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ABSTRACT. Relatively uniform convergence of weighted sums of random el
ements taking values in a cr-complete Banach lattice with the cr-property is 
studied. It is shown that the usual assumptions of independent and identically 
distributed random elements can be replaced by weaker conditions to obtain a 
fruitful theory The results obtained are new even for real valued random elements. 

1. Introduction 

Random elements in Banach spaces have been intensively studied and many 
interesting results can be found in literature. On the other hand much less at
tention has been devoted to Banach lattices and the corresponding order con
vergence despite that the latter is stronger than the convergence in norm in a 
number of spaces, e.g. Lp -spaces, 1 < p < oo. In order to get interesting results 
for random elements in Banach lattices (and, more generally, in vector lattices) 
the original assumption of regularity is not necessary. It is sufficient to suppose 
that the lattice is a -complete with the cr-property. 

DEFINITION 1. Let (Z, 5, P) be a probability space, B an Archimedean vec
tor lattice. A sequence (Xn) of functions from Z to B converges to a function 
X almost uniformly if for every e > 0 there exists a set A G S such that 
P(A) < e and (Xn) converges relatively uniformly to X uniformly on Z — A, 
i.e. there exists a sequence (an) of real numbers converging to 0 and an element 
r e B such that \Xn(z) - X(z)\ < anr for each z e Z - A. 
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DEFINITION 2. A function X: Z -> B is called a random element if there 
exists a sequence (Xn) of countably valued random elements such that (Xn) 
converges to X almost uniformly. 

DEFINITION 3. A vector lattice B is said to have the a-property if for every 
sequence (un) of elements from B there exist an element u £ B, u > 0, and a 
sequence (kn) of positive real numbers such that \un\ < knu for each n. 

PROPOSITION 1. ([2]) Let B be an Archimedean vector lattice with the 
a-property. Then the vector lattice of all random elements is closed with re
spect to the almost uniform convergence. 

DEFINITION 4. A vector lattice with a monotone norm which is complete with 
respect to it is called a Banach lattice. 

PROPOSITION 2. ([2]) Let B be a Banach lattice. Then each random element 
is a measurable map from Z to B. 

2. Strong laws of large numbers 

DEFINITION 5. A sequence (Xn) of random elements satisfies the strong law 
of large numbers (SLLN) with centering elements (mn) of B and norming con
stants (bn), 0 < bn —> co, if there exists an element a E B+ such that for every 
£> 0 

limp{n{*: kHtx^-m,) < ea}\ = 1. 
"->°° U = n l ' V i= l J }) 

If (Xn) satisfies SLLN, then the sum ( Yl X{(z) — mk)/bk converges to 0 

relatively uniformly almost everywhere. 

DEFINITION 6. An Archimedean vector lattice B is called a-complete if every 
non-empty at most countable subset of B which is bounded from above has a 
supremum. 

In [2] the following theorem is proved. 

THEOREM 1. Let B be a a-complete Banach lattice with the a-property. If 
Xn are independent, identically distributed and symmetric random elements in 
B, then the condition 

oo 

2_.P{z: \Xx(z)\ <na] < oo for some a £ J5+ , 
n = l 
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is necessary and sufficient for (Xn) to satisfy the strong law of large numbers 
with mn = 0 and bn = n for each n G N. 

The aim of this paper is to prove SLLN and related results on convergence 
of weighted sums under less restrictive conditions on random elements Xn. 

DEFINITION 7. Random elements X and Y with values in a Banach lattice B 
are said to be negatively dependent if P{X < x, Y < y} < P{X < x}P{Y < y} 
and P{X >-x,Y> -y} < P{X > -x}P{Y > -y} for all x,y G B+. 

LEMMA 1. If X and Y are negatively dependent, so are their positive parts 
X + and Y+ and negative parts X~~ and Y", respectively. 

LEMMA 2. ([3]) If X and Y are negatively dependent (real valued) random 
variables, then cov(X,Y) < 0, provided it exists. 

oo 

PROPOSITION 3. ([4]) Let (An) be a sequence of events. If £ -P(-4n) < oo, 
n = l 

then P( l imsupA n ) = 0. If £ E(A„) = oo and P(An n A J < P(An)P(AJ 
v n->oo ' n = l 

for all (n,m), n^m, then P(limsup.AnJ = 1. 
^ n—>oo ' 

THEOREM 2. Let (Xn) be a sequence of pairwise negatively dependent ran
dom elements in B. Let B be a a -complete Banach lattice with the a -property 
stochastically dominated by a random element X, i.e. P(\Xn\ < x) > P(\X\ < x) 
for each x G B+ . Let (an) and (bn) be sequences of positive numbers such that 

Y^ai = 0(nan), (1) 
І = l 

bjnt, 

U 

bJan t oo , bjnan f oo, (2) 
sup b2Jbn < oo . 
nЄN 

(3) 

ţ_*J 

^ P ( a n | ^ | < 6 n e ) C < o o (4) 
n = l 

n 
for some e G P + , then ^2 ai-^i/^n ~~* ^ relatively uniformly almost every-

2 = 1 
n 

where. Moreover, if ^ aiXi/bn -> 0 relatively uniformly almost everywhere, 
i=l 

oo ^ 
then Y P(an\Xn\ < bne) < oo for each e G -B+ . 

n = l 
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P r o o f . As shown in [2; Theorem 1], we can assume that all Xn take values 
in a separable Banach space with an order unit norm (i.e. the norm induced by 
an element u E i ? + , e < u). It is well known that the norm convergence and 
the relatively uniform convergence are equivalent in this case. 

Consider now the sequence (X+) of pairwise negatively dependent (Lemma 1) 
random elements, stochastically dominated by X. It is immediate that ||X+ | 
are also pairwise negatively dependent and stochastically dominated by ||Ar||. 

Put Yn = ||X+||i~(||X+|| < cn), where 1(A) denotes the characteristic func
tion of the set A and cn = bn/an. Finally put Zn = anYn. As Zn are pairwise 

n 
negatively dependent, we have cov(Zn, Zm) < 0 by Lemma 2. Put Sn = ]T Z{ 

i=\ 
and k(n) = 2 n . We have for each e > 0 

OO OO 

J2P{\SKn} - E(Sk{n))\/bk(n) >e) < l/e2J2E(Sk{n)-E(Sk(n)))
2/bl{n) 

n=\ n=\ 

oo k(n) 

<lA 2 E(l /^(n) ) 2 E^) 
n=\ j = \ 

OO OO 

< i / £
2 E ^ 2 ) E d / ^ ) ) 2 ' 
j=l n=l(j) 

where l(j) = min{n : k(n) > j} . 
As bn/n f, we have 

£ ( V W -- ( l /W E W W = 4/3(l/6ft(l))-
n=l n=l 

and hence we obtain 

ËP(l5*(n)-Я(WI/Ь*(n)>£) 
n=\ 

<4/3e"Y:E(Z])/b^A/3e^(E(Yj)/cjy 
j=\ j=\ 

OO 
v2 <CE(^(HA1|/(||X||<cJ)/cJ^ 

n = l 

oo n 

= C52(l/cnÝj2E(\\Xfl(ck_1 < \\X\\<ck)) 
n=\ k=\ 

OO OO 

= C^2E(\\Xfl(ck_1 < \\X\\ < ck)) £ ( l / c j 2 

k=\ n=k 
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CO 

<K~]kE(WXW2I(ck_1<WX\\<ck))/cl 
k = l 

CO 

<Ky~kP(ck_1<WX\\<ck) 
k = l 

oo 

= Kj2PMX\\>bk) 
k = l 

CO 

= KYlPMX\\<bkef<co. 
k = l 

H e n c e {sk(n) ~ E{Sk(n)))/bk(n) "> ° a l m o s t everywhere. 

As for each natural k there exists a natural number n such that k(n) < k < 
k(n + 1), using the inequalities 

{Sk(n) ~ E{Sk(n)))/bk(n+l) ~ {E{Sk(n+l)) ~ E{Sk(n))) lbk(n+1) 

<(Sk-E(Sk))/bk 

- {Sk(n+1) ~E{Sk(n+l)))/bk(n) + {E{Sk(n+l)) ~ E{Sk(n)))/bk(n) 

and (3) it suffices to prove that (-^(^(n+i)) ~ E{Sk(n)))/bk(n) -> 0 in order to 
obtain that (Sk -E[Sk))/bk -> 0. To prove this, we observe that because of (3) 
it suffices to prove that E{Sk(n))/

bk(n) "^ 0. We n a v e 

k(n) 

E{Sk(n))/bk(n)-Y,E{Zj)/bHn) 
j = l 

- X > j ( ^ i i ^ ^ 
j=i 
k(n) k(n) 

< £ bjP{\\X\\ > cj/b^ + £ .̂(^(11X11/(11X11 < C i)))/6 fc (n ). 
i = i j = i 

The first summand goes to zero by Kronecker lemma. As for the second one, 
consider k(n) > m > 1. We have 
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k(n) 

^a^llXllI^X^c^/b^ 
J=I 

k(n) 

<c^^mu\\i(\\x\\<cj))/bkin) 
i = i 

k(n) 

+ O£ a, (E(||X|| J(cm < IIXH < c,(„))))/^(n) 
J=I 

k(n) k(n) k(n) 

< Ccjbk(n) £ a, + C £ a, £ l/^(n)E(IIX||7(cfc_1 < ||X|| < cj) 
j = l j=l /c=m-|-l 

k(n) k(n) k(n) 

< Ccjbk{n) J2aj+CY, aJ £ klk^ak(n)CkP(ck_1 < ||*|| < Cfc) 
j = l j=l k=m+l 

which goes to zero because of (1), (2) and (4). 

The inspection of the proof that E(Sk(n))/bk(n) goes to zero reveals that it 
can also be used to prove E(Sn)/bn —> 0. All we need to do is to replace k(n) 

by n. Putting together that both (Sn - E(Sn))/bn and E(Sn)/bn go to zero 
we obtain that 

£«;V&n = E - j i i - W W i * CJ)IK -+ o 
i=i J=I 

almost everywhere. Since 
CO OO CO 

£ P(K\\ * Yn) = £ P(||X+|| > cn) < £ P{\\Xn\\ > c j < oo, 
n = l n = l n = l 

72 

we obtain ]>~ a J |X+ | | /b n -> 0 almost everywhere. If the proof is repeated with 
i=l 

n n 
Xn instead of X+ , we get "~ a.||.X~||/bn -r 0 and consequently £ a ; l l ^ l l / \ 

i = l i=i 
n 

-> 0 almost everywhere. It follows that ^ aiXJbn -> 0 in norm and hence 
i = i 

n 
£) aiXJbn -> 0 relatively uniformly almost everywhere owing to the above 
i = l 

mentioned property of the order-unit norm. 
Necessity can be proved as follows. We have 

n n—1 

«„*„/*„ = £ aixi/K - K-xlK £ aixi/K-i 
i=l «'=1 
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and thus anXJbn goes to 0 in norm almost everywhere. Since ||X+|| are pair-
wise negatively dependent, it follows that an | |X+ | | /bn —> 0 implies 

(
\ oo 

limsupll-Y+H > l/2cn) = 0 and thus £ EOTOI > -/2cn) < oo by 
n->oo ' n = l 

Proposition 3. Because of the inequality 
oo oo oo 

EPKJI*nll < Kef < E P (^n + < V^jf + E P^nK < V^ef 
n = l n = l n = l 

we obtain 
oo 

EE(anPy|<&ne)C<°°-
n = l 

D 

COROLLARY 1. Let (Xn) be a sequence of pairwise negatively dependent ran
dom elements in a a -complete Banach lattice B with the a -property stochasti
cally dominated by a random element X, i.e. P(| |Xn | | < x) > P(| |X| | < x) for 
each x e B+. Then the condition 

oo 

] T P(| |X|| < npe)° < oo for some p > 1 and e e B+ 
n = l 

25 necessary and sufficient for (Xn) to satisfy the strong law of large numbers 
with centering elements mn — 0 and norming constants bn — nv. 

The following corollary can be found in the literature with the stronger as
sumption that Xn are independent. 

COROLLARY 2. Let (Xn) be a sequence of pairwise negatively dependent (real 
valued) random variables stochastically dominated by a (real valued) random 
variable X. Let (an) and (bn) be sequences of positive numbers such that 

n 

Hai = 0(nan), bjn t , bjan t oo, bjnan t oo and sup b2n/6n < oo. 
i = l n € N 

oo n 
If J2 P(a

n\X\ > bn) < oo, then ^ aiXi/bn -> 0 almost everywhere. 
n = l i = l 

n oo 

Moreover, if J2 ai^il^n """* 0 almost everywhere, then ]P P(an\Xn\ > bn) 
i=l n = l 

< OO. 

PROPOSITION 4. ([5]) Let (Xn) be a sequence of random variables. If for 
every n e N, J5(||Xn||r) < M for some r > 0 and M GR+ , then there exists 
a nonnegative random variable X such that E(XS) < oo for every 0 < s < r 
and (Xn) is stochastically dominated by X. 
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THEOREM 3. Let (Xn) be a sequence ofpairwise negatively dependent random 
elements in a a-complete Banach lattice B with the a-property and let (an) and 
(bn) satisfy all the conditions of Theorem 1. Suppose that for each n G N, 

CO 

^ F - ^ p y i <fca)C<M 
k = l 

n 

for some r > 1, a G B and M G R+ . Then ^ aiXJbn -» 0 relatively uniformly 
%=i 

almost everywhere. 

P r o o f . The assumption on Xn implies that 

oo 

£(||X+ir) < 1 + Tr £ kr-lP(\\X+\\ > k) 
k = l 

OO 

= l + 2rrJ2 ^"^(II^JI < ka)° < Mi • 
k=l 

Using Proposition 4 we have that there exists a nonnegative random variable 
X such that E(XS) < oo for every 0 < s < r and the sequence \\X+\\ is 
stochastically dominated by X. Choose 5 = 1. For each natural number n, let 

oo 

cn = bn/an. Since cn > n for n sufficiently large, we have ]T) P(X > cn) < oo. 
n=l 

Then repeating the proof of Theorem 2 yields the result. • 

In what follows the relatively uniform convergence of weighted sums of the 
n 

t v P e XI AkXk is studied, where the weights Ak are random variables. It is 
k=i 

worth mentioning that no relationship between the random weights Ak and 
the random elements Xk is supposed and the usual assumption that AkXk are 
independent is replaced by the weaker condition that they are pairwise negatively 
dependent. 

LEMMA 3. If V is a random element in a a-complete Banach lattice B with 
the a-property and A is a (real valued) random variable, then AV is a random 
element in B. 

THEOREM 4. Let (Xn) be a sequence of random elements in a a-complete 
Banach lattice B with the a-property and An be a sequence of (real valued) 
random variables such that AnXn are pairwise negatively dependent. Suppose 
that for each n G N 

oo 

STk1+2^-Vp(\Xn\<ka)C <M 
k=i 
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for some q > 1 , a G B+ and M £ K + . If moreover 

oo n 

E ^ O A J 2 * ) ) 1 V „ < oo and Y:(E(\Aj\q))1/9 = °(K) 
n = l j=l 

where (bn) is a sequence of positive numbers such that bn/n t °° and 
n 

supb2n/bn < oo. then J2 AkXk/bn -» 0 relatively uniformly almost every-
nGN k=l 
where. 

P r o o f . Repeating the proof of Theorem 2 word for word with Zn = 
\\(AnXn)

+\\ we find that it only needs to be proved that 

5>rø/ iä < oo. 
n = l 

We have 

j = i j = i 

owing to the assumptions on ^4n and Xn, respectively. Moreover 

^(E^/0<E(^(l^l9))1/9(^(ll^ll9/(9-1)))(9"1)/V^^o 
^k=l ' k=l 

because of Hoelder's inequality and the last assumption of the theorem. The rest 
of the proof follows immediately. • 

I suggest to compare results in this paper with those in [6]. 
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