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1. INTRODUCTION

As is well known, a Riemannian manifold (M, g) is said to be (locally) conformally
flat if for any point p € M there exist a neighborhood U of p and a positive smooth
function f: U — R such that fg is a flat metric. The study of conformally flat
Riemannian manifolds is a classical field of research in Riemannian geometry. In
particular, many authors have been involved in the study of homogeneity and sym-
metry conditions on a conformally flat manifold. The following well-known result of
P.Ryan [8] provided the complete classification of conformally flat locally symmetric
spaces:

Theorem 1.1 [8]. Let M be an n-dimensional conformally flat space with a
parallel Ricci tensor. Then M has as its simply connected Riemannian covering one
of the spaces

R™, S™(k), H" (—k),R x S""1(k),R x H" " (—k), SP(k) x H" 7P (—Fk),

where by S™(k) we denote a Euclidean n-sphere with constant curvature k > 0,
and by H" (—k) we denote an n-dimensional simply connected, connected space with
constant curvature —k < 0.
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As concerns homogeneity, H. Takagi [11] proved that a locally homogeneous con-
formally flat Riemannian manifold (M, g) is locally symmetric and so, it is one of the
spaces given in Ryan’s classification. Indeed, in the proof of his result, Takagi only
used local homogeneity to provide that (M, g) has constant Ricci eigenvalues, which
is equivalent, for conformally flat manifolds, to curvature homogeneity. Therefore,
as already remarked in [3], a conformally flat curvature homogeneous space is locally
symmetric.

Coming back to symmetry conditions, semi-symmetric spaces represent a well-
known and natural generalization of locally symmetric spaces. A semi-symmetric
space is a Riemannian manifold (M, g) such that its curvature tensor R satisfies the
condition

(1.1) R(X,Y) R=0

for all vector fields X, Y on M, where R(X,Y) acts as a derivation on R [9]. The
curvature tensor R, of (M, g) at a point p € M is the same as the curvature tensor of
a symmetric space (which may change with the point p). Locally symmetric spaces
are semi-symmetric, but in any dimension greater than two there exist examples
of semi-symmetric spaces which are not locally symmetric. (The first example was
given by H. Takagi in [10]. We can refer to [1] for a survey.)

In [2], the classification of conformally flat semi-symmetric spaces was obtained
by proving

Theorem 1.2 [2]. A conformally flat semi-symmetric space (of dimension n >
2) is either locally symmetric or it is locally irreducible and isometric to a semi-

symmetric real cone.

We shall come back to the description of semi-symmetric real cones in Section 2.
Such Riemannian manifolds are the only conformally flat semi-symmetric not lo-
cally symmetric spaces. Indeed, they turn out to be also the only conformally flat
not locally symmetric examples in the broader class of pseudo-symmetric spaces of
constant type.

A pseudo-symmetric space of constant type is a Riemannian manifold (M, g) whose
curvature tensor R satisfies

(1.2) R(X,)Y)-R=¢XAY) R
for all vector fields X and Y on M, where X AY is defined by
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and ¢ is a real constant [4], [6]. It is evident from this definition that semi-symmetric
spaces correspond to pseudo-symmetric spaces of constant type with ¢ = 0. So,
pseudo-symmetric spaces of constant type generalize the semi-symmetric ones. In
dimension three, pseudo-symmetric spaces of constant type are characterized by the
property that two of the Ricci eigenvalues coincide and the last one is constant ([1,
Proposition 11.2]).

In dimension three, the problem of classifying conformally flat pseudo-symmetric
spaces of constant type has been already studied and solved by N.Hashimoto and
M. Sekizawa [5]. Taking into account their result and using our classification of semi-
symmetric conformally flat spaces, we can solve completely the problem of classifying
conformally flat pseudo-symmetric spaces of constant type by proving

Main Theorem. A conformally flat pseudo-symmetric space of constant type (of
dimension n > 2) is either locally symmetric or it is locally irreducible and isometric

to a semi-symmetric real cone.

The paper is organized in the following way. In Section 2, we recall some basic
facts and results about conformally flat Riemannian manifolds and describe semi-
symmetric real cones. Then, in Section 3, we prove our main result, combining the

curvature information coming from conformal flatness and pseudo-symmetry.

Acknowledgements. The author expresses his gratitude towards Dr. E. Boeckx
for his help in revising the manuscript.

2. PRELIMINARIES

Let (M,g) be a Riemannian manifold of dimension n > 2 and R its curvature
tensor, taken with the sign convention R(X,Y) = [Vx,Vy| — V[x y; for all vector
fields X,Y on M, where V denotes the Levi Civita connection of M. By o, @
and 7 we denote respectively the Ricci tensor, the Ricci operator associated to o
through ¢ and the scalar curvature of M. Let p be a point of M and {ei,...,e,}
an orthonormal basis of the tangent space T, M. The components of R and ¢ with
respect to {e1,...,e,} are denoted respectively by R;jxn and g;,. As is well-known,
the curvature tensor of a conformally flat space satisfies

1
(2.1) Rijen = p— (9in0jk + Gjk0in — Gik0jh — Gjn0Oik)
g7 (9mgse — gikgyn)
(TL — 1)(7’L — 2) 9ih9ik gik9jh)-
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Moreover, (2.1) characterizes the conformally flat Riemannian manifolds of dimen-
sion n > 4, while it is trivially satisfied by any three-dimensional manifold. Con-
versely, the condition

(2.2) Viojr — Vjoix = (9jkViT — gk V;7),

1
2(n—1)
which characterizes three-dimensional conformally flat spaces, is trivially satisfied by
any conformally flat Riemannian manifold of dimension greater than three.

We conclude this Section by a short description of semi-symmetric real cones,
which will provide the only examples of conformally flat pseudo-symmetric spaces of
constant type which are not locally symmetric. We can refer to [1] for more detail.

Let (M,g) be a Riemannian manifold and ju(t) the unique solution of the dif-
ferential equation du/dt = —p? with an initial condition u(0) = ug > 0, that is,
wut) =+ (1 /o))~ Put Ry = {z € R; 2 > —1/uo} and on the product manifold
R, x M consider the Riemannian metric

g=da’ ® da + p(2")"*n*g,

where z° is the natural coordinate on R, and 7: Ry x M — M the projection
onto the second factor. The manifold (R, x M, g) is called a Riemannian cone over
(M,g). Let T = 9/0x° denote the unit vector field tangent to Ry in Ry x M. The
curvature tensor of M = R, x M is described by (see [1])

(2.3)  R(X,Y)Z = g(Bo(Y), Z)Bo(X) — g(Bo(X), Z)Bo(Y) + (m"R)(X,Y)Z

for all tangent vectors X,Y,Z to M, where Bo(X) := VxT = u(X — g(X,T)T).

Any semi-symmetric real cone (M = R, x M,g) is locally isometric to some
maximal cone MC(M , o), where (M ,§) is a real space form of constant curvature ¢
[1]. We include the case when dim M = 2. In [1], this case was excluded, since a three-
dimensional real cone is a special case of three-dimensional Riemannian manifold
foliated by Euclidean leaves of codimension two.

At any point p of a semi-symmetric real cone M, fix an orthonormal basis of
tangent vectors {eg, e1,...,e,} with eg = T, and ey, ..., e, tangent to the real space
form (M",§) (r = n —1). Then, using (2.3) to compute the components of the

curvature tensor, we get

(2.4)

Rijkh =0 lfoe {i7jak7h}7
Rijkh = ,LL2 (C — 1)(5ik5jh — 5jk5ih) otherwise.

Computing the Ricci components and the scalar curvature of M starting from (2.4),
it is easy to check that (2.1) is satisfied and, if dim M > 4, this implies that M is
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conformally flat. If dim M = 3, one can check that (2.2) holds and so, M is again
conformally flat. Therefore, a semi-symmetric real cone M is a conformally flat (semi-
symmetric) Riemannian manifold, with scalar curvature 7 = 7(r — 1)(c — 1)u?. Note
that 7 cannot be constant, as ¢ depends on ¢ and so, M is never locally symmetric.

Taking into account the definition of semi-symmetric real cones, the main result
of [5] can be rewritten in the following way:

Theorem 2.1 [5]. A three-dimensional conformally flat pseudo-symmetric space
of constant type is either locally symmetric or it is locally isometric to a semi-

symmetric real cone.

3. CONFORMALLY FLAT PSEUDO-SYMMETRIC SPACES

We first recall the definition of the nullity index at a point of a Riemannian
manifold.

Definition 3.1. The nullity vector space of the curvature tensor at a point p of
a Riemannian manifold (M, g) is given by

Eop ={X € T,M; R(X,Y)Z =0 forall Y, Z € T,M}.

The index of nullity at p is the number v(p) = dim Ey,. The index of conullity at p
is the number u(p) = dim M — v(p).

The nullity and conullity indices are exactly the tools used by Szabé [9] in order
to distinguish various locally irreducible semi-symmetric spaces, which appear in the
local structure of any semi-symmetric space. When we consider a conformally flat
Riemannian manifold, the nullity index can only attain some special values, as the
author proved in [2]:

Theorem 3.2 [2]. Let (M,g) be a Riemannian manifold satistfying (2.1), of di-
mension n > 3 (that is, dim M = 3 or M is conformally flat). Then, at each point p
of M, the index of nullity is either v(p) = 0,1 or n.

Theorem 3.2 restricts the research of conformally flat pseudo-symmetric spaces of
constant type to the ones having index of nullity equal to 0, 1 or n. We are now
ready to give

Proof of the Main Theorem. Let (M,g) be a conformally flat pseudo-
symmetric space of constant type, with constant ¢. Taking into account Theorem 2.1
by Hashimoto and Sekizawa, we can assume that the dimension of M is n > 4. Our
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purpose is to show that necessarily ¢ = 0. Thus, (M, g) must be conformally flat and
semi-symmetric and the conclusion follows from our Theorem 1.2.

Since (M, g) is conformally flat, there exists, at any point p € M, an orthonormal
basis {e;} of the tangent space T, M, such that the curvature components R;jxn
vanish whenever at least three indices are distinct (taking into account (2.1), it
suffices to consider an orthonormal basis of eigenvectors of the Ricci operator).

Rewriting (1.2) in a more extended and explicit way, we have that (1.2) is equiv-
alent to

(3.1) R(X,Y)R(U,V)W — R(R(X,Y)U,V)W — R(U, R(X,Y)V)W
— R(U,V)R(X, Y)W
= &{g(Y, R{U, VW)X — g(X,R(U, VW)Y
— R(g(Y, U)X — g(X,U)Y,V)W — R(U,g(Y,V)X — g(X,V)Y)W
—R(U,V)(g(Y,W)X — g(X, W)Y}

for all vector fields X, Y, U, V, W on M. We now apply (3.1) taking X =V =e,,
Y=W=¢;and U =¢; forall i,j,k =1,...,n such that ¢ # j # k # i. After some
standard calculations, we get

(3.2) (Rijij + &) (Rjkji — Rikir) = 0 whenever ¢, j and k are all distinct.

Next, let W be a dense open subset of M such that the multiplicities of the Ricci
eigenvalues remain constant on a connected neighborhood V' of any point p € W.
According to Theorem 3.2, at each point of M the nullity index is either 0, 1 or
n. If p € W and V is a connected neighborhood of p, where the Ricci eigenvalues
have constant multiplicities, then the nullity index will be v(q) = 0,1 or n for all
q € V. So, we have to deal with three different cases, according to the three different
possible values of v on V. If, in all these cases, we can conclude that ¢ = 0 on V,
then ¢ = 0 on M, since it is a constant, and this will complete the proof.

a) If v =n on V, then V is flat. In particular, V' is semi-symmetric and so, ¢ = 0.

b)If v =1onV, let ¢ be a point of V and e; a unit vector of the nullity space Eq,.
By the definition of the nullity space it follows at once that g(e1,-) = 0. Therefore,
we can consider an orthonormal basis {e;} of T,M of Ricci eigenvectors, including
e1. Taking ¢ = 1 in (3.2), since Ryj1; = 0 for all j, we then get

(3.3) ¢Rjkjk =0 forall j#k>1.

Since v(q) = 1, e; and ey can never belong to the nullity space when j,k > 1. So,
R,k cannot identically vanish for all j and k and (3.3) implies that é = 0.
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c) If v =0 on V, we first note that if R;;;; # —¢ holds for all ¢ # j, then by (3.2)
it follows that Rjijr = Rikir whenever ¢, j and k are all distinct. So, V' would have
constant sectional curvature. In particular, V' is semi-symmetric, that is, ¢ = 0. In
the sequel, we shall treat the case when there exist some indices i # j such that
Riji; = —¢.

Without loss of generality we can assume Rj212 = —¢. Then, applying (3.2) with
j=1and k =2, we get

(R1i1i + €)(Rai2s +¢) =0 for all i > 2.

In other words, either R1;1; = —¢ or Ro;9; = —¢, for all 1 > 2.
Next, we start from (3.2) and take the sum over k # 4, j. Recalling that the Ricci
eigenvalues p; = o(e;, €;) are given by o; = — Y Rikik, one can easily get
k#i
(34) (Rijij + &)(Ql — Qj) =0 forall? 7£ 7.

In particular, it follows from (3.4) that p; = g; if and only if R;j;;; # —¢.
We will also make use of the following classical characterization of conformally flat
manifolds, proved by R.S.Kulkarni:

Theorem 3.3 [7]. A Riemannian manifold (M, g) of dimension n > 4 is confor-
mally flat if and only if for any point p € M and for any four orthonormal vectors
e1, e2, ez and ey4 tangent to M at p, we have

(3.5) Ri212 + R3434 = Ri313 + Ro424 = Ri414 + Ro3o3.

Next, fix an index k > 2. As we have already remarked, either Rix1x = —¢ or
Rojor, = —¢. Assume for example Rip1,x = —¢ Then, by (3.5), taking into account
that Ri212 = Rir1x = —¢, we get at once
(36) Rkjkj = R2j2j for all j 75 1, 27 k.

We now sum over j # 1,2,k in (3.6). Since

Z Rijkj = 0i — Rkie1 — Rrare and Z Rajoj = 02 — Ri212 — Riaka,

§#£1,2,k §#£1,2,k
recalling that Ri212 = Rix1x = —¢, we get at once g; = g2.
In the same way, assuming Ropor = —¢, we can conclude that g = ¢1. Therefore,

for all k > 2, either g = 01 or o = p2. Note that g1 # g2, otherwise, by (2.1), V

655



should have constant sectional curvature and this can not occur, as we have already
noted. Thus, on V we have two distinct Ricci eigenvalues 91 # g2. By reordering
the Ricci eigenvectors of the orthonormal basis {e;} we can assume, without loss of
generality, that the Ricci eigenvalues in V' are

(3.7) 01=...=0r=a#b=0,11=...=0pn

for some integer r greater than 1 and lesser than n. If we prove that both a and b
are constant on V', then V will be conformally flat and curvature homogeneous (by
(2.1)). So, V will be locally symmetric [3]. In particular, ¢ = 0 and this completes
the proof.

Note that it follows from (3.7) that the scalar curvature 7 can be expressed in V
in the following way:

(3.8) T =ra+ (n—r)b.

We now get a different expression for the scalar curvature. Using (3.7) in (2.1), one
can easily obtain

7a+b+ T
n—2 (n—1)(n-2)

(3.9) Rijij = if # <r and j > r or conversely.

If i <randj > r, then g; # g;. So, by (3.4) it follows that R;;;; = —¢ and (3.9)

implies
(3.10) T=m-1)(a+b)—(n—1)(n—2)c

In order to conclude that a and b are constant on V, we shall prove that e;(a) =
ei(b) =0 for all i = 1,...,n. We differentiate both (3.8) and (3.10) with respect to

e; for any i =1,...,7. We get respectively
(3.11) ei(1) = res(a) + (n — r)e(b)
and

(3.12) ei(r) = (n — 1)(ei(a) + es(b)).

Finally, since (M, g) is conformally flat, (2.2) holds. We apply (2.2) taking k = j
with i # j < r. Taking into account that {e;} is an orthonormal basis of eigenvectors
of the Ricci operator, after some standard calculations we obtain

Viojj = ei(ej;) = eila) and Vjo;; =0
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and so, by (2.2),
ei(7) =2(n—1)e;(a) forall i <

Comparing the expressions of e;(7) given by (3.11), (3.12) and (3.13), it is easy to
show that e;(a) = e;(b) = 0 for all i < r. In the same way, taking k = j with
i#£j>rin (2.2), we get

ei(t) =2(n—1)e;(b) foralli>r

and, comparing (3.11), (3.12) and (3.14) we can conclude that e;(a) = e;(b) = 0 also
holds for all ¢ > r. Thus, a and b are constant on V' and this completes the proof. [

References

[1] E. Boeckz, O. Kowalski and L. Vanhecke: Riemannian Manifolds of Conullity Two. World
Scientific, 1996. Zbl 0904.53006

[2] G. Calvaruso: Conformally flat semi-symmetric spaces. Arch. Math. Brno 41 (2005),
27-36.

[3] G. Calvaruso and L. Vanhecke: Special ball-homogeneous spaces. Z. Anal. Anwendungen

16 (1997), 789-800. Zbl 0892.53023
[4] R. Deszcz: On pseudo-symmetric spaces. Bull. Soc. Math. Belgium, Série A /4 (1992),
1-34. Zbl 0808.53012
[5] N. Hashimoto and M. Sekizawa: Three-dimensional conformally flat pseudo-symmetric
spaces of constant type. Arch. Math. (Brno) 36 (2000), 279-286. Zbl 1054.53060
[6] O. Kowalski and M. Sekizawa: Pseudo-symmetric spaces of constant type in dimension
three. Rendiconti di Matematica, Serie VII 17 (1997), 477-512. Zbl 0889.53026
[7] R.S. Kulkarni: Curvature structures and conformal transformations. J. Differential
Geom. 4 (1970), 425-451. Zbl 0206.24403

[8] P.Ryan: A note on conformally flat spaces with constant scalar curvature. Proc. 13th
Biennal Seminar of the Canadian Math. Congress Differ. Geom. Appl., Dalhousie Univ.

Halifax 1971 2 (1972), 115-124. Zbl 0267.53024

[9] Z.I. Szabd: Structure theorems on Riemannian manifolds satisfying R(X,Y)- R =0, I,
the local version. J. Diff. Geom. 17 (1982), 531-582. Zbl 0508.53025

[10] H. Takagi: An example of Riemannian manifold satisfying R(X,Y) - R but not VR = 0.
To6hoku Math. J. 2/ (1972), 105-108. Zbl 0237.53041

[11] H. Takagi: Conformally flat Riemannian manifolds admitting a transitive group of isome-
tries. Tohoku Math. J. 27 (1975), 103-110. Zbl 0311.53062

Author’s address: Universita degli Studi di Lecce, Dipartimento di Matematica “E. De
Giorgi”, Via Provinciale Lecce-Arnesano, 73100 Lecce, Italy, e-mail: giovanni.calvaruso
Qunile.it.

657



		webmaster@dml.cz
	2020-07-03T16:05:24+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




