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CARTESIAN PRODUCTS OF TWO PATHS

ANTOANETA KLOBUCAR

(Communicated by Martin Skoviera )

ABSTRACT. A subset D C V(G) is called a k-dominating set, k > 1, if
for every vertex y not in D, there exists at least one vertex * € D such
that d(z,y) < k. For convenience we also say that D k-dominates G. The
k-domination number 7y, (G) is the cardinality of a smallest k-dominating set.
The 1-domination number is also called the domination number.

In this paper we determine the exact values of v, (P, OP,),...,v,(P;0OP,),
2-domination numbers v,(P,OP,),...,v,(P;OP,), estimates for v, (P, OF,)

when £k >m—1and lim 2k (PmOPn)
- ™m,n—o00 mn

where P, denote the path of length n.

1. Introduction and terminology

For any graph G we denote the vertex-set and the edge-set of G by V(G)
and F(G), respectively.

The Cartesian product of two graphs G, H is a graph with vertex set
V(G) x V(H) and ((g;,hy), (95, hy)) € E(GOH) if and only if either g, = g,
and (hy,h,) € E(H), or (g9,,9,) € E(G) and h; = h,.

The study of domination numbers of products of graphs was initiated by
Vizing [16]. He conjectured that the domination number of the Cartesian
product of two graphs is always greater than or equal to the product of the
domination numbers of two factors; a conjecture which is still unproven.

Domination numbers of Cartesian products were intensively investigated in
the past (see e.g. [1], [2], [5], [6], [10]).
In this paper we extend these investigations to k-domination for k > 2.

2000 Mathematics Subject Classification: Primary 05C69.
Keywords: k-dominating number, Cartesian product, path.

141



ANTOANETA KLOBUCAR
k-Domination numbers of P, 0 P, and P;OP,

To fix terminology for the proofs of our results we need some more definitions.

DEFINITION 1. Let 1,...,k and 1,...,n be vertices of paths P, and P,
respectively.

Forafixed m, 1 <m <n,theset (P,),,= {(1,m),(2,m),(3,m),...,(k,m)}
is called a column of P, O P, . The set (P,)" = {(/,1),(,2),(1,3),....(l,n)},
1<1<k,iscalledarowof P,OP,.

Any set B = {(P), (P)pmsrr- - (Pmyy s 120, m>1, m+1<n} of
consecutive columns is called a block of size kx (I4+1) of P, x P, .If another block
B’ contains column (P,),,_, (but it does not contain the column (P,),, ), or the
column (Py),..,., (but not column (FP,), .,), then B’ is said to be adjacent
to B. Block B is called internal if it is adjacent to two other blocks. It is called

external, if it is adjacent only to one block.
The following observations will be frequently used in the sequel.

OBSERVATION 1. Let C, and P, denote the cycle and path with n vertices,
respectively. Then

WG = %) = | g1
The following theorem was shown by Jacobson and Kinch [5].

THEOREM 1. We have

n(POP,) =24,

(PO P)=n— |27

These two results can be easily extended to all k> 1.

THEOREM 2. Let k> 1. Then

a5 1, n=0 (mod 2k),

2
n .
[ﬂ , otherwise.

'Yk(PQDPn)Z{

Proof. It is obvious that for ¥k = 1 our result reduces to the result given
in Theorem 1. We consider the set

S:{(l,k+4kl): l:o,l,...,["Tjj}u{(2,3k+4kz): 1:0,1,...,[";—5'1}.

It is easy to check that S is a k-dominating set for n = k,...,(2k—1)
(mod 2k). Also in these cases each vertex of P,0P, is k-dominated by exactly
one vertex of S. For all these cases |S| = [7].
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ON THE k-DOMINATING NUMBER OF CARTESIAN PRODUCTS OF TWO PATHS

Proof of minimality follows from the fact that on P, O P,,_; only one
k-dominating vertex can k-dominate all vertices, but on P, OO P,, we need
at least two vertices. (For each vertex on P, P,, there exists at least one other
vertex such that distance between them is >k +1.)

For n=0,1,...,(k—1) (mod 2k) we take S; = SU{(2,n)}. It can be easily
seen that for these n, S, is a k-dominating set, and

5= +1, n=0 (mod 2k),

P,OP )=
Vk( 2 n) { [%]’ otherwise.

Proof of minimality follows from previous and from the fact that for S on

P,0OP, at least one vertex is not k-dominated. O

In the sequel we investigate k-dominating sets on P, 0 P, .

LEMMA 1. Let k> 2, n > 2. Then there exists a minimum k-dominating set
D of P,O P, such that for every i € {1,...,n}, |(P;),ND]| <1.

Proof. Let D be a minimum k-dominating set of P,0P, . We first assume
that |(P;); N D| > 2 holds. Without loss of generality, let (1,1) € D and let M
denote the set of vertices which are k-dominated by the vertices of (P;), N D.
Then D' = (DU {(, 2)}) \{(1,1)} also k-dominates at least vertices of M . (If
(1,2) € D, then D is not minimal.) Hence, we can conclude that (P;); contains
at most one vertex of D and the same holds for (P;),, .

Assume |(P;); N D| = 3 holds for some (P;);,, 2 < i <n—1.If M de-
notes the set of vertices k-dominated by the vertices of (P,),, then D' =
(D \ {(2,@),(3,;’)}) U {(3,i+1),(3,i—1)} also k-dominates all vertices of M
and therefore k-dominates P, O P, .

If now either (P;),_, or (P;),,, contains three vertices of D', then we repeat
this process and finally obtain either a contradiction to the minimality of D or
a k-dominating set with at most two vertices of one column of P,J P, .

We now assume that |(P;), N D| = 2 holds for some i, 2 < i <n—1, and
no (Ps)j, 1 < j < n, contain more than 2 vertices of D.

a) We first consider the case that {(1,4),(2,4)} C D. Then {(1,i),(2,4)}
k-dominate vertices of M = {(j,i—1), (j,i—2), ..., (4,i—k) }U{(j,i+1), (j,i+2),
o (k) FUA(3,i-1),(3,i-2), ..., (3,i—k+1) } U{(3,1), (3,i+1), (3,i+2), ...
..., (3,i+k—1)}, where j € {1,2}.

But vertices {(2,i—1),(2,i+1)} also k-dominate M. Hence, D' =
(D\A{(1,4),(2,0)}) U {(2,i=1),(2,i+1)} also k-dominate Py O P,. If now
(P;);_, or (Py),,, contains three vertices from D', then D' and therefore
D is not minimum. D is also not minimum if (2,i—1) or (2,i+1) is already
contained in D.
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Now assume that |(P;),,;ND| =1 (|(P;);,;ND’'| = 2) holds. From previous
notations it follows that (1,i+1) or (3,i4+1) € D, say (1,i+1).

Then for i <n —3 we set D" = (D’ \ {(1,2'—{-1)}) U {(2,i+3)} and repeat
the above arguments. If n —2<n <n—1, then D" = (D’ \ {(1, i+1)}).

b) For {(2,7),(3,i)} C D and {(1,7),(3,7)} C D analogously as in a). O

THEOREM 3. For every path P, , n>2, and k > 2

’Yk(P:xDPn): ‘Vzkn_l-l'

Proof. We consider the set
S = {(2,k+(2k—1)l) c1=0,1,..., bk—z—qu}.
For n =0 (mod (2k—1)), S is a k-dominating set and

|51 = 2kn—1 - [an—ll'

For n = k,...,(2k—2) (mod (2k—1)), S, = S U {(2 k+(2k—1)-LLJ)} is a

2k—1
k-dominating set and

_ n
5i1= [z
For n=1,...,(k—1) (mod (2k — 1)), S, = SU{(2,n)} is a k-dominating set
and
_ n
5.1 = [2/@— l-l '

It follows that v, (P, OP,) < [525]-

We now prove that these sets are also minimum k-dominating sets.

Let D be a minimum k-dominating set which satisfies Lemma 1. Let s be the
number of columns which contain no vertex of D. Then, since at most (2k — 2)
empty columns can be adjacent,

5S [an— 1J(2k"2)'
Then for every k-dominating set D there holds
n
If n =0 (mod (2k — 1)),
n n _ n _ n
D> [ty |- k- - | g | @b -2 = [ | = 5]
If n=t (mod (2k—1)), 1 <t <2k -2,

DI = [2kn—1J'(2k_1)+t_[WH—TJ'(%_”: bkn— 1J+t2 [an—l]‘
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3. 2-Domination numbers

Of course, the situation is much more complex if we consider P, O P, for
some j > 4. Even the determination of the k-domination number for k£ = 1
is difficult if j > 5 holds. Hence, we only consider 2-domination for P, OP
14<)<7T.

THEOREM 4. For n > 2,

32]+2, n=1,2,3 (mod7),

32, n=4,5 (mod 7),

3[2]+1, n=6,0 (mod 7),

4, n=2_.
Proof. We consider the set

S = {(1,7+14k): k=0,1,...,[ 27 }U{113+14k k=0,1,...,[ 22}

U{(2,3+14k): k=0,1,...,| %3] }U{310+14k k:(),l,..., — }
U{(4,6+14k):k:0,1,.. "146}U{414+14k k=0,1,...|&|- }

u{(3,1)}.

See Figure 1.

FIGURE 1.

Then S is a 2-dominating set for n = 0,3 (mod 7).

Let n > 2 and S, = SU{(2,n)}. S, is a 2-dominating set for n =
1,2,4 (mod 7).

If the number of 407 blocks is odd, let S, = S U {(2,n)}; otherwise, let
S, =SU{(3,n)}. Then S, is a 2-dominating set for n =5 (mod 7).

For n =6 (mod 7) a 2-dominating set S, is given by S, = SU {(2,n)} if
the number of 407 blocks is even, and by S, = SU {(3,n)} if the number of
407 blocks is odd.

It follows that

[E—

, n=1,2,3 (mod 7),
n=4,5 (mod 7),
, n=6,0 (mod 7).

3
1 (P,OP)<|S| =4 3
3

ENSEENTN IS TN
—

-
JR—

We now prove that v,(P,OP ) > |S|.
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DEFINITION 2. We partition P,0P, into [%J blocks of size 4007, where the
first 407 block contains (P,),. If n =k (mod 7), where k # 0, then we also
have a block B’ which is a 4 0 k block. Without loss of generality, we always
assume that B' = {(P,),,,. .., (P})p_ss1}-

LEMMA 2. If B is an external 4 37 block, for every 2-dominating set D,
there holds |D N B| > 3.

Proof. Without loss of generality, assume that B is the first block in the
graph P, O P . (Only if n =0 (mod 7) there are 2 external 407 blocks.) If
columns (P,)s and (P,), are 2-dominated by vertices from the adjacent block,
there is still one undominated block of size 4(05. To 2-dominate these vertices,
we need at least three vertices from block B. a

LEMMA 3. |DNB| > 2 holds for every internal block B.

Proof. Let B = {(Py);,(Py)j41,---+(Py)jys}, J > 8, be some internal
block. Only vertices of columns (F,);, (P4)j+1 and (Py);,5, (Py);46 can be
2-dominated by vertices of adjacent blocks. To 2-dominate vertices of columns
(Py)jrar (Py)jyzs (Py)j44, we always need at least two vertices which are con-
tained in B. 0O

LEMMA 4. Let n > 21. If |D N B,| = 2 for some internal 407 block B,
then [IDNB,_,| >4, and [DN B, ,| > 4. If B,_, (B,,,) is external, then
IDAB,_,| 25 (IDNB,,,| > 5).

Proof. Let B, = {(P4)j,(P4)j+1,...,(P4)j+6}, j=T7k—-1)+1, k€
{2,...,|2] —1}. Let B,nD =M and let [M|= 2. Then both vertices of M
must be contained in the set L = (F;);,o U (Py)j43 U (Py) 44 since no vertex
outside B, can 2-dominate a vertex of these three columns. This also implies
that vertices of M are contained in different columns. Hence, vertices of Al
2-dominate at most one vertex of (P,;); and at most one vertex of (P,); .

Case a):
Vertices of M 2-dominate exactly one vertex of (P,); s and exactly one vertex
of (Py);.

In this case two vertices of M must be contained in (P,); , and (Py); .,
respectively. Then three vertices of (P4)j ; (Py) 16 at least one vertex of (P4$J+1
and at least one vertex of (P,),, remain undominated by vertices of M. \We
first consider B, . Since three vertices of (P,) j+e and at least one vertex of
(Py);45 are not 2-dominated by vertices of M, the first column of B, (i.e.
the column (P,) j+7) contains at least two vertices of D.

But these two vertices cannot 2-dominate any vertex of the columns (P,)

j+10
and (P4)j+11. Vertices of (P,)..,, and (P,) i

, cannot be 2-dominated by

j+1 j+1
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vertices contained in By, ,. To 2-dominate these two columns, we need at least
two vertices of D which are contained in By .
If B, is the last block, we need at least one more vertex to 2-dominate
the remaining vertices on By, .
Of course the same holds for B, _,.
Case b):
Vertices of M 2-dominate exactly one vertex of (F,),, ¢ and no vertex of (P;);.
In this case it is obvious that [D N B, _;| > 4 holds.

The situation on B)_, is the same as in the Case 1.

Case ¢):
Vertices of M 2-dominate no vertex of (F,); and no vertex of (P);,4- In this
case our result obviously holds. ad

Applying Lemma 4, it is now possible to prove Theorem 4 in the case each
n is a multiple of 7.

Case 1: n="Tm.
We first assume that n > 21.

Let D be any 2-dominating set. [D N B, | > 2 holds for each block B, , 1 <
k < %, by Lemma 3. Assume that there are s (4017)-blocks which contain only
two vertices of D. By Lemma 2, these blocks are internal. Then, by Lemma 4,
there are at least s+ 1 (40 7)-blocks which contain at least four vertices of D.
Let Bi]_, 1 < 7 <2s+ 1, denote these blocks which contain either two or four

2s+1
vertices. Then B = Lj Bij contains at least 6s + 4 vertices of D. Together we
j=1
have m = % (407)-blocks. 2s + 1 blocks of B contain 3(2s + 1) + 1 vertices
of D, the remaining r = m — 2s —1 (40 7)-blocks at least 3r vertices of D.
Therefore |D| > 3m + 1 = |S|, which completes the proof in this case.
Let n = 14. |DN B,| > 3 holds for each block By, k = 1,2, by Lemma 2. If
|DNB,| =3, at least one vertex of B, is 2-dominated by vertices of B,. Then
it is obvious that |D N B,| > 4 and therefore |D| > |S] holds.

Case 2: n=Tm+ 1.
LEMMA 5. |[DN(B,,UB")| >4 for any 2-dominating set D .

Proof. B,, UB' is a 408 block. If the first two columns of B, are
2-dominated by vertices of B, _,, there is still an undominated block of size
406. To 2-dominate vertices of this block we need at least four vertices which
are contained in B,, UB'. O

LEMMA 6. Let n>15. If |IDN(B,,UB')| =4, then DN B,, || >3, and if
B, _, is external, then |DNB, || >4.
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Proof. B, UB’ isa 408 block, and, by Lemma 5, it contains at least 4
verticesof D. If |B,,UB’| = 4 holds, then (P,), _,ND =0 and |(P,),,_¢ND| <1
must hold.

If B,,_, is an internal block, then at most the first two columns of B,
can be 2-dominated by vertices of B, _,

By the same arguments as in the proof of Lemma 4, we obtain that [DNB, _ |
> 3 holds. If B, , is already external (i.e. n = 15), then we need at least four
vertices to 2-dominate all vertices of B,,_,, which means that [DNDB, _,| > 4.

g

Let D be any 2-dominating set. Again we assume that there are s blocks
containing only two vertices of D. From Lemma, 6, if the block B, UB’ contains
only four vertices of D, then B, _, cannot be a block containing only two
vertices of D. Therefore, we can again apply Lemma 4 to show that |D| >
3|2 +2=1S|.

The case n = 8 can be checked directly.

Ifn=7m+2 or n="7m+ 3, we cannot have a minimal 2-dominating set
with less vertices than in the case n = 7m + 1. Therefore, our result also holds
in these cases.

Case 3: n="Tm +4.

LEMMA 7. |DNB'| >2 for any 2-dominating set D.

Proof. B’ isa 404 block. At most the first two columns can be 2-domina-
ted by vertices from B, _,. To 2-dominate the remaining vertices, we need at
least two vertices which are contained in B’. a

LEMMA 8. Let [DNDB'| = 2. Then |DNB,,| > 3 if B, is internal, and
|IDNB,,| >4 if B, is external.

Proof. The same kind of argument as in the proofs of the above lemmas
immediately lead to this result. O

We now assume that there exist s blocks B] , 1 <5, j, <m— 1. with
|B;, ND| =2.Let |B,, ND| = 3. Then, by Lemma 4, there are also s+ 1 blocks
B,\ , with |B, N D| > 4. This, together with Lemma 8, is sufficient to show that
|D| > |S| holds for every 2- dominating set D.

If [IDNB,| > 4 holds, we again assume that there are s blocks B, ,
J; £ m — 1, which contain only two vertices of D. As above, Lemma 4 now
immediately implies that there are also s blocks By with [B, N D| >4, and
then again |D| > |S].

For n = 7m + 5 minimality follows directly from the fact that we need at
least as many vertices to 2-dominate P, 0 P as in the case of n = 7m + 4.

Case 4: n=Tm +6.
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LEMMA 9. |DNB'| >3 for any 2-dominating set D .

Proof. The same as in Lemma 7. O
LEMMA 10. If |DNB'| =3, then |DNB,,| > 3.

Proof. The same as in the Lemma 6. O

If B' contains at least four vertices, then we can again apply Lemma 4 as
above to obtain that |D| > |S| holds. If |B' N D| = 3 holds, then B, contains
more than two vertices of D, and Lemma 4 again completes the proof. O

The results about ~,(P; O P,), 7,(P; O P,) and ~,(P, O P,) are given
without proof of minimality, because these proofs are long and tedious. They go
along similar lines as for v,(P, O P,). We partition graph into blocks. Then we
consider how many vertices we must at least have on some block. On P, O P,
we have 506 blocks, on PO P, 605 blocks and on P, 0P, 706 blocks.

THEOREM 5. Forn > 2

|+1, n=1 (mod6),
|+2, n=2 (mod6),
’72(P5D‘Pn): —
J+3, n = 3,4 (mod 6),
]

+1, n=5,0 (mod6).

—_—T T
o3 @3 o3 o3

w W w W

Proof. We consider the set

S ={(1,446k): k=0,1,....[ 25|} u{B,1+6k) : k=0,1,..., 25|}
U{(5,4+6k): k=0,1,...,[25*]}.

S is a 2-dominating set of P, 0 P, for n = 1,4 (mod 6).

1=

SU{(?),n)}, n=2,50 (mod 6),

{ Su{(,n),(5,n)}, n=3 (mod6).

S, is a 2-dominating set for n =2,3,5,0 (mod 6).

Hence, we have 2-dominating sets with the following cardinalities:

3|2|+1 if n=1 (mod 6),
3 +2 if n=2 (mod 6),

+3 if n=3,4 (mod 6),

+1 if n=5,0 (mod 6).

—_—1rr
ol o3 o3
—_— e

w W

149



ANTOANETA KLOBUCAR

THEOREM 6. Forn > 2,

(3|2]+1, n=0 (mod5),

3[%J+2a n=1,2 (m0d5), n#6,7,
(PO P,) = 3%3J+3, 2224 (mod 5), n# 3,4,

4, n=4,6,

6 n=7

Proof. We consider the set
S= {(1L,1+10k) : k=0,1,..., |5} U{(L,7+10k) : k=0,1,..., | 2T
U{(3,4410k) : k=0,1,..., 25|} U {(4,9+10k) : k=0,1,...,
U {(6,6+10k): k=0,1,...,| 258 [} U{(6,12+10k) : k=0,1,...,["F*|-1}
u{(5,2)}.
S is 2-dominating set for n =4 (mod 5), n # 4.

The 2-dominating set for other n (when there are even number of 6 O 5
blocks) is

S, =5uU{(6,n)} for n=1 (mod 5),
SI:(S\{ln 1)} )U{Qn 1)} for n=2 (mod5),
S, =Su{@3,n)} for n=3 (mod 5),
Sy = (S\ {(6,n—4),(4,n-1)}) U {(5,n—4), (3,n), (6,n—2)}

for n=0 (mod 5).

When there are odd number of 6005 blocks, we have the symmetrical case. Then
in S, instead (6,n) we must take (1,n), and so on.
It follows that

(3|2]+1, n=0 (mod5),

32)+2, n=12 (mod3), n#6,7,
(P, OP) <|s| = SLBI 3 n=34(mod3), n3,4,

2, n=3,

4, n=4,6,

L 6 n="17,
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THEOREM 7. We have

2, n=2,

4|2 +2, n=0,1 (mod 6),
(P, OP)=2{ 4|2 +3, n=2 (mod6), n#2,

4[%] +4, n=3,4 (mod 6),

4|_%j+5, n=>5 (mod 6).

Proof. We consider the set
S= {(1,4+6k): k=0,1,..., 22|} U {(3,1+6k) : k=0,1,..., |25}

U{(5,4+6k): k=0,1,~-~,["74J}U{(7,7+6k): kzo’la“-vln—elJ_l}
U {(6,2)}

S is a 2-dominating set of P, 0P, for n=1,4 (mod 6), n # 1.

Su{B,n)}, n =2 (mod 6),
5 _ Su{(,n),(5,n)}, n=3 (mod6),
te Su{(,n)}, n =5 (mod 6),
Su{@3,n),(7,n)}, n=0 (mod6).

S, is 2-dominating set for n =2,3,5,0 (mod 6).
Hence we have 2-dominating sets with the following cardinalities:

2, n=2,

4L%J+2, n=0,1 (mod 6),
4]2]4+3, n=2 (mod6), n#2,
4|2]+4, n=3,4 (mod6),
4|21 45, n=5 (mod 6).

4. Some general results
THEOREM 8. For m odd and k> m — 1,

WP OP) < [

Proof. We consider the set

S={(3]+1 k=| 2] +14+@k—m+2)) : 1=0,1,..., | 557z | -1}
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n
2k—m—+2 "

For n=0 ( od (2k —m+2)), S is a k-dominating set and |S| =
For n = k—|

m|41,..., (2k=m+1) (mod (2k —m +2)),

Sy =SU{(1Z]+1, k=2 +1+@k-m+2) | 5 ) }

is a k-dominating set and

S1= | =g |-

For n = 1,...,(k—|_%J) (mod (2k —m +2)), S, ISU{(L%J%—l,n)} is a

k-dominating set and |S,| = [W_%F—Q] : O

THEOREM 9. For m even and k> m — 1

Rim T {Qk—_?n—“], otherwise.

Proof. We consider the set

5= {(%, k=4 14(2k—m+2)20) - 1=0,1,..., [%(%ﬁ—;l)”

O{ (41,353 43+ (2k-m+2)21) - 1=0,1,., [§("esE5) -1}

For n = k=% +1,...,2k—m+1 (mod (2k —m +2)), S is a k-dominating set

and o
S1= [ =trz |-
For n =0 (mod (2k —m +2)), S, = SU{(%,n)} is a k-dominating set and
1S = 5575 + 1.
For n = 1,...,k—2 (mod (2k —m + 2)), also §; = SU{(Z,n)} is a

k-dominating set and |S,| = fm1 . O

PROPOSITION 1. For any two paths P, P, m,n> 2,

n’

. "% (P, OP) 1
lim = .
m,n—00 mn 2k2 + 2k +1

Proof. We follow the ideas used in [15] for the cardinal product.
We consider the set H = {(i,j) : j = (2k+1)i (mod (2k* + 2k +1))}. H
contains [ﬁl‘f] vertices.

Vertex (7, j) k-dominates all verticeson a (k+1)0(k+1) blockon P _OP, .
There are 2k% + 2k + 1 such vertices.
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We take (i,5) € H (j = (2k+1)i (mod (2k? + 2k + 1))). This vertex can
k-dominate all vertices at distance < k.
The vertices at distance k + 1 from (i,5) are

{(G,j—k=1), (i+1,j—k),..., (i+k,j—1),
(i+k+1,7), (i+k, j+1), ..., (i+1, j+k),
(¢, j+k+1), (i—-1,j+k), ..., (i—k, j+1),
(i—k—1,4), (i—k,j=1),...,(i=1,j—k)} .
It is easy to see (by the same methods as in [13]) that all these vertices are

k-dominated by vertices of H or vertices of the kind (1,r), (m,r), (s,1), (s,n),
1<r<n, 1<s<m.

FIGURE 2. (k=2).

Then D = HU{(1,s),(m,s),(r,1),(rn): 1<s<n, 1<r<m}isa
k-dominating set and
nm
Dl=|———— | +2m + 2n.
1Dl [2k2+2k+11
From the fact that one vertex can k-dominate at most 2k? + 2k + 1 vertices
it follows that D must contain at least 553577 vertices. Then

mn mn
— < <|z==——F——+2m+2n),
2k2+2k+1—Wk(PmDP")—(2k2+2k+1 )
1 v, (P, OP,) 1 mn )
< m e | ————+2m+2n ).
2k2 +2k+1 — mn “mn \2k2+2k+1
For m,n — oo the right hand side of this inequality tends to szzrhrey-
Therefore
lim (P O P) = !
m,n— oo mn 2k2 +2k+ 1"
O
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