A there exists an abelian lattice ordered group G
with a strong unit « such that A =T(G,u).
The notion of the free algebra is applied in the usual sense; cf., e.g., [1], Chapter VI.
We denote by C; the class of all algebraic structures

such that
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(i) (G;+,V,A) is an abelian lattice ordered group;
(ii) u(G) is a nulary operation on G (i.e., a fixed element of G) such that u(G) is a
strong unit of (G;+,V, A).
Let G be as above and let G; = (G1,+,V,A,u(G1)) be another element of Cs.
A mapping ¢: G — G is said to be a homomorphism (with respect to Cs) if
(i1) ¢ is a homomorphism of the lattice ordered group (G;+, V,A) into the lattice
ordered group (G1,+,V,A), and
(i2) @(u(G)) = u(G1))-

3. THE CONSTRUCTION

We apply the same notation as in Section 1. In the present section we investigate
in detail some steps of the construction which has been sketched in Section 1.
3.1. Lemma. @ > 0.

Proof. We have iig A0 = ug A0 =0, whence @y > 0. By way of contradiction,
suppose that g = 0.

Let Z be the additive group of all integers with the natural linear order. For each
x € X we put ¢o(z) = 0; next, we set po(ug) = 1. There exists a homomorphism ¢}
of G into the linearly ordered group Z such that o} (t) = po(t) for each t € Xo.

Since ¢ (ug) = 1, we must have o} (ug A0) = 0 and this yields that I C (¢§)~1(0).
Now if @y = 0, then ug € I and thus ¢} (ug) = 0, which is a contradiction. O

3.2. Lemma. Let z1,20 € X, 11 # 22, y; = (T; V0) Aty (i = 1,2). Then
Y1 # Yo

Proof. Consider the lattice ordered group
G=17Z1%X1s.
We define a mapping ¢g: Xo — G as follows. We put
eo(r1) = (1,0), polz2) = (0,1), ¢o(uo) = (1,1),
and
wo(z) = (0,0) for each z € X \ {x1,22}.

There exists a homomorphism ¢} of Gy into G such that p}(t) = po(t) for each
t € Xp.
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Similarly as in the proof of 3.1 we can verify that the relation

(1) IC (3)7"(0,0)

is valid.
By way of contradiction, assume that y; = yo. Put

Hence z; = y; (¢ = 1,2). Therefore the element z = 21 — z2 belongs to I and hence
we obtain |z| € I. Thus in view of (1), ¢} (|z]) = (0,0). We have

o(l2l) = leo(2)]-

Further,
0(2) = wo(21) — wo(22) = po(21) — wolz2) = (1,-1),
whence
o)l =1(1,-1)[ = (1,1).
We obtain (1,1) = (0,0), which is a contradiction. O

From 3.2 we immediately obtain

3.3. Corollary. cardY = m.
We put X = {t: t € X}

3.4. Lemma. Let G be an abelian lattice ordered group with a strong unit u.
Let ¢} be a mapping of the set X into G such that (@) = u. Then there exists a
homomorphism ¢§j; of G5 into G which is an extension of the mapping ¢j.

Proof. We define a mapping ¢y of Xy into G such that
wo(t) = p(t) for each t € X.
Then ¢ can be extended to a homomorphism ¢} of G into G' and we have
g001(u0) = u.

Similarly as in the proofs of 3.1 and 3.2 we can verify that the relation (1) is
satisfied.
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For each t € G5 we put

wo1(t) = @01 (1)
In view of (1) we conclude that ¢f; is a homomorphism of G2 into G. Moreover,
according to the definition of ¢y we obtain that ¢, is an extension of the mapping .
O

Proof of (A). Let Abe an MV-algebra. In view of (xx) there exists an abelian
lattice ordered group G with a strong unit u such that A = T'(G, u).

Let A,, be as in Section 1. Then we have Y C A,,. In view of the definition
of A, Y generates the MV-algebra A,,.

Assume that v is a mapping of the set Y into A such that

(2) Yo(ty) = u.

We have to verify that the mapping 1y can be extended to a homomorphism of A,,
into A.

Let y € Y. In view of 3.1 there exists a uniquely determined element Z € X such
that

3) y = (zV0) Ao,
and for each Z € X we have y € Y, where y is as in (3). We consider the mapping
©i: Xo — G defined by

©6(Z) = tho(y),

where T and y are as above.
Then, in particular, in view of (2) we have

(4) o(To) = u.

Let ¢§; be as in 3.4. The relation (4) yields

Hence we obtain
(5) ©01(Am) C A.

Consider the partial mapping
©01 |Am =X
From the fact that the operations @, * and — can be defined by means of the ¢-group
operation we conclude (by taking into account the relation (5) and Lemma 3.4))
that x is a homomorphism with respect to those operations. This and (5) yield that
X is a homomorphism of A,, into A. Moreover, x is obviously an extension of the
mapping ¢o. This completes the proof. ]
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4. THE cLAsS Cg

Let C4 be as in Section 2.

In the present section we show that as a by-product of the above investigation we
obtain the possibility of constructing the free objects in the category Cs.

Assume that Gy = (Gp; +, V, A, u(Gp)) is an element of C;. The notion of a sub-
algebra of Gy has the usual meaning. Let ) # X C Gy; if each subalgebra of Gy
which contains X as a subset coincides with G then Gy is said to be generated by
the set X.

Suppose that Gy is generated by the set X and that, whenever G’ = (G, +, V, A,
u(G")) and g is a mapping of X into G’, then ¢( can be extended to a homomorphism
of G into G’. Under these assumptions we call X the system of free generators for Go;
we also say that Gy is a free object in Cs with m free generators, where m = card X.

Let G1, G2, G3, X and X be as in the construction above. The algebraic structure

g3 = (G37 +7 \/7 /\7 ’EO)

is an element of the class Cs and Xo C Gs.
We denote by G3 the subalgebra of G3 which is generated by the set Xo. We write

g; = (G;ﬂ +7 \/7 /\7’&0)~

Let G = (G;+,V,A,u) € Cs. Consider the mappings ¢f and ¢f; dealt with in
Lemma 3.4. Put

9032 =90 |G§
In view of Lemma 3.4 we conclude that ¢{, is a homomorphism of G5 into G which

extends the mapping ¢.
Hence we have

4.1. Theorem. G} is the free object in the category Cs with the system X, of
free generators.

References

[1] G. Birkhoff: Lattice Theory. Providence, 1967.

[2] R. Cignoli, IM. I. d’Ottaviano and D. Mundici: Algebraic Foundations of Many-Valued
Reasoning. Trends in Logic, Studia logica library Vol. 7, Kluwer Academic Publishers,
Dordrecht, 2000.

[3] P. Conrad: Lattice Ordered Groups. Tulane University, 1970.

[4] D. Gluschankof: Cyclic ordered groups and MV-algebras. Czechoslovak Math. J. 43
(1993), 249-263.

316



[5] J. Jakubik: Direct product decompositions of MV -algebras. Czechoslovak Math. J. 44
(1994), 725-739.

[6] R. McNaughton: A theorem about infinite valued sentential logic. J. Symbolic Logic 16
(1951), 1-13.

[7] D. Mundici: Interpretation of AFC*-algebras in Lukasiewicz sentential calculus. J.
Funct. Anal. 65 (1986), 15-63.

[8] E. C. Weinberg: Free lattice ordered abelian groups. Math. Ann. 151 (1963), 187-199.

[9] E. C. Weinberg: Free lattice ordered abelian groups, II. Math. Ann. 159 (1965), 217-222.

Author’s address: Matematicky ustav SAV, Gresdkova 6, 040 01 Kosice, Slovakia, e-mail:
kstefan@saske. sk.

317



		webmaster@dml.cz
	2020-07-03T14:04:26+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




