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ABSTRACT. Let (G,) and (H,) be linear recurring sequences of integers de-
fined by G, = c,af +cyaf + -+ c,af and H, =d,87 +dy83 +--- +d, 07,
where t,5 > 2, ¢;, d; are non-zero complex numbers and where G,, does not
divide H,, in the ring of power sums. Then, provided n > C,, we have

G.C.D.(G,,H,) <|G,I|°,

for all n aside of a finite set of exceptions, whose cardinality can be bounded by
C,, where C,,C, and ¢ < 1 are effectively computable numbers depending on
the ¢;, d;, a; and B;,i=1,...,¢, j=1,...,s. This quantifies a very recent
result [Bugeaud, Y.—Corvaja, P.—Zannier, U.: An upper bound for the G.C.D.
of a® — 1 and b™ — 1, Math. Z. (To appear.)]

1. Introduction

Let A}, A,,..., A, and Gy, G,,...,G,_; be integers and let (G,,) be a kth
order linear recurring sequence given by

G,=A,G, _+---+AG, _, for n=k,k+1,.... (1)
Let ay,a,,...,0, be the distinct roots of the corresponding characteristic poly-
nomial
XF—A X -4, (2)
Then for n >0
G, = P/(n)o] + P,(n)ay +--- + P,(n)a}, (3)
where P,(n) is a polynomial with degree less than the multiplicity of o;; the
coefficients of P,(n) are elements of the field: Q(ay,...,q,).
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CLEMENS FUCHS

We shall be interested in linear recurring sequences (G,,), where all roots of
the characteristic polynomial of (G,,) are pairwisely different, which means that

G, =cof tooy +oteay, (4)

for some c;, a; € C. If we restrict the roots to come from a multiplicative semi-
group A C C, then we let £, denote the ring of complex functions on N of the
form (4) where o, € A. Below, A will be usually Z; moreover in that case we
define by &, the subring formed by those functions having only positive roots,
i.e. by the semigroup N. Working in this domain causes no loss of generality:
this assumption may be achieved by written n = 2m + r and considering the
cases 7 = 0, 1 separately.

The recurring sequence (G,) is called nondegenerate if no quotient « /aj
for all 1 <i< j <t isequal to aroot of unity.

The arithmetic properties of such recurring sequences have been widely in-
vestigated. We may mention the so-called Hadamard Quotient theorem (proved
by van der Poorten, cf. [5]), which says that if (G,),(H,) € £, then
H, /G, € Z for all n € N can only hold if there is a recurring sequence (I,,) € &5
such that H,, = G, - I, for all n € N. Roughly speaking this means that the
quotient may have values in Z for all n € N only when this is obvious in the
sense that it comes from an identical relation.

Corvaja and Zannier showed by using deep tools from Diophantine
Approximation a stronger result. They showed that if (G,,), (H,,) are as above
and if H, /G, € Z for infinitely many n, then there exists a recurring sequence
(I,) such that H, = G,, - I, for all n € N. This result can be found in [2].

The above diophantine problems arise of investigating the finiteness of the
set of natural numbers n such that H, /G, is an integer. Let us mention that in
a very recent paper, Corvaja and Zannier solved this question in complete
generality (i.e. for arbitrary lincar recurrences G, and H, ; cf. [3]).

Recently, Bugeaud, Corvaja and Zannier [1] proved that the same
techniques can be used to obtain more explicit results, bounding the cancellation
in the fraction H, /G, , which is represented by the G.C.D. of G,, and H,,. In
fact they showed that, if a, b are integers > 2, and b is not a power of a, then,
provided n is sufficiently large, we have

G.C.D.(a"—1,b"—-1) € a% . (5)

The number 1/2 in the exponent is best-possible, in view of the example a = ¢?,

b=c® for odd s.
In the case when e and b are multiplicatively independent, they proved a
sharper bound: Let € > 0. Then, provided n is sufficiently large, we have

G.C.D.(a"-1,b"-1) < exp(en). (6)
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They remarked that due to the ineffectiveness of Schmidt’s Subspace Theorem,
which is needed in the proof, the method does not allow to compute an integer
ny = ny(a,b,€) such that the above inequality holds for n > n,. The aim of
the present paper is to remark that one can get at least some information about
such an index n,.

2. Results

We will use a quantitative version of Schmidt’s Subspace Theorem, which is,
due to Evertse [4], to show that one can calculate an index n, such that the
above inequalities are true for all n > n, aside from a finite set of exceptions
whose cardinality can also be bounded effectively.

Moreover, we will formulate the result of equation (5) for arbitrary linear re-
curring sequences in &7 instead of (a”—1) and (b"—1) (see also [1; Remark 4]).

THEOREM 1. Let (G,) and (H,) be linear recurring sequences of integers
defined by G, = c,a} +c,0f +---+c,af and H, =d,f7 +d, 05 +---+d B},
where t,s > 2, c;, d. are non-zero complex numbers and where oy > ---
>a, >0, 8y >+ > B, > 0. Furthermore we assume that G, does not
divide H in the ring 6;. Then, provided n > C,, we have

G.C.D.(G,,H,)) < |G,

for all n aside of a finite set of exceptions, whose cardinality can be bounded by
C,, where C;, C, and c < 1 are effectively computable numbers depending on
the ¢;, d;, a; and ﬂj, i=1,...,t,7=1,...,s.

Remark 1. Let us mention that by G.C.D. we denote here the uniquely de-
termined positive greatest common divisor of two integers.

Remark 2. The condition that G, does not divide H, in the ring &} is
clearly needed and can be verified explicitly (see [2] and Lemma 3 below). A
sufficient, but rather strong condition is that the roots «y,...,a,, B;,...,0,
are multiplicatively independent.

Remark 3. In fact, ¢ can be chosen arbitrarily within the range

(")

where h is an arbitrary integer with

h>max{1 %—1}

" loga; — log a,

<c<l1,
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and t, s are as in Theorem 1.
In the case a, =1, i.e. t = 2, which means that we have
G, =cof +c,
a stronger result on the constant ¢ can be shown.

COROLLARY 1. Let (G,) and (H,) be linear recurring sequences of integers
defined by G, = c,a™ + ¢, and H, =d, 7 +d, 85 +--- +d 07, where s > 2,
C;» dj are non-zero complex numbers and where o> 1, B8, > --- > 3, >0 and
let € > 0. Furthermore we assume that G, does not divide H, in the ring £F .

Then, provided n > C, , we have

G.C.D.(G,,H,) < |G, |'"3%,
for all n aside of a finite set of exceptions, whose cardinality can be bounded by
C,, where C,, C, are effectively computable numbers depending on the c,, dj,
1=1,2,j=1,...,5 and €.

al ]'}

Remark 4. Observe that this result includes the result of Bugeaud, Cor-
vaja and Zannier [1] mentioned in the introduction, who showed that

G.C.D.(a"—1,b"—1) < (a" — 1)2%* (7)
provided that b is not a power of a, which is equivalent to the assumption that
a® — 1 does not divide " — 1 in the ring £, (which is just an elementary
algebraic fact), and n is sufficiently large.

Remark 5. The number 1—1/s+¢ in the exponent is best-possible in view of
the following example. Let ¢ be an integer, ¢ > 2, and s > 2 be arbitrary. Set
G,=c"—-1and H, = cls=n 4 ... 4 " + 1. Then we have
G.C. D.(c“"—l, cls=lng ... +c"+1)
= c(s=1n Fed 1> cls=Dn — (csn)l—-i .

In the most simplest case, when G, =a" -1, H =0b"—1 and a, b are
multiplicatively independent integers, a,b > 2, Bugeaud, Corvaja and
Zannier [1] obtained a considerably better bound.

If we consider (as in the theorem above) recurrences of the form

G,=ca"+c,, and  H,=df] +d0; + - +df,

then it is no longer sufficient to assume that « and (3, are multiplicatively
independent, e.g. we have

6" —-3"+2" -1

2n —1

but the dominant roots are multiplicatively independent. Therefore we use a
stronger condition to prove a similar result to that of Bugeaud, Corvaja
and Zannier with recurrences (H,,) of arbitrary large order.

=371,
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THEOREM 2. Let (G,) and (H,) be linear recurring sequences of integers
defined by G,, = c,a" +c, and H, =d, 0]} +d,B5 +--- +d,[07, where s > 2,
¢;, d; are non-zero complex numbers and where o > 1, B, > --- >, > 0 are
integers with o, 3,6, B, coprime. Furthermore, let € > 0. Then, provided
n > C,, we have

G.C.D.(G,,H,) <|G,|°

for all n aside of a finite set of exceptions, whose cardinality can be bounded by
C,, where C,, C, are effectively computable numbers depending on the c,, dj ,
a, B;,1=12,j=1,...;s and €.

Remark 6. Observe that for other classes of linear recurrences even better
upper bounds can be obtained. For example, let ¢ > 2 be an integer and let
s>r>2 with G.C.D.(r,s) = 1. Then we have

G.C.D.(clmDn e 1, DM et 1) < G

for all n, where C; is a constant independent of n. This follows from the fact
that the polynomials (X" —1)/(X — 1) and (X*® —1)/(X — 1) are relatively
prime.

3. Auxiliary results

The proofs of our theorems depend on a quantitative version of the Subspace
Theorem due to J.-H. Evertse [4].

Let K be an algebraic number field. Denote its ring of integers by O, and
its collection of places by M, . For v € My, = € K, we define the absolute
value |z|, by

() |z|, = |o(z)|/Q jf v corresponds to the embedding o: K < R;
(ii) |z|, = |o(z)|?/HQ = |5(z)[>/W if v corresponds to the pair of con-
jugate complex embeddings o,5: K < C;
(iii) |z], = (Np)~°rde(@)/[K:Ql if y corresponds to the prime ideal p of O .

Here Np = #(Og /) is the norm of p, and ord (z), the exponent of p in the
prime ideal composition of (z) with ord (0) := co. In case (i) or (ii) we call v
real infinite or complex infinite, respectively; in case (iii) we call v finite. These
absolute values satisfy the Product formula

II lzl,=1 for zeK". (8)
vEMEK
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The height of x = (z,...,z,) € K™ with x # 0 is defined as follows: for
v € My put :

( / n 1/(2[K:Q))
( > [wilﬁ[K’@]> if v is real infinite,
i=1
x|, = { n _A\VIK:Q]
( > |Ii|£f‘ :@]) if v is complex infinite,
1=1
( max(|z,],,. -, |z,],) if v is finite

(note that for infinite places v, is a power of the Euclidean norm). Now

-1,

define

H(x) =H(zy,...,z,) H|x|
For a linear form {(X) = a; X, +---+a, X, with algebraic coefficients we define
H(l) := H(a), where a = (ay,...,a,) and if a € K™, then we put |l|, = |a],
for v € My, . Further we define the number field K(l) := K(a,/a,,...,qa,/a;)

for any j with a; # 0; this is independent of the choice of j.

We are now ready to state Evertse’s result [4]. The following notations
are used:

e S is a finite set of places on K of cardinality s containing all infinite
places;

o {l,,,--,0,,}, v€ES, are linearly independent sets of linear forms in n
variables with algebralc coefficients such that

H(,) <H, [K(liv):K]SD for ves, i=1,...,n.

We choose for every place v € M a continuation of ||, to the algebraic closure
of K and denote this also by |- |, .

THEOREM 3 (Quantitative Subspace Theorem, Evertse). Let 0 < d < 1
and consider the inequality for x € K™ :

'll ) —n—
HH s < | T ety L) | - HOO T (9)
vES i=1 veS
Then the following assertions hold:
(i) There are proper linear subspaces T,...,T, of K" with
t, < (260”2 -67"™)" log4D - loglog 4D
such that every solution x € K™ of (9) satisfying H(x) > H belongs to
T,U---UT,,.
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(ii) There are proper linear subspaces Sy, ...,S,, of K™ with
t, < (150n4 : 6"1)m+1 (2 + loglog2H)

such that every solution x € K™ of (9) satisfying H(x) < H belongs to
S,U---US, .

Below we have collected some simple lemmas which are needed in our proofs.

LEMMA 1. Let N, denote the number of formal summands of (a,+- - -+ak)j ,
where a,,...,a, denote formal commuting variables. Then

k+j5-1
me= (757

This is well known from combinatorics.
Next, we need an estimate for the number of 0’s occurring in a linear recurring
sequence (this number is called the zero multiplicity of the recurrence).

LEMMA 2. Let (G,) be linear recurring sequence defined by G, = c,af +
cyan + -+ +c,af where t > 2, ¢, are non-zero compler and oy > --- > a, >0
real numbers. Then the number of solutions of the equation

Gn =0
1s at most t.

Proof. We prove our assertion by induction on ¢. The case t = 1 is trivial.
Now consider the function of one real variable

9(z) = ¢, exp(zlog(a, /a,)) + -+ + ¢,y exp(zlog(ey,_, /e,)) + ¢, .
Clearly, the zeros of g at positive integral points are exactly the zeros of G,,.
Now, g(z) is a differentiable function of the real variable z. So, between any
two zeros of g one can find a zero of the derivative ¢’ of g. Since the derivative
is a function of the same type with ¢t — 1 terms, the inductive hypothesis can be
applied and the desired conclusion follows. O

Let us mention the remarkable result that there exists an upper bound (which
does only depend on the order ¢, but in fact triply exponentially) for the zero
multiplicity of arbitrary nondegenerate linear recurring sequences of complex
numbers due to W. M. Schmidt [9].

Last but not least, we need some information about the structure of the
ring of recurrences & considered here. In fact, if two recurrences (G,,) and
(H,) are given, they lie in a much smaller ring, namely in £, where A is the

multiplicative group generated by the roots of G, and H,, . It is well known
(see [5]) and in fact easy to prove that this ring is isomorphic to the ring

qr,,.... T, 7. T
if A has rank ¢ > 1. We simply choose a basis 7;,--.,7, of A and associate the
variable 7, the function n + 7}*. Now it is easy to show:
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LEMMA 3. Let (G,),(H,) €&f . If ay---a, and B, --- B, are coprime, then
(G,) and (H,) are coprime in the ring €5 .

n

Proof. Let G,, = cjaf +c,af + -+ +c¢,af and H, = d,87 + d,05 +
-+ d, By, where t,s > 2, c;, dj are non-zero complex numbers and where
@ > >0 >0, 0 >-->pF >0 are integers. We denote by A the
multiplicative group generated by oy,...,,, §;,...,8, and we choose a basis
Yis--+57, for A.

By the correspondence mentioned above we may write

G,=90,-- ) and H =h(],...,7)

with g,h € C[T},...,T,] since the roots are integers. By the assumption that
@, -a, and B, ---fB, are coprime it follows that g and h consist of different
variables. But from this it is clear that the polynomials g and h are coprime

and consequently the conclusion follows. O

4. Proof of Theorem 1

In the sequel C,,C,,... will denote positive numbers depending only on c,,
dj, a; and ﬂj, i=1,...,t,j=1,...,s.
According to Lemma 2 the number of n such that G,, = 0 is at most ¢. In
this case we have
G.C.D.(G,,H,)=H

n?
and therefore these n must be excluded. Consequently, we can restrict ourselves
to numbers n for which G, # 0. We write

H ¢
sn)= G2 =2,

where ¢,,, 9, are nonzero integers. Observe that we only consider those n for
which G, # 0. Thus we have

G.C.D.(G,,H,)-2,=G,,. (10)
We now assume that
P, <IG,I'° (11)

for all n in a set ¥ of natural numbers and for some ¢, which will be specified
later. We will show that, provided n > C; is large enough, (11) can only hold
for a finite number of n and we give an upper bound C, for |Z|. Then we can
conclude that, provided n > C,, we have

1—
0,1 >1G,["7°
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for all n ¢ ¥ and using (10) we conclude
G.C.D.(G,,H,) =|G, | p,|I"' <|G,I°
for all n ¢ ¥ with |Z| < C,. Thus the assertion of our theorem will follow from

this.
Fix an integer A > 0 and observe the following expansion

Lo (sa(a))

n

Let us remark that for
n>C, = log(2¢)
loga; — logay,

we have

|G| = |eyaf + -+ +c,0f|
1+ 35 (&Y
= \%
¢
-2
=2

<é(az/a1)?<1/2 for n>C4

= leylley |

n

C

o]
a,

S
G

> ley|ley |™

where
g:=max{1,]2],..., |}
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Next we are going to approximate z(n) = H,, /G, by a finite sum extracted
from the above expansion. We define

h t n\ J
- 1 ‘ ¢, (o,
2n):=H, - e ) (1) (Z o (—) ) ,
where h > 1 is an integer to be chosen later. We may write
N f n
S(m) — j
z(n)_jz::lej(z) , neEx,

where the e; € Q" and the f;, b are integers, b> 0, and the f;/b are nonzero
distinct rational numbers. Clearly Z(n) is nondegenerate. In fact, we take

_ _h+l
b=oa7"".

Moreover, by Lemma 1 we have

N < (h+2—l)s=: Cy. (12)

Now we estimate the approximation error we make when we approximate z(n)
through Z(n). We have

|2(n) — 2(n)| = | H,, -

=|H," e (13)
n(h+1)
2
< - 2o (e2)
le | 1
2JE}L+1 o n(h+1)
< = ;’a;"(—l> ,
e o
where 3
d := max{1,|d,|,...,|d,|}-
We choose the integer h so that
h+1
(ﬁ) B, <1. (14)
@y
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To get this, we must have
1
h>max{1, —Og—ﬁl—-—l}.
log o; —loga,

Observe that from now on h is fixed and therefore also N,e T fj, b are fixed.
Now let S be the set of absolute values of Q consisting of co and all primes
dividing some of the fj or b and therefore o, ---a,3, - - - 8,. Thus,

|S| w(oy---oyfy---B,) =1+ Z 1.
P]al"'atﬂl“'ﬁa

We shall apply Theorem 3, so let us define for every v € S, N + 1 independent
linear forms in X := (X,,...,Xy) as follows: put

LO,OO(X) =X, - X, - —eyXy
and forve S, 0<i< N, (3,v) # (0,00) put
Li,v(x)in‘

Observe that for each v € S, the linear forms L ,,...,Ly , are indeed linearly
independent. We have

H(L;,) < Cp = max{1,C3H},

where
iy i
L ] c2 e ct
H:= H i, {|dj et i v}
vEMq 0<isy,...,is<h 1
0<ist iz <h

forve §,i=0,...,h and where Cy = /C; + 1. Furthermore Q(Li,v) =Q

which means that the coefficients just lie in Q and therefore

[Q(Li,v):(@]zl forall veS, i=0,...,N.

Moreover, we have

—
[e=]
O OO
I
—

det(Lg .- Ly,) =[* 0 1

which yields
|det(L0yv,...,LN,U)|v=1 forall ves.
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For n € £ define the vectors x, = 0, (b"2(n), f7',..., f&) € ZN+1 and
consider the double product

|Li o (%:)],

Xy

g g1 el

v€S i=0

By putting

tonts =2 (-5 = - (5]

=10,0"(2(n) — 2(n)),

we can rewrite the double product as

ool chb")(HHIaf")(Hlxl) e

vES\{oo} vES j=1 veS

Observe that, due to our choice of .5, the f;" are S-units for j > 1. In particular,

this implies
N
(ILITi) =1

vES j=1

and therefore

(H i I%f}’lv) <P, (15)

vES j=1

( H 'cnbnlu) < H lbnl —=p " —n (h+1) , (16)

veS\{o0} veS\{oo}
where we have used the product formula (8). Therefore we get, using (13), (15)
and (16),

lLl ( 2deh+t [ a, )" ~(N+1)
HH v IanlN-HW ?aln(;f_) (Hlxnlv) .

vES =0 vES

and

Recall that we are assuming n € X, i.e.

lo |<|G |1 c<~"(1 C)’

where
¢:=max{1,|c,|c}.
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Hence, we get

h+1\ " —(N+1)
T B < (oo (27 ) (M)
vES i=0 1 vES
where

o 9&(Cs+1) Jgh+1
8 le, |

Last we need an upper bound for H(x,). We have
H(x,) < %3l = [0, max{[p"2(n)], 1T, .-, IFR 1} (17)
where we have used the choice of S. By using the fact that
1< |07, < |b"H,| < doi ™+ g7
and |fJ"| <ahmfor j=1,...,N we get
H(x,) < é&d (eh1p)" . (18)

Let us point out that the constant does not depend on n.
We now choose 0 < § < 1 so that

)
(0‘2 a, )hHﬁl ( h+lﬂ1) <1. (19)
This will be fulfilled for

(h+1)[loga, — loga,] ~ log 5,
(h+1)loga, + log B,

0<d<

)

which is possible in view of (14).
In view of the bound for the double product we derived and (18), the verifi-
cation of (9) of the Quantitative Subspace Theorem 3 will follow from

)

Cy (ﬁlagNH)(l—C)—l (a2a1_1)h+l)n < (EJ (O‘?Hﬁl)n)— )
which is the same as
n ~ -1
(a(lN—H)(l—c)—l( )h+1ﬂ1 (a h+1ﬂ1)‘5) < (08 (Ed)‘s) _
However, this latter inequality follows from (19) for

log (C’8 (EJ)J)

log (a§05+1>(°‘1>+1+("+”‘“‘%;‘“%;““’) ’

n > Cy:=
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whenever we have

C,
1
Co+1 ¢ h

which implies that
(N+1)(1-¢)-1<(Cs+1)(1—-¢c)—-1<0.
Therefore, by the Quantitative Subspace Theorem 3, there exist finitely many
non-zero linear forms A, (X),..., A (X) with coefficients in Q and with

w(al'“,@s

)
g<Cpi= (26003(5_705) (2 +loglog2C,),

such that each vector x, is a zero of some A ;e
Suppose first Aj does not depend on X,. Then, if Aj(xn) = 0, we have a
nontrivial relation

N f n
Zui(f) ::O, ’u,iEQ, Z=l,,N

i=1
By Lemma 2 this can hold for at most a finite number of n. More precisely, we
can conclude that the number of those solutions can be bounded by

N <y,

which follows from Lemma 2.
Suppose that A, depends on X, and that A;(x,) = 0. Then we have

N n
fi .
Z(n) ; Uz ( b ) vz e Q7 ? b ) ( )
Let us assume that this equality holds for infinitely many n. In that case we
would get a relation of the form

bV*"H, =GR, ,
where R, is a power sum with positive roots, valid for infinitely many n. This
in turn implies the validity of the same relation for all n, which is excluded by

the hypothesis. An upper bound follows now from the fact that the left hand

side of
N f n
Hn—Gn-;vz(E) =0 (21)

is a nontrivial recurring sequence with positive roots and therefore equation (21)
can hold for at most Cy -t + s many n by Lemma 2.
The number of exceptions |Z| can be bounded by

w(aiBs)
) ' (2 +loglog2C,) (Cy(t + 1) + )

Cy = t+ (2003570

and C, :=max{C,,Cy}. This completes the proof.
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5. Proof of Corollary 1

The proof is essentially the same as the proof of Theorem 1. We use the
same notations as in the proof before and mention only the part that must be
modified.

In this case we approximate z(n) by:

Z(n):=H, 61a12 1)1( ( 1)n)j,

=0

which we may write as
N f n
=Y e(7), nez,
j=1

where the e; € Q" and the f;, b are integers, b > 0, and the fj/b are nonzero
distinct rational numbers. Consequently, we have the estimate

N < (h+1)s. (22)
The approximation error is

2dehtt —n _n)h+1
T T

where the constants are defined as before.
Now, if we set

|2(n) = 2(n)| <

c=1—l+8,
S

we have
ai(l—c)_l <1

and we therefore can choose h such that
—o)—1\PH!
G 1) B <1. (23)
We choose linear forms as above and get

HH L (%)l <cC ([3 a(N+1)(1—c)—1—(h+1))"(H x| )_(N“)
1 8 1~1 nlo

veS i=0 X, veES

(51 (h+1)(s -1)— c) (H x| > (N+1)'

vES
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As above we have

H(x,) < [Xyloo = [0, max{[pz(m)|, IS, -, /R 1} < & (a}716,)"

and we choose 0 < § < 1 so that
s(1—c)—1) 11 s
(0‘1(1 ) 1) By (a?+1ﬁ1) <l1.

This is possible in view of (23). With this, condition (9) of the Quantitative
Subspace Theorem 3 is valid if n > C,.

The rest of the arguments are as above, the assertion follows and so the proof
is finished.

6. Proof of Theorem 2

In the sequel C|,C,,... will denote positive numbers depending only on c,,
dj, a and [3]., i=1,...,t,j=1,...,s and €.
First observe that the only zero of G, can be

n= log(—cy/cy)
loga

We fix a positive integer k. Let us denote by J = {j = (j;,-.-,4,) € N° :
i+t i = k}. If we write j; we mean the ith vector in J with respect to
the lexicographical ordering. The cardinality of J is given by

M;=|J|=(3+:‘1).

For every j € J, we define
Hj, = BY(d ] + dyffy +-- +d,67)

where we have abbreviated U1 ) = Bi* - .- 3= . Moreover, we write

H: c;
_ Jn _ I
4m=g==3

n n

where Cjn» O, are integers. Since G,, divides Hjn for all j and all positive
integers n we may choose 0,, to be the denominator of H,/G,, .
We now assume that € > 0 is given and that

0,1 <16, (24)
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for all n in a set ¥ of natural numbers. We will again show that, provided
n > C) is large enough, (24) can only hold for at most C, many numbers n.
Then we conclude

G.C.D.(G,,H,) =|G,|-]p,|”' <I|G,I%,

provided that n > C, for all n ¢ ¥ with |X| < C,. This will conclude our proof.
For a fixed integer h > 1 we consider the expansion

1 _ 1 ¢ _1) C_zi —ni
G__clanz( 2 (c)a

n i=0

=Z( 1)2_162 —nz ( l)h( ) —nh )

Gn
For
log(2|c2/c1|) _.C
=20l o,
log &
we have
Gl = ley + 1 > 19lan.

For a given index j € J we thus obtain, on multiplying by H i

h i—1
c —ni 2IC l —-n
zj(n) — H; -Z(—l) 12 o< |H; .- B |}2L+1a (h+1)

(25)

2d|c2l (k+1)n —n(h+1)
= e [pr1 1 a

Let us write C,, for the constant appearing in the last expression. We want
to apply now the Subspace Theorem, viewing the left side of (25) as a “small”
linear form. We shall consider several such linear forms, corresponding to values
of j € J with k large enough. The idea of choosing this linear forms is similar
to that used in [3].

We define
h Cl 1 )
¢j(n) = zj(n) — Hj , - > (1) f:’ ™
i=1 1

— J(n)_ﬁ{1nﬁg, ZZ( 11 1d ,Bn —ni

i=1 1=1

for every index j = (j;,...,7,) with j, +---+j, = k.
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Now, let S consist of co and all primes dividing « or one of the 3,, i =

1,...,s. Second, we put
s+k-1 s+k
N_( N >+h<k+1>.

Observe that the first summand is equal to the cardinality of 7 and the second
summand is an upper bound for the number of nonzero terms in the double sum
above. For convenience we shall denote vectors in Z" by writing

X = (:cl,...,:cN) = (Zl,“-aZM,yla"')yN—-M)'

We define for every s € S, N independent linear forms in X = (X,,..., Xy)

as follows. For j = 1,..., M let jjeJd be the jth vector with respect to the
lexicographical ordering and put

i—1

h s i
Liwo(X)=2; =3 % (17 2Y

51

i=1 =1
while, for (i,v) ¢ {(1,00),...,(M,oo)} we put
Li,v(X) =X,.
Observe that for each s € S, the linear forms L, ,,..., Ly, are indeed linearly

independent. We have

H(L,,) <Oy = VT[] max{
vEMg J

forve S, i=1,...,N. Furthermore Q(Lm) = Q and therefore

04 1)
¢ v

J Ah
1

[Q(Liyv):(@]=l forall vesS, i=1,...,N.
Moreover, we have
det(Ll’v, cee LN,u) =1,
which yields
|det(L, ,,..-, Ly, )], =1 forall ves.
For n € ¥ define the vectors x,, by

v, o (2j,(n); -5 2j,, (), BimpEn - Bl BT, L)

where the indices vary lexicographically over all tuples j € J, {=1,...,s and
i=1,...,h. Note that x, € Z" and that we have

L o(x,) =¢j(n), i=1...,M,
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and consider the double product

H H 1 v n 'v ) (26)
vES =1
First observe that we have for i1 > M
H lLi,v(xn)lu = H,a /8.7171 ﬁgsnﬂlna(h—i)nlv <P,
vES vES
where j,,...,J,, | and i are suitable integers. Observe that we have used our
. ) -ﬂz’nﬁlna(h—i)nlu

choice of S again and the product formula to obtain [] |87*"
vES

na , whence

=1.
Further, for ¢ < M we have z;, =0, ah”z . (n) = ¢

1 1Z:.(x)l, < o™
vES\{oo}
Also, in view of (25), we have, again for i < M,
Ileoo(xn)l < 012I011|:B§k+1)na—n .

Plugging these estimates into (26), we finally obtain

N
ITIT L)l < Y= TT T 1Es o ()1,
vES i=1 vES i=1
< Clzlo |M,B(k+1 M"a"M”]Dn|N—Ma_hM”

- k Mn
= 012|DnlN0‘ (h+1)Mnﬂ1( TOMn

Recall that we are assuming n € ¥, i.e.
[0, <1G,['~* < éal!=®

Hence we have
( )l -~ — — >
i,V < 012:N ](1 e)Nn ) (h+1)Mn 9§k+1)M7l( I I '}'nlv) ) (27)

H H Ixnlv vES

vES i=1
Let us point out here that the constant does not depend on n. We now choose

the integer k such that
s—1—es
k> ——.
€

This implies that
s —1)Mh

Q=N =(ht )M o ((1=e)iF% <1.
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We choose the integer h so that
(SOl =>5 )Mhﬂ§k+1)M <1, (28)

i.e. we have
(k+1)logp,
(1-e)gEk —1)loga
This is possible because of our choice of k.
On the other side, since in any case [9,| < |G,,|, we get

H(x,) <H|x| < _max {|x|}

ves 7

h >

where we have used our choice of S, the fact that two norms on QV are equiv-
alent and that the z, are integers. Now we have

chi,nahnl < IHjhnah"| < gﬁ§k+1)nah"

and

|/3{1 . _ﬁgsﬁlna(h—i)nan| < Eﬂ§k+1)"a(h—l)na(1—a)n < Eﬁ£k+l)"ahn ]

Thus we can conclude -
H(x,) < CpsB el (29)

where the constant C,, := max{c, J} does not depend on n.
We now choose 0 < § < 1 so that

a((l_f)%_l)M"ﬂikH)M ( f“ah)é <1. (30)
This will be possible for small § in view of (28), namely for
log (a((l—s)ﬁ’_—';-—l)Mhﬁ§k+1)M>
lOg( k+1 h)

The verification of (9) of the Quantitative Subspace Theorem 3 will follow
from

o<

-4
Clcha(( )k+1 1)Mhnﬂ(k+1)M” < (Clgahnﬁik_*'l)n)

in view of (27) and (29). This is the same as
(alo-0 s ammgrsn (gt 1Y < (0,50 08)
This inequality follows from (30) for
log(Cy,¢" CY5)
N
log( (1—e) gtk - )Mhﬂ§k+1)M(IB{c+lah) )

n>C, =
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By the Quantitative Subspace Theorem 3 we can conclude that there exist
finitely many non-zero linear forms A, (X),...,A_(X) with coefficients in Q and
with

9

)w(aﬁr“ﬁs)

9g<Cy5i= (260N25_7N (2 +loglog2C}, ) ,

such that each vector x, is a zero of some Aj. Let us consider a hyperplane

given by
N-M

AX)=w,Z) + +upyZy+ Y 0¥, =0,
i=1
where the coefficients are rational numbers, not all zero. Substituting from the
definition of x,,, we get the equation

W, S w5 = Gy Y v BT, @)

jeg il
where the sum runs lexicographically over j = (j;,...,j,) € J,l=1,...,s and
i =1,...,h and is valid for some integers n € ¥. But this equation can only

hold identically, which means for all n € N, or it has a finite number of solutions
n € N. Therefore, we first assume that all uj are equal to zero, then we have

D vl B el =0,
ilJ

and at least one of the v, J is different from zero. This can hold for at most

N —M many n by Lemma 2. Second, we assume that all v, j are equal to zero,
then we have

oM H, - Y e Bl =0,
jeg
which can hold for at most s+ M many n by Lemma 2. If there is at least one
non-zero coefficient at both sides of (31), then we can conclude (observe that by
Lemma 3, G,, and H,, are coprime) that G, divides

> wibf B
jeg

in the ring &7, which is impossible by Lemma 3, since a and f; --- 3, are
coprime, or (31) holds for at most N many n.
Finally the number of exceptions can be bounded by

Cy:=14C\5(s+2N)

and C) can be choose as C, := max{C,, C},}. So, the proof is finished.
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