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EXISTENCE RESULTS FOR FUNCTIONAL
BOUNDARY VALUE PROBLEMS AT RESONANCE

SVATOSLAV STANEK
(Communicated by Milan Medved’)

ABSTRACT. Existence theorems for functional second order differential equa-
tions with nonlinear boundary conditions are proved by Leray-Schauder degree
theory and the Borsuk theorem. The existence results are formulated simply by
sign conditions. Some applications to third and fourth order differential equations
with nonlinear boundary conditions are given.

1. Introduction, notation

Let X be the Banach space of continuous functions on J = [0,1] endowed
with the sup norm || -||. Denote by D the set of all operators K: X — X which
are continuous and bounded (i.e., K(2) is bounded for any bounded @ C X).
Let I C J be an interval, and A, be the set of all functionals v: X — R which
are

(i) continuous, ¥(0) =0,
(ii) increasing (i.e., z(t) < y(t) for t € I = 7(z) <~(v)),
(iii) nli_’xrc}(J v(ez,) = €oo for each € € {—1,1} and any {z,} C X,

lim z,(t) = co locally uniformly on I.

In this paper, we consider the boundary value problem (BVP for short)
2"(t) = f(¢t,z(t), (Fz)(t),z'(t), (Hz')(1)) , (1)
a(z)=A, B(z'(1) —«') = B. (2)

Here f: J x R* — R satisfies the local Carathéodory conditions on J x R*
(f € Car(J x R*) for short), F,H € D, a € A,;, B € 'A[O,l)’ and A, B € R.

AMS Subject Classification (1991): Primary 34K10, 34B15.
Key words: existence, functional boundary problem, Carathéodory conditions, sign condi-
tions, Leray-Schauder degree, Borsuk theorem, resonance.
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By a solution of (1) we mean a function £ € AC'(J) (having the absolutely
continuous first derivative on J) satisfying (1) a.e. on J. Special cases of (1) are
the differential equations

'’ =g(t,z, '), g € Car(J x R?), (3)

z’ = f,(t,z,2',2(0),z(1)), f, € Car(J x RY), (4)
and

g’ = f,(t,z, 2,z ,z_,a!,,z), f,€Car(J xR?), (5)

where y_ (t) = max{y(t),O}, y_(t) = max{—y(t),O} for t € J. Equation (4) is
obtained by setting (Fz)(t) = z(0), (Hz)(t) = flz(s) ds and f(t,z,u,v,w) =
f1(t,z,v,u, w+u), and then, equation (5) by sett(i)ng (Fz)(t) = (Hz)(t) = = (t)
and f(t,z,u,v,w) = fo(t,z,v,u,u — z,w,w — v).

EXAMPLE 1. Let p,¢; € C°(R) be increasing functions mapping R onto itself,

p(0) = 0 = ¢,(0) (7 =1,2,...,n). Let J,, J, C I (C J), be a compact
interval. The functionals belonging to the set A, can be given like this:

max{p(z(t)): teJ}, min{p(z@t): teJ,},

131
/<p(x(s)) ds  (tot, €1, ty<t,),

to

Z(pj(m(tj)) (t, <ty <---<t, , t;,t €I).
j=1

Remark 1. Examples of operators belonging to the set D are given in [4].

Remark 2. There exists a functional v € A; satisfying the assumptions (i) and
(ii) and Im~ = R, but the assumption (iii) is not satisfied (see [7; Example 1]).

Observe that the boundary conditions (2) are in general nonlinear, and
BVP (1), (2) is at resonance (i.e., the corresponding homogeneous BVP z" =0,
a(z) =0, B(z'(1) — 2') = 0 has nontrivial solutions).

We find sufficient conditions for the existence of solutions of BVP (1), (2).
The conditions are formulated only in terms of sign conditions. Our results are
proved by the topological degree method and the Borsuk theorem (see, e.g., [1]).
Applications to nonlinear BVPs for third and fourth order differential equations
are given in the last section.
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This paper is a continuation of papers [4] and [5]. In [4], BVPs for equation (1)
with boundary conditions a(z) = A, z’(1) = B or a(z) = A, 2/(0) = B or
z(0) = A, z(1) = 0 were considered, where a: X — R is linear increasing.
BVPs for equation (1) with the Neumann or periodic conditions were studied
in [5].

For other existence results without growth conditions, see, for example, pa-
pers [2], [3], [6] or [8].

NOTATION. For each L, <0< L,, F,H € D and any bounded set  C X
we set
o(F;Q) = sup{||[Fz| : z € Q},
[Ly, Lo)x = {x rzeX, |z £ max{—Ll,L2}},
(L, Ly)x={z: z€X, L, <z(t) <L, for te J},
[Ly,L,; F,H]g = {(:r,u,'w)  (zu,w) R, 2| < max{—L,,L,},
Iul S Q(F; [L11L2]X) 1 |w| S Q(H; (LpLz)X)} )
and for each L,,L,,S,b€R, L, <0< L,, S >0 we set
Ly, Ly, S,b; F,Hlg =
= {(q:,u,'w) : (z,u,w) €R®, |z| <max{-L,,L,}+8,
|ul < o(F; [0, max{~L;, L,} + S]x) ,

[w] < e(H; (L, +b(1 - sign(b)), L, + b(1 +sign(®))) ) } -

2. Lemmas

LEMMA 1. Let a € A;, B € Ay, A, B €R. Then the system of nonlinear
equations

a(a+bt?)=A, p(2b(1-t)) =B (6)
has a unique solution (ay,b,) € R?.

Proof. Define the continuous functions p: RZ2 — R and q: R — R by
p(a,b) = afa + bt?), q(b) = B(2b(1 —t)). Since 0 < 1 —t < 1 on [0,1), g is
increasing on R and , lirqr:l q(b) = Foo; hence there exists a unique b, € R such

that g(b,) = B. The function p(-,b,) is increasing on R, lirqxcl p(a,by) = Foo,
a—4 00

and therefore there exists a unique a, € R with p(ay,b,) = A. We see that

(ag, by) is the unique solution of (6). a
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Remark 3. Let « € A;, B € Ay,). If B (resp. ) is homogeneous (resp.
linear) and (cf. Lemma 1) (ay,b,) € R? is the unique solution of (6), then

by = ——TB_—t)— (resp. ag = (A —bya(t?))/a(1)). Thus

25(
_ Ba(t?) B
(a0rt0) = (/) [4- 5550, 5y
is the unique solution of (6) provided 8 is homogeneous and « is linear.

Remark 4. Let a € A;, B € Ay, A, B € R. Let (ag, by) be the unique

solution of (6), and set ¢(t) = ay+b,t? for t € J. Then a(p) = A, B(¢'(1)—¢’)
= B.

LEMMA 2. Let u,v€ X, a € A;, BE€ Ay, c€[0,1]. Let
a(z +u) + (¢ — a(—z + u) = ca(u), (7
B(y(1) =y +v) + (e = 1)B(-y(1) +y +v) = cB(v) (8)
be satisfied for some x,y € X. Then there exist £ € J and ) € [0,1) such that
z(§) =0, y(1)=ym).

Proof. Define o; € Ay, B, € Ay by ,(2) = a(z + ) + (c — 1)a(-z
+ u) — ca(u), B,(z) = B(z +v) + (¢ — 1)B(—2z +v) — cB(v) for z € X. Then
(cf. (7), (8))

al(x) =0, :Bl(y(l)_y) =0. (9)
Assume that z(t) # 0 on J, and y(1) —y(t) # 0 on [0,1). Then o, (x) # 0,
B, (y(1) — y) # 0, which contradicts (9). )

LEMMA 3. Let u;,v; € X (i =1,2), a € A;, BE Ay, 1€ [0,00) and
A,B € R. Then there exist unique a,b € R such that the equalities
ala+bet+u,) —pa(—a—be Tt tu,) = A,
B(ble™t—1/e) +v,) — puB(-ble™* =1/e) +v,) = B
hold.

Proof. Define the continuous functions p: R* — R and ¢: R — R by
p(a,b) = a(a+be~t +u,) — pa(—a — be~t +u,), 9(b) = B(b(e™* —1/€) +v;) —
pB(—b(e~* —1/e€) + u,). Since 0 < e —1/e < 1 —1/e for t € [0,1), q is
increasing on R and b_li;nooq(b) = Foo. Hence, g(by) = B for a unique b, € R.

Since p(-,b,) is increasing on R, and blig} p(a,by) = Foo, p(ay,b,) = A for a
unique a, € R. 0O
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Let u,v € X. We shall consider BVP (1), (10), where
a(z +u) = a(u), ,B(a:'(l) -z’ + v) = B(v). (10)

We assume that f fulfils the assumption
(H;) There exist constants L,,L, € R such that L, <0< L, and
f(t,x,u,Ll,w) <0<L f(t’z7u1L2)w)

for a.e. t € J and each (z,u,w) € [L;, L,; F, H]g.

To use the topological degree argument and the Borsuk theorem to prove an
existence result for BVP (1), (10), we consider an auxiliary BVP defined below.
We define the function f* € Car(J x R*) in the following way

f(t,z,4,L,,@)+v—L, for v>L,,
@t z,u,v,w) =< f(t,2,4,v,) for L, <v<L,, (11)
f(t,z,4,L,,w)+v—L, forv<L,,

where (L = max{—L,,L,})

L for z>1L,
z=<{ z for|z|<L,
—L for z < —-L,
io { U for |u| < o(F;[Ly, Lylx)
o(F;[Ly, Ly)x) sign(u) for |u| > o(F;[Ly, Lyl x),
o { w for |w| < Q(H; (LI’L2)X) ,
o(H; (Ly, Ly)x) sign(w) for |w| > o(H;(Ly, Ly)x) -

Consider the auxiliary BVP (12), (10), where

"(t) = f*(t, z(t), (Fz)(t), =’ (1), (H2')(t)) . (12)

Let L,(J) (resp. AC'(J)) be the Banach space of Lebesgue integrable func-
tions on J (resp. the Banach space of functions with an absolutely continuous
derivative on J) with the norm

1
., =/Iw(3)l ds  (resp. ]l acr = llll + ll&'[l + 1="ll,, ) -
0

Define the operators
US,V: ACY(J) — L,(J) x R?

47



SVATOSLAV STANEK

by
U:z (z"(-) +2'(), &z + u) — a(—z + u),
B@'(1) = +v) = B(=2'(1) +2' +)),
Siz i (£1(,30), (F2)(),2'(), (H')()),
a(u) = a(-z +u), B(v) = B(~<'(1) + 2’ +v)),
Vizw— (2'(-),0,0),
and consider the operator equation
Uz) = c(S+V)(2) +2(1 - )V(z), ce[0,1]. (13,)
The operator equation (13,) is equivalent to BVP
z(t) = cf*(t,=(t), (Fz)(t), ' (1), (H')(1)) + (1 = )2'(t),  (14,)
a(z +u) + (c— a(-z +u) = ca(u),
B(z'(1) =z’ +v) + (c—1)B(—2'(1) + =’ +v) = cB(v),
ce[o,1],

(15.)

and we see that z is a solution of BVP (12), (10) if and only if that is a solution
of (13,).

LEMMA 4. The inverse operator U™': L,(J)xR? — ACY(J) of U exzists, and
furthermore, U~ is continuous and odd.

Proof. Let (z,4,B) € AC!(J) x R?. Consider the operator equation
U(z) = (2,4, B), (16)
that is, the equations
" +z' = 2(t), (17)
alz+u)—a(-c+u)=A4,
B(z'(1) — =’ +v) — B(—2'(1) + 2’ +v) = B.

Since z(t) = a + be~!+w(t) is the general solution of (17'), where a, b are

(17")

t s

integration constants and w(t) = [ [e"7*z(7) drds, by Lemma 3 (with u, =
00

utw, u, =u—w, v; =w (1) —w +v, v, =—-w(1)+w +v, p=1), there

48



EXISTENCE RESULTS FOR FUNCTIONAL BOUNDARY VALUE PROBLEMS

exist unique ay, b, € R such that ay+b,e™" +w(t) is the unique solution of (16).
Hence, U~!: L,(J) x R? — ACY(J) exists.

If £ € AC'(J) is a solution of (16), then it follows from (17’) and (17”) that
U(-z) = —(z,A,B) = —U(z), which proves that U is odd, and thus U~! is
odd as well.

To prove the continuity of U1, let {z,,A,,B,} C L,(J) x R? be a con-
vergent sequence {z,,4,,B,} — {z,A,B} as n — oo. Let us set r, =
U~Y(z,,A,,B,) (n € N) and z = U~!(z, A, B). Then there exist the sequences
{a,},{b,} CR and a,b € R such that

To(t) = ap +bye™ +u (1), 2(t) = a+be Hu(),

where
8

w, (t) = j/se"" z,(r) drds, w(t) = /t/e"—’ z(7) drds,

0

and the equalities

a(z, +u)—a(-z, +u)=A4,, n €N, (18%)
B(z), (1) — z}, +v) — B(—=z,,(1) + =, +v) = B, n €N, (18")

and (17”) hold. Since lim w, = w in AC*(J), {b,} is bounded by (18"), and
n—oo

{a,.} is bounded by (18’). Assume, on the contrary, that {b,} is not convergent.
Then there exist convergent subsequences {b, } and {b, }, lim b, = b*,

lim b, =b, b* # b. Taking the limits in the equalities (cf. (18"))

n—oo
B(b,(e7" —1/e) +wl (1) —w), +v) — B(=b,(e™* —1/e) —w, (1) + w), +v) = B,
as k, — oo and [, — oo, we obtain

B(b* (et —1/e) +w'(1) —w' +v) — B(=b*(e™* —=1/e) —w'(1) + w' +v) = B
and
B(ble™t—1/e) +w'(1) —w' +v) — B(=ble7" —1/e) —w'(1) + v’ +v) = B

respectively. Since 3 € -A[o,1)’ b* = b, hence {b,} is convergent, and then

(cf. the second equality in (17”)) lim b = b. Similarly, {a,} is convergent
n—o0

and lim a, = a. Hence, lim z, = z in AC'(J), and consequently, U~! is

n—oo n—oo
continuous. O
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LEMMA 5. Let Q@ = {z : z € AC'(J), |z|| < K, |z'|| < K, |2"(t)] <
q(t) for a.e. t € J}, where g € L,(J), and K is a positive constant. Then the
operator

Ul (cS+(2-c)V): Q@ — AC'(J)
is compact for each c € [0,1].

Proof. Fix ¢ € [0,1]. We first show that the operator ¢S + (2 — c)V:
Q — L,(J) x R? is compact. Let {z,} C Q. Then the sequences {||z,||} and
{ll=,II} are bounded, and, moreover, {z/(t)} is equicontinuous on J since
|7 (t)| < q(t) for a.e. t € J and each n € N. Applying the Arzela-Ascoli theorem
there exist an z € C'(J) and a subsequence of {z, }, which we denote by {z,}
again, such that lim :cg) =2z® in X for i =0,1. Since F,H € D, a and 3

n— 00

are continuous, and f € Car(J xR?), lim Fz, = Fz, lim Hz! = Hz' in X,
n—oo n—oo

nler;o(a(u)—a(—zn+u)) = a(u)—a(—z+u), nan;o(ﬁ(v)-—ﬂ(—m:l(l)—}—x;—i-v)) =
B(v) — B(—z'(1) + ' + v) in R, and there exists an h € L,(J) such that
|f* (t,z,(t), (Fz,,)(t), z,,(t), (Hz)(t))| < h(t) for ae. t € J and each n € N.

Consequently, an application of the Lebesgue dominated convergence theorem
shows that

lim [ (t,2,(8), (Fe,) (0, 24 (), (Hal) (1)) = £* (t,2(2), (F)(1), ' (1), (Ha')(2))

in L,(J). Hence, lim S(z,) = S(z), lim V(z,)=V(z) in L;(J) x R?, and
n—oo n—oo

since S and V are continuous in §2, the operator ¢cS+(2—¢c)V: Q — L,(J) xR?

is compact. Now, by Lemma 4, U~': L,(J) x R? — AC*(J) is continuous, and

consequently, U~ (cS + (2 — c)V): Q — AC*(J) is compact. m)

3. Existence theorems

LEMMA 6. Let f satisfy (H;) and

‘f(ta fI),'U.,’U,’U.))l S p(t)
fora.e.t € J and each (z,u,w) € (L, L,; F,H|g, |v| < L withape L,(J) and
L = max{—L,,L,}. Let © be a solution of BVP (14,), (15,) for a c € [0,1].
Then

lelf <L, |l <L, (19)

|z"(t)] < p(t) + L + max{L - L,,L+ L,}  forae teJ.
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Proof. Fix n € N. Assume max{z'(t); t € J} = a'(t,) > L+ 1/n with
a t, € J. By Lemma 2, we can assume t; € [0,1). Then there exists an € > 0
such that z'(t) > L on the interval [t,,t,+ €] C J, thus (cf. (H;) and (11))

to+e tote tote
' (t,+e)—z'(t,) = /x"(t) dt >c¢ / («'(t)—L,) dt+(1—c) / z'(t) dt > 0,
to to to

which is a contradiction. Similarly for min{z'(t); t € J} < —L —1/n. Hence,
|z']] < L+1/n for each n € N, and consequently, ||z’|| < L. Since (cf. Lemma 2)
z(€) =0 for a £ € J, we see ||z|| < L. Then (cf. (11))

lz” (t)| < c|f* (¢, z(t), (Fz)(t),2'(t), (Hz')(t))| + (1 — )|’ (¢)]
<|p(t)| + max{L — L,,L+ L} + L forae. teJ.

O
LEMMA 7. Let f satisfy (H,). Then BVP (12), (10) has a solution = satisfying
lel <z, lel<L, (20)

where L = max{—L,,L,}.

Proof. Let p € L,;(J) be as in Lemma 6, and let € be a positive constant.
Set

Q, ={z: r e AC*(J), |lz|| < L+e, ||z'|| < L+e¢,
|z (t)] < p(t) + L + max{L — L,,L+ L,} +¢ for ae. t€ J}.

Then Q, C AC'(J) is an open bounded subset of AC'(J) and symmetric with
respect to 0 € 2,. Set W(c,z) = (U™ (cS+(2—¢)V))(z) for (c,z) € [0,1]x 0, .
By Lemma 5 (with @ = Q_, K = L+e¢, q(t) = p(t)+L+max{L—L,, L+L, }+¢)
and the Bolzano-Weierstrass theorem, W (e, z) is compact and W(c,z) # = for
each (c,z) € [0,1] x 8, by Lemma 6. Hence, (see, e.g., [1]) D(I-U~Y(S+V),
Q,,0) =D(I-U"1(2V),Q,, 0) , where “D” denotes the Leray-Schauder degree.
Since U~! is odd and V is linear, D(I - U‘1(2V),Q€,O) # 0 by the Borsuk
theorem. Hence the operator equation = = (U~!(S + V))(z) has a solution z
in Q_, and, by Lemma 6, z satisfies (20), which proves our lemma. O

THEOREM 1. Let f satisfy (H;). Then BVP (1), (10) has a solution = satis-
fying
lz|l < L, L, <z'(t)<L, for telJ, (21)

where L = max{—L,, L,}.
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Proof. By Lemma 7, there exists a solution of BVP (12), (10) satisfying
(20). To prove our theorem, it is enough to show that (cf. (11))

L, <z'(t)<L, for telJ.

Assume L, < L and L, < max{z'(t); t € J} = 2'(t,) for a ¢, € [0,1) (see
Lemma 2). Then there exists 7 > 0 such that z/(t) > L, for t € [t,,t,+7] C J;
hence, (cf. (H,))

to+T7
' (ty+7)—2'(t) = / z"(t) dt

to
to+1’

_ / (F* (¢, 2(t), (Fz)(t), 2'(t), (H2')()) +2'(t) — L,) dt
to+T

> / («'(t) - L,) dt > 0,
to
which is a contradiction. Similarly, for min{z'(t); t € J } <L, (>-L). a
COROLLARY 1. Let L,, L, be constants such that L, <0 < L,, and
g(t,z,L;) <0< g(t,z, Ly)

for ae. t € J and each = € [~L,L], where L = max{—L,,L,}. Then
BVP (3), (10) has a solution = satisfying (21).

THEOREM 2. Let A,B € R and (ay,b,) € R? be the unigue solution of (6).
Let there erist constants L,,L, € R such that L, <0< L, and

f(t,z,u, L, + 2byt,w) < 2by < f(t,z,u, Ly + 2byt, w) (22)
for a.e. t € J and each (z,u,w) € [Ly,L,,S,by; F, Hlg with S = max{]a,|,

lag + byl } -
Then BVP (1), (2) has a solution x satisfying

lz|| < 8§ +max{—L,,L,},  L,+2bjt <z'(t) < L,+2bst for teJ. (23)
Proof. Set @(t) = ay+ byt? for t € J. Then |l¢|| = S, and, by Remark 4,

a(e) = A, B(¢'(1)—¢') = B. Define the operators F* H*: X - X by F*(z) =
F(z+¢), H*(z) = H(z + ¢'). Then F*,H* € D and

Q(F*§ [L17L2]x) < Q(F; (L, =S, L, +S]X) )

o(H"; (L3, Ly)x) < o(H; (Ly + by (1 = sign(by)), Ly +bo(1+ Sign(bo)))x)(z.zx)
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Define the function h € Car(J x R*) by

h(t, z,u,v,w) = f(t,z+ o(t),u,v + ¢'(t),w) — 2by,
and consider BVP

2" (t) = h(t, z(t), (F*z)(t),2'(t), (H*z')(t)), (25)
az+e)=alp), Be'1)—2"+¢'(1)=¢) =B (1) -¢'). (26)
We see that = z, + ¢ is a solution of BVP (1), (2) satisfying (23) if and only

if z; is a solution of BVP (25), (26) satisfying (21) (with = = z,). Applying
(22) and (24) we obtain

h(t,z,u,L,,w) <0 < h(t,z,u, Ly, w)

for a.e. t € J and each (z,u,w) € [L,,L,; F*,H*|s. So, by Theorem 1 (with
f=h, F=F* H=H* u=9p, v=4¢/(1)—¢'), there is a solution z of
BVP (25), (26) satisfying (21). This completes the proof. |

COROLLARY 2. Let A,B € R and (ag,b,) € R? be the unique solution of (6).
Let there exist constants L,,L, € R such that L, <0< L, and

g(t,z, L, + 2byt) < 2b, < g(t, z, L, + 2byt)

fora.e. t € J and each |z| < S+ max{—L,,L,} with S =max{|a,|,|ay+byl}-
Then BVP (3), (2) has a solution = satisfying (23).

EXAMPLE 1. Let £ € J and 7 > 0, € > 0 be constants. Consider BVP

2"(t) =t + () + 2+ (' (¢)” + elz()]) 7' (1), (27)
max{z(t); teJ} =A, z'(1)=B+z(1)—z(0). (28)

If we set (Fz)(t) = z(§), (Hz)(t) = z(t?), a(z) = max{z(t); t € J} and

B(z) = [z(t) dt for z € X, we see that BVP (27), (28) is the special case of
0

BVP (1), (2) with f(t,z,u,v,w) =t +u + (2 + 7w? + €|z|)v. One can verify
that system (6) has the unique solution (ay,by) = (A — 1B(1 + sign B), B).
Assume 0 < A < B. Then (27) satisfies the assumptions of Theorem 2 with
—-L,=L,=3B+1, S<B, b, =B. Hence for each 0< A< B, 7 >0 and
e >0, BVP (27), (28) has a solution z satisfying

lz|| <4B +1, —3B—-1+2Bt<z'(t)<3B+1+2Bt for teJ.
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4. Applications

In this section, we give some applications of the above results to BVPs for
third and fourth order differential equations.
Consider BVP

@ =p(t,z,2, 2", "), (29)
a(z) =0, B(z') =0, v(z") =0, 6(z""(1) —z") =0, (30)
where p € Car(J x R*) and o,8,7€ A,, § € Ao 1y-
THEOREM 3. Let L, <0< L, be constants such that the inequalities
p(t7 r,u,v, Ll) <0< p(t’ z,u,v, Lz)

are satisfied for a.e. t € J and each (z,u,v) € [-L/2,L/2] x [-L/2,L/2] x
(-L,L), L = max{—L,,L,}. Then BVP (29), (30) has at least one solution z
satisfying

lal <L/2,  II<L/2, &'l <L, L <a"(®)<L, for teJ.
(31)
Proof. Let u € X. By [4; Lemma 6], BVPs
z’ = u(t), a(.’c) =0, ﬁ(.’lﬁ’) =0 (32)
and
" = u(t), B(z) =0, y(z')=0 (33)

have a unique solution z; and z,, respectively. Moreover,
lasll < llull/2, Nl < full, 5 =1,2. (34)
Define the operators F, H: X — X by
Fu)=1z,, H(u) ==z,,

where z; and z, is the unique solution of BVP (32) and (33), respectively.
Then F,H € D (see the proof of Theorem 7 in [4]) and g(F; (L, L,)x) < L/2,
o(H; [Ly,L,)x) < L/2. By the substitution u = z”, BVP (29), (30) can be
written as

W(t) = p(t, (Fu)(®), (HY) ), u(), o'(0), (@) =0,  8(u'(1) —u') =0.

(35)
Set f(t,z,u,v,w) = p(t,u,w,z,v) for (t,z,u,v,w) € J x R*. Then f satisfies
the assumptions of Theorem 1 (with « = v = 0 in (10)), and consequently, there
exists a solution u of BVP (35) such that ||lu|| <L, L, <v/(t) < L, for t € J.
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Obviously, there exists a unique = € AC3(J) satisfying a(z) = 0, B(z') = 0
and z'(t) = u(t) on J. This function z is a solution of BVP (29), (30) for which
(31) holds. a

Similarly, for BVP

n.

" = q(t,z,2’',z"), (36)
a(z) =0, B(z') =0, v(z"(1) —2") =0, (37)

where g € Car(J x R3), o, € A; and v € Alo,1)» we can prove the following
theorem.

THEOREM 4. Let L, <0< L, be constants such that the inequalities
Q(t’ T, u, Ll) S 0 S q(t$ z,u, Lz)

are satisfied for a.e. t € J and each (z,u) € [-L,L] x [-L,L], L =
max{—L,,L,}. Then BVP (36), (37) has a solution z satisfying

lzl <L, I<L, L, <2"(t)<L, for telJ.
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