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ABSTRACT. In this paper, combinatorial properties of conics in the Desargue-
sian Hjelmslev plane over a finite local ring of even characteristic are investigated.
The main result of this paper is a statement about the total number of tangents
to the given conic.

In this paper, we will prove some combinatorial results concerning conics in
the Desarguesian Hjelmslev plane over a special local ring of even characteristic.
The analogous problem in the case of a projective plane — combinatorics of
conics (and more generally of ovals) in the Desarguesian projective planes is
now classical and closed following to the papers of B. Segre and his school.

The authors obtained some results concerning conics in the Desarguesian
Hjelmslev plane over a special local ring of characteristic odd in (3], [4].

1. Concepts and notations

In this paper, by special local ring we will understand a finite commutative
local ring R the ideal I of divisors of zero of which is principal. Let us denote
by g the generator of the ideal I. We will call the smallest integer n € N such
that g™ = 0 the indez of nilpotency of the ring R. For a € I let us denote by
the symbol v(a) the smallest integer @ € N for which a = Ag®, A€ R—-1,
and let [a] denote the ideal generated by the element a. We will understand by
the annthilator the set Ana = {z € R; za = 0}.

Let us assume that R is not a field, and that the characteristic of the ring
R is even. We will denote by the symbol R the factor ring R/I, and by ¥ the
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canonical homomorphism R on R. Furthermore, let us denote by the symbol R*
the set of regular elements of R, i.e., R* = R—I. We will denote by H(R) the
Desarguesian Hjelmslev plane over the ring R. The symbol ¥ will also denote
the canonical homomorphism H(R) onto the projective plane 7(R).

A conic in H(R) is the set of all points [z,;,;z,;] € H(R) the coordinates
of which satisfy the equation

3
Z a;;z;x; =0, 3a; ¢ I. (1)

1,j=1

We will also use the notation [z;y;z] for the point [z,;z,;z;]. Furthermore,
we will assume that the conic is nondegenerate. For a nondegenerate conic (1)
in a projective plane, there is a coordinate system in which the conic has the
equation

z2 -5z =0.

Let us denote by the symbol Q the image of the conic Q in H(R) under the
canonical homomorphism ¥. A tangent of Q is a line which meets @ in at least
two neighbouring points. Let us note that points which a tangent has in common
with the conic are neighbouring.

2. Tangents of the conic in the plane H(R)

Let Q be a nondegenerate conic in H(R). Then we have:

LEMMA 2.1. Let |R| > 4. The conic Q has (at least) |R|+1 nonneighbouring
points.

Proof. Let the equation of the conic be

3
Z a;;z;z; =0. (2)

i,j=1

Then the conic Q in the projective plane w(ﬁ) has equation

3
Z a,%3;=0. (3)
i,j=1

There are at least four points on the conic Q. Let us choose a point X € Q.
There is a regular transformation P such that

XP =Y =[0;1;0],
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and the conic Q has the equation
¥ — .05 =0. (4)
The transformation X =Y P maps the conic (2) into the form
ay} +by,y, +cyyys + dy; +eypys + fy3 =0. (5)

With regard to the relation (4), we have b,c,d, f € I and € = —1. Because the
point [0;1;0] is on the conic (4), we will seek the point Y = [0;1;k], k € I,
which is on the conic (5). A necessary and sufficient condition for this is

d+ek+ fk?=0. (6)
We will consider now the mapping ¢: I — I defined by the relation
o(k) = fk* + ek +d.
The mapping ¢ is injective. Indeed, if
d+ek+ fk? =d+eK + fK?,

then
(k—K)[e+ f(k+K)] =0.
Because e+ f(k+ K) eI, e ¢ I, f € I, we have
k—K=0.

Thus the mapping ¢ is injective. Thus there exists k € I such that (k) =
fk? + ek +d = 0. For this k, the point [0;1;k] is on (5). Then the point
X =Y P is on the conic (1), and its image is just X. Because X is any point
of the conic Q, the result is proved. O

The following result is proved using Lemma 2.1.

THEOREM 2.1. Let Q be a conic in the plane H(R). Then there is a linear
transformation which transforms the equation of the conic to the form

z? —yz=0.

Proof. According to Lemma 2.1, there exist four nonneighbouring points
E,, E,, E;, E, on the conic Q which we will choose as vertices of the coordinate
system: E;, = [1;0;0], E, = [0;1;0], E; = [0;0;1], E, = [1;1;1]. In this
coordinate system, the conic @ has equation

az,z, + br Ty + cryxy; =0, )
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and from the regularity of @, it follows that a,b,c ¢ I. Let a = 1. Using the
transformation with matrix

- 0 -—c
0 —-b b
0 0 1

one obtains
2 —
23 — 2,29 =0,
as was to be proved. O

Using Lemma 2.1 we will prove the following result.

THEOREM 2.2. Let Q be a conic in the plane H(R). Then for the number of
points of the conic Q we have

QI = (IR| + 1)|1].

Proof. Let us choose any point P, = [5:'0;370;20] of the conic @ which

has exactly |R|+ 1 points. At least one coordinate of the point ﬁo must be

nonzero. Let P, = [EO; l;ic'g] . Certainly, for every z;, € R such that ¥(z,) =7,

the point Py = [zy;1;22] is on the conic Q and it satisfies ¥(P,) = P,. Then
it maps into every point P, € Q exactly |I| points of the conic Q. m]
DEFINITION 2.1. Let Q be a conic in the plane H(R). We will call a point

P € H(R) a nucleus of the conic Q in the plane H(R) if and only if P is a
nucleus of the conic Q in W(_R-) .

Consequently, if the conic Q has the equation z? = yz, nuclei of the conic
Q are the points [1;5;k], j,k € 1.
We have:

THEOREM 2.3. Let A € Q, and let P be a nucleus of the conic Q. Then the
line AP is a tangent of the conic Q.

Proof. Without loss of generality, it can be assumed that Q : 22 = yz,
A = [zy;1;22], and P = [1;5,k], j,k € I. Obviously, the line { = AP is a
tangent of the conic Q in the projective plane 7 (E) Therefore ¢t N Q cannot
include nonneighbouring points. Let us prove that the line t = AP has at least
two further neighbouring points in common with the conic. The line ¢ (which is
incident to the nucleus) has the equation

(—bj —ck)z+by+cz=0.
Because A € t, we have

(=bj —ck)zy+ b+ cmg =0.
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For i € I let us denote A(i) = [z4 +1; 1; (z, +14)%] € Q. A(¢) € ¢ if and only if
(=bj — ck)(zy +14) + b+ c(zy +1)° =0,

ie.,
(—bj — ck) + 2czyi +ci? =0
or
i(—bj — ck + 2czyi +ci) =0. 9)
If —bj — ck + 2cx, = B € I, then the equation (9) has the form
i(B+ci)=0.
The last equation holds for every i € I with v(i) > n —v(B). a

THEOREM 2.4. Ift is a tangent of the conic Q, then the line t is incident to
a nucleus.

Proof. Obviously, t is the tangent of the conic in the projective plane
71'( R), and it is incident to the nucleus P = [1;0;0]. Therefore, there is a point
on the line ¢ neighbouring with the point P = [1;0;0]. a
THEOREM 2.5. The line ax + by + cz = 0 incident to a point of the conic
z? = yz is tangent to it if and only if a € I.

Proof.

1. Let a€ I, b ¢ I. The line az + by + cz = 0 is incident to the nucleus
[1;0; —%] and then is a tangent of Q. Analogously, for ¢ ¢ I.

2. Let the line az+by+cz = 0 be a tangent of Q. According to Theorem 2.4,
the line is incident to the nucleus [1;j; k], consequently,

a+bj+ck=0,
and the result is obvious. O
Remark. It follows from Theorem 2.5 that if a tangent is incident to the point
(z0; 15 zg], then its equation can be expressed in the form
z=1z + ky, iel,
and tangents that are incident to the point [y,;y2; 1] have the equation

y=1iz+kz, tel.
THEOREM 2.6. Fzactly |I| tangents are incident to each point of the conic.

Proof. For the tangent which is incident to the point A = [mo; 1;:1:3] of
the conic we have
:c(z) =1z, +k
and k = z2 — iz,. It follows from this that the number of tangents is equal to
the number of possibilities for ¢ € I, from which the result follows immediately.

O
73



VILIAM CHVAL — RASTISLAV JURGA

3. Properties of the set M (b)

In this part of the paper, we will prove some algebraic-combinatorial results
which are necessary for the proof of the main results in part 4.
For b € I let us denote

M@®)={a€cl, a(a+b)=0}.
We have:
LEMMA 3.1. M(rg®)=M(¢?), re R—1.

Proof. Obviously, a(a + g%) = 0 <= ra(ra +rgP) = 0, then a €
M(gP) <= ra € M(rg?). a
LEMMA 3.2. Let b=gP. If B < [%], then AnbN (—b+ Anb) =0.

Proof. Let z € AnbN(—b+Anb), 2 #0, z = Xg" =Yg —g°, n,¢ 2.
Then Xg" = g#(Yg*~P — 1), which is impossible because g < [%] <3<

O

If z=0AnbN(—b+ Anb), then o= —-b+ =z, = € Anb, ie,, b=z € Anb,
which is the contradiction with 8 < [%] .

LEMMA 3.3. Ifb=gf, B> 2, then M(b) = [¢/]].

Proof.

1. Let a = Ag®, a > %. Then 2a >n, a+B >n,and a(a+b) =a®+ab=
A%g%e 4 AgetP =0, ie., a € M(b).

2. If a < [2], then 2a < n, a(a+b) = Ag*(Ag*+gP) = Ag**(A+gP~%) £ 0

because g** #0 and A+g°~ ¢ I. O
LEMMA 3.4. If B< [2], b=g", then M(b) = AnbU (—b+ Anb).
Proof.

1. Let a € M(b).
a) Let v(a) > (3. Then An(a + b) = Anb, and then a € M(b), i.e.,
a(a+b)=0, a € An(a+b).
b) Let v(a) =v(b) =(. Then a +b € Ana = Anb.
c) Let v(a) < v(b), then (a+b)Ja=0 = a+b€ Ana C Anb.
2. Let a € Anb, then v(a) = a > [2]. Then a(a +b) = a® +ab = A%g?> +
Ag®tP = 0. Thus ab = 0 because a € Anb, Ag?* =0 for a > ’—%.[ .
3. Let a+b € Anb, then b(a + b) = 0. Let us distinguish the cases:
(i) v(a) >v(b): now g*-(a+b) = g*PgP(a+b) =g* P -bla+b)=0,
(ii) v(a) < v(b): in this case, b(a + b) = 0, then g?(Ag™ + ¢°) = gfte.
(A + g#~%) = 0. This is a contradiction because o+ 8 < 268 < n.

74



TANGENTS OF CONICS IN HJELMSLEV PLANES

We will determine the cardinality of the set M (b) for b= g”.
LEMMA 3.5. For 0 < a<n, |[g%]| = |R|".

Proof. The ideal [¢%] is generated by the elements ag®, a € R. For
a,b € R, we have ag® = bg® if and only if (a —b)g* =0, i.e.,if a—b € Ang®.
Then the number of elements a € R which give the same element ag® is equal
to |Ang*| = |R|*. Thus

oy = IR
ls*)l = 1

~ IR

because, in a local ring, we have |R| = |R|". a
THEOREM 3.1. If B < [%], then |M(b)| =2|R|.

Proof. According to Lemma 3.2 and Lemma 3.4, we have, M(b) = AnbU
(=b+Anbd) and AnbN(—b+Anb) = 0. Thus |[M(b)| = | Anb|[+|(=b+ Anbd)| =
2| Anb| = 2|R|?, where b = g°. O

THEOREM 3.2. If 8 > [2], then |[M(b)| = |R|*~ 131 = |R|L3).
Proof. The result is an immediate consequence of Lemma 3.3.

M(b) = I[g[%m - |‘ﬁ|n—f%1 .

LEMMA 3.6. M(0) = [¢31].
Proof. If a € M(0), then a(a +0) =a® = 0. For a = Ag® then we have

2a > n. Conversely, if a > %, certainly a? = 0, and consequently, a € M(0).
O

LEMMA 3.7. |M(0)| = |R|\3) = ||~ 141,

LEMMA 3.8. The set M = {b € I; b = Bg?, B € R*} contains ||I_1;|[|3
elements.

Proof. The number of possibilities for b is equal to the number of regular
elements B € R*, consequently, Bg? = B'g®?, B,B’ € R*. Then (B—B')g? =0
<= B - B' € Ang®. Thus |Ang?| = |R|?, and the total number of elements
of the set M is

|R*|

IR

75



VILIAM CHVAL — RASTISLAV JURGA
4. The number of tangents of the conic
Let A be a point of the conic @, and let [A] be the class of all points

neighbouring with the point A.

THEOREM 4.1. The total number of tangents which are incident to points from

the class [A] is equal to
D ||
M)~ (10)

Proof. Let the line
z=1z+ky, i1el, keR, (11)

be a tangent of the conic Q : 2 —yz = 0 at the point A = [z,;1; a:%] € Q. From
(11), we have
k =z} —iz,. (12)

Consequently, for given 7 € I the number of different k of form (12) is equal
to the number of different tangents. Let us consider all the tangents incident
to points A’ = [m{); l;z’g] neighbouring with the point A. For z, and z; the
relation (12) determines the same tangent if

2 . a2 .
Tg— 1Ty =T o — iT,

from which it follows that
(zo — 7o) (o + o —1) =0. (13)
Let us denote zj, — x, = a € I. Then (13) becomes
a(a+2z,—1)=0.
If we denote 2z, —i = b, we obtain
ala+b)=0. (14)

This means that the points A = [:1:0; 1;:1:(2)] , A= [a:g; l;x'g (A, A’ are neigh-
bouring) are incident to the same tangent (11) if and only if a € M (b). Because
there are exactly || points in the class [A], the result follows. O

Remark. (10) also holds when R is a field. Then we have I = {0} — M(0).

n 1] 1]
Let us denote |2 | =m, and let S, = , Sy = TR
3] 1 B IO %2 = 2,0 THB)
I
Sy = |1V|I(|O)| and S =8,+5,+S5,. We will now find the numbers S, S,, S;.
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THEOREM 4.2. We have
_ IR R -0
1 2|ﬁ|2m—2 |§|2—1 '

Proof. According to Lemma 3.1, for b = BgP we have M(b) = M(gP).
Using Theorem 3.1 and Lemma 3.8 we get

Slz'"iz@ R IR '"Z 1
2 oRPRF T 2 [RP#
after reordering, we obtain

] |R"| R’ -1

2RPP»2  |RP-1 °
which was necessary to prove. O

THEOREM 4.3. We have _
LR e U !
T Rpr U IRI-T

Proof. Using Theorem 3.1 and Lemma 3.8, according to Lemma 3.1, we
get

n—1 n—1 =Y
LA o T R P 1 \|-1R*} |R|]"™™ -1
%= 3 i [P = (i & 7P - -
B=m

|R["=™ |RIF  |RJ"—m RPP " |Rpr-m-1 |R|-1

f=m
O
THEOREM 4.4. We have i
3= |_R5|n—m :
Proof. According to Lemma 3.7, we have
g _ 1
M) R

O

COROLLARY 4.1. The total number of tangents to the conic that are incident
to points neighbouring with a given point of the conic is equal to S; + S, + S5 .

Proof. This follows from Theorems 4.1, 4.2 and 4.3, and from Lemma 3.1.
O

COROLLARY 4.2. The total number of tangents to the conic is given by the
relation

(S;+ Sy, +S)(|RI+1).

Proof. This follows from Corollary 4.1 and the fact that the conic in H(R)
has exactly |R|+ 1 nonneighbouring points. a
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