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ABSTRACT. An abstract group H is said to be a B-group if every primitive per-
mutation group containing H as a regular subgroup is 2-transitive. Non-abelian
B-groups of order pq, where p, g are two distinct primes, are characterized.

1. Introduction

An abstract group H is said to be a B-group (Burnside group) if every
primitive permutation group containing H as a regular subgroup is 2-transitive.
Primitive permutation groups which are not 2-transitive are called uniprimitive
groups. The first examples of B-groups were given by Burnside in 1911. He
proved that every cyclic group of order p™ (p prime, m > 1) is a B-group ([2]).
Later on S chur showed that every cyclic group of composite order is a B-group
([11]). These results have been generalized by Wielandt and Bercov who
proved that every abelian group which has a Sylow subgroup isomorphic to
Z o % Ly (p odd prime, a > b) is a B-group ([1]).

Some partial results about nonabelian groups are also known. Dihedral groups
and generalized dicyclic groups (z,y | =" =1, y? =z, y~lry = z), were
shown to be B-groups, respectively, by Wielandt [16] in 1949 and by Scott
[12] in 1957. Furthermore, groups of order 3p (p a prime) have also been dealt
with. Combining works of several authors (see [7], [13], [8]) we can deduce that
a nonabelian group of order 3p is a B-group provided one of the following holds:
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i) p=2-3241,a>2,
or

ii) 4p=3c*+1 and p > 37,
or

iii) p=6g+1, ¢ > 7 a prime.

Most of these results were proved using character theory or the Schur method
([17]). With the classification of finite simple groups a different approach is
possible. Based on the work of Marug§i¢ and Scapellato [4], [5], [6] and
Praeger, Wang and Xu [9], [10], [14] on vertex-transitive pg-graphs, a
classification of B-groups of order pq, where p > ¢ are two primes, can be
obtained.

THEOREM 1.1. A group of order pq, where p > q are primes, is not a B-group
if and only if it is not abelian and one of the following holds:

(i) qzl’;—l and p >3,
or

(ii) pg=31-5,
or

(iii) pg=29-7.

2. Proof of Theorem 1.1

Since every abelian group of order pq is cyclic and therefore a B-group, we
can restrict ourselves to nonabelian groups. Since a nonabelian group of order
pq exists if and only if ¢ | p — 1 (and is unique), we will assume that ¢ |p — 1.

A group H of order n is not a B-group if and only if there exists a uni-
primitive group G of degree n containing H as a regular subgroup. Therefore,
to find all non-abelian groups of degree pg which are not B-groups it is enough
to find all regular subgroups of uniprimitive groups of degree pq with ¢ |p—1.
Moreover, the socle of a uniprimitive group G of order pg cannot be abelian.
Assume on the contrary that H = socG is abelian. Since H is a non-trivial
normal subgroup of a primitive group, it is transitive, and since it is abelian, it
must be regular and therefore a cyclic group of composite order. But such groups
are B-groups and cannot occur as regular subgroups of uniprimitive groups. In [6]
Marug§ic and Scapellato gave the list of non-abelian socles of uniprimitive
groups of degree pq. Excluding the cases where ¢ {p — 1, Table 1 is obtained.
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TABLE 1. Socles of uniprimitive groups of degree pq, ¢ | p — 1.

row socG (p,9q) action comment
1 A, (p, 25%) pairs p>5
2 PSL(2,p) (p, 1’;—1) cosets of D, p=3 (4)
3 PSL(2,59) (59,29) cosets of A
4 PSL(2,23) (23,11) cosets of
5 PSL(2,11) (11,5) cosets of A,
6 M,, (23,11)
7 M, (11,5)
8 PSL(5,2) (31,5) 2-spaces
9 PSL(2,29) (29,7) cosets of A
10 PSL(2,19) (19,3) cosets of Ag

Observe that in the rows 1 to 7, ¢ = 1%1- holds. So let us first deal

with groups of order pq, where q = p;—l If p =5, then ¢ = 2 and the
only non-abelian group of order 10 is dihedral group, which is a B-group.
For p > 5 consider the uniprimitive action of Ap on the set of unordered
pairs X = {{z,y} : 0<z <y <p-1} (|X|] = pg). Let a denote the
cyclic permutation a = (0,1,...,p — 1). Since the multiplicative group Zy, is
cyclic, it contains an element r of order 1’;—1 Let (8 denote the permutation
which sends ¢ € Z, to ri € Z,. The decomposition of [ into disjoint cycles
equals (0)(a, ra,...,rL;Ea) (b, rb,...,rp_#b), which implies 8 € A,. Clearly,
B~ laB = a", showing that (o, 3) is the non-abelian group of order pq. Using
the fact that p = 3 (4) it is easy to see that the group (a, ) acts transitively
and therefore regularly on X, and thus showing that the non-abelian group of
order pq, where q = 7’;—1 is not a B-group.

We are now going to show that the non-abelian groups of order 31 -5 and
29 - 7 are not B-groups. We will need the following lemma from [6].
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LEMMA 2.1. ([6; Lemma 2.2]) Let G be a transitive group on a set X of
degree n and order ns. Let H be a subgroup of G such that n divides |H| and
([G: H],|H|) = 1. Then H is transitive.

Let G = PSL(5,2) acting on 2-spaces. We know |G| = 210-32.5.7-31. Let S
denote a Sylow subgroup of order 31.Its normalizer N = N(S) is a non-abelian
group of order 31 -5 ([3; 7.3]). The group N is transitive by Lemma 2.1 and
therefore regular. Since the action of G is uniprimitive. the nonabelian group of
order 31 -5 is not a B-group.

Let now G = PSL(2,29) acting on the cosets of its subgroup A;. Its order
is 29-22.3.5-7 and its degree 29 - 7. It contains a Sylow subgroup S =

{(éf) : (L‘EZZ9} of order 29. Its normalizer N = {(85—1) toa € L.

T € Zgg ¢ contains a non-abelian subgroup of order 7-29 which is transitive

and therefore regular by Lemma 2.1. Since the action of G is uniprimitive. this
shows that the non-abelian group of order 7-29 is not a B-group.

In order to complete the proof we have to show that the nonabelian group of
order 19-3 is a B-group. Let G be a uniprimitive group of degree 19-3. By [14.
Lemma 2.1], it follows that socG = PSL(2,19) acting on the cosets of a sub-
group A = A, and G is either PSL(2,19) or Aut PSL(2.19) = PGL(2.19).
Suppose that G contains a regular subgroup R. Since the index of PSL(2,19) in
G iseither 1 or 2 and R is a group of odd order, it is contained in PSL(2,19).
Thus without loss of generality we can assume G = PSL(2,19). It is known
that a Sylow subgroup of order 9 in PSL(2,19) is cyclic, implying that all sub-
groups of order 3 in PSL(2,19) are conjugate. It follows that the group R has
a non-trivial intersection with some conjugate of A. But conjugates of A are
point stabilizers of the action of G, contradicting the fact that R is regular. We
have thus proved that the non-abelian group of order 57 = 3-19 is a B-group,
completing the proof of Theorem 1.1.

Acknowledgement

The author is grateful to Professor Dragan Marusic for many helpful sugges-
tions.

66



B-GROUPS OF ORDER A PRODUCT OF TWO DISTINCT PRIMES
REFERENCES

[1] BERCOV,R. D.: The double transitivity of a class of permutation groups, Canad. J. Math.
17 (1965), 480-493.
BURNSIDE, W.: Theory of Groups of Finite Order (2nd ed.), Cambridge University Press,
London, 1911.
[3] HUPPERT, B.: Endlische Gruppen I, Springer-Verlag, Berlin, 1967.
[4] MARUSIC, D.—SCAPELLATO, R.: Characterizing vertez-transitive pq-graphs with an
imprimitive automorphism subgroup, J. Graph Theory 16 (1992), 375-387.
[5] MARUSIC, D.—SCAPELLATO, R.: Imprimitive representations of SL(2,2%), J. Com-
bin. Theory Ser. B 58 (1993), 46-57.
[6] MARUSIC, D.—SCAPELLATO, R.: Classifying vertez-transitive graphs whose order is
a product of two primes, Combinatorica 14 (1994), 187-201.
[7) NAGAI O.: On transitive groups that contain non-Abelian regular subgroups, Osaka
Math. J. 13 (1961), 199-207.
[8] NAGAO, H.: On transitive groups of order 3p, J. Math. Osaka City Univ. 14 (1963),
23-33.
[9] PRAEGER, C.—XU, M. Y.: Vertex primitive graphs of order a product of two distinct
primes, J. Combin. Theory Ser. B 59 (1993), 245-266.
[10] PRAEGER, C.—WANG, R. J.: Symmetric graphs of order a product of two distinct
primes, J. Combin. Theory Ser. B 58 (1993), 299-318.
[11] SCHUR, L.: Zur Theorie der Einfach Transitiven Permutationsgruppen, Sitzungsber.
Preuss. Akad. Wiss., Phys.-Math. Kl. (1933), 598-623.
[12] SCOTT, W. R.: Solvable factorizable groups, llinois J. Math 1 (1957), 389-394.
[13] SOOMRO, K. D.: Nonabelian Burnside groups of certain order, Riazi J. Karachi Math.
Assoc. 7 (1985), 1-5.

[14] WANG, R. J.—XU, M. Y.: A classification of symmetric graphs of order 3p, J. Combin.
Theory Ser. B 58 (1993), 197-216.

[15] WIELANDT, H.: Zur Theorie der Einfach Transitiven Permutationsgruppen, Math. Z.
40 (1935), 582-587.

[16] WIELANDT, H.: Zur Theorie der Einfach Transitiven Permutationsgruppen II, Math. Z.
52 (1947), 384-393.
[17] WIELANDT, H.: Finite Permutation Groups, Academic Press, New York, 1964.

(2

Received March 24, 1999 . IMFM, Oddelek za matematiko
Univerza v Ljubljani
Jadranska 19
SI-1000 Ljubljana
SLOVENIJA

67



		webmaster@dml.cz
	2012-08-01T14:36:01+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




