Mathematica Slovaca

Bohumil Smarda
*-median

Mathematica Slovaca, Vol. 46 (1996), No. 2-3, 157--164

Persistent URL: http://dml.cz/dmlcz/131679

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1996

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/131679
http://project.dml.cz

Mathematica
Slovaca

©.19?E; X
Math. Slovaca, 46 (1996), No. 23, 157-164 Iovak Aeadesny of Satons

Slovak Academy of Sciences

Dedicated to Professor Tibor Saldt
on the occasion of his 70th birthday

x-MEDIAN

BOHUMIL SMARDA

(Communicated by Tibor Katriridk )

ABSTRACT. The investigation of completely normal topological spaces gives a
motive for the definition of the x-median operation on distributive p-algebras.
Basic properties of this operation are described in the following paper.

Several authors described the role of the median operation in distribu-
tive lattices. Let us remember G. Birkhoff [1], M. Sholander [5] and
M. Kolibiar [4]. The median operation on a distributive lattice L is defined
(see [1]) in the following way:

(a,b,c) =(aVb)A(aVec)A(bVe)=(anb)V(anc)V (bAc) for a,b,ce L.

We can investigate a lot of properties of topological spaces with the help of
open sets only and transform these properties into locales. Recall, that a locale
L is a complete lattice in which the infinite distributive law

aANVS=V{aAs: seS}

holds forall a e L, S C L.

For example, the normality of a topological space T is possible to define in
the locale O(T') of all open sets in T' in the following way:

a,be O(T), avb=1 = 3LcO(T) aV{ =1=bV/{,

where * denotes pseudocomplements in L.

If we transform this condition into locales, then we have the category of
normal locales (see [3]). This category has not many natural properties because
subspaces, factor spaces and products of topological spaces need not be normal.
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For these reasons, we have some modifications of topological spaces, namely, so
called completely normal spaces (see [2]). The corresponding category of locales
called completely normal locales is introduced in [6] in the following way:

A locale L is completely normal when for any a,b € L there exists £ € L
such that a <bV{, b<aV .

The properties of completely normal locales are studied in [6]. Let us intro-
duce the following proposition.

PROPOSITION 1. Let L be a locale. Then the following assertions are equiv-
alent:
1. L is a completely normal locale.

2. Sublocales of L are normal.
3. For any a,b € L there exists £ € L such that

aVb=(aAb)V(aAnl)V (bALY).

Proof. See [6; Proposition 2]. O

Assertion 3 from Proposition 1 motivates us to investigate a ternary operation
analogously to the median operation on a distributive p-algebra (L, V,A, O, 1, %),
i.e., a distributive lattice (L,V,A) with 0, 1, and pseudocomplements denoted
by *.

PROPOSITION 2.
1. In every distributive lattice, the identity (x) holds:

-

(aVb)A(aVd)A(bVe)=(anb)V(aNc)V (bAd). (%)

If L is a lattice and for arbitrary elements a,b,c € L there exists d € L such
that (x) holds, then L is distributive.

2. A p-algebra (L,V, A, 0,1, %) is distributive if and only if (aVb)A(aVc*)A
(bve)=(anb)V(anc)V (bAc*) holds for any a,b,c € L.

Proof.

1. = : (avb)A(avd)A(bVe) = (aVb)A[(aAb)V(aAc)V(dAb)V (cAd)] =
(anb)V(aAc)V(dAD).

<= : First, let us prove that L is a modular lattice. If a,b,c€ L, a > b

and d € L is such that (x) is satisfied, then aA(bVe) = (aVb)A(aVd)A(bVe) =
(anb)V(anc)V(bAd) = bV (aAc). Now, aA(bVce) = aA[(aVb)A(aVd)A(bVc)] =
an{[(aAb)V(aAc)]V(bAd)} = [(aAb)V(anc)|V[an(bAd)] = (aAb)V(aAc)
holds for any a,b,c € L, and thus L is distributive.

2. This is a direct consequence of 1. O
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DEFINITION 3. Let L be a distributive p-algebra. Then the ternary operation
on L defined by

[a,b,c] =(aVb)A(aVc*)AN(bBVe)=(aAb)V(aAc)V (bACY)
for a,b,c € L is called the x-median on L.

THEOREM 4.
1. Let L be a set with 0, 1, and a ternary operation [-, -, -| with the prop-
erties:
1° [a,O, e, d, e]] = [c, [a,0,d], [a,O,e]] ,
2° [a,a,b] =a,
3° la,b,1] =a,
4° [0,1,0] = 1.
Then L is a distributive p-algebra with regard to the operations aVb = [1,a,b],
anb=]la,0,b]. .
2. If L is a distributive p-algebra, then the *-median on L has properties
1°-4°.
Proof.
1. We shall prove in the following parts:
a) Properties 1°, 2° and 3° imply
i) [a,0,1] =a,
(i) [1,a,1] =1,
(111) [1,1,a] =1,
[a, o 0] = [a,[0,0,1],[0,0,1]] = [0,0, [a,1,1]] = [0,0,a] =0,
[a,0,a] = [a,O, [a,1,1]] = [a,]a,0,1],[a,0,1]] = [a,a,a] = a.

b) Now, we shall use only properties 1° (i)—(v) and prove that L is a
distributive lattice:

We have a A (bV ¢) = [a,0,[1,b,¢]] = [1,[a,0,b], [a,0,c]] =(aAb)V(anc),
aAb=[a,0,b] = [a,0,[b,0,1]] = [b[a,0,0],[a,0,1]] = [b,0,a] =bAa.

Now, we shall prove the following formulas: a A (a V b) = [a,O, 1,a, b]] =
[1,[a,0,4d],[a,0,b]] = [1,a,[a,0,b]] = [1,[a,0,1],[a,0,b]] = [a,0,[1,1,8]] =
[a,0,1] =a, aA(bVa)=[a,0,[l,ba]] = [1, [a,0,8],[a,0,d]] = [1, [a,O,b],a] =
[1, [a,0,8], [a,0,1]] = [a,O, (1,0, 1]] = [a,0,1] = a and together a Vb = {a A
(bva) }v{bA(bva)} = {(bva)Aa}Vv{(bVa)Ab} = (bVa)A(avb) = (aVb)A(bVa) =
{avb)nb} v {(avb)Aa} ={bA(aVb)}V{aA(aVb)}=bVa.Finally, the
introduced formula a A (aV b) = a together with a A (bVc) = (aAb)V(aAc) =
(bAha)V(cAa)=(cAa)V(bAa) fulfils assumptions of the Sholander’s theorem
(see [1; p. 35, Theorem 10’]) implying that (L,V,A) is a distributive lattice.

c) The fact that L is a p-algebra follows from 4°: Let us introduce a* =
[0,1,a] for any a € L and prove that a* is a pseudocomplement of a. Namely,
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aAa* = [a,0, [O,I,a]] = [0, [a,0,1],[a,0,a]] = [0,a,a] = [0, [a,0,1],]a,0, 1]] =
[a,O,[O,l,l]] = [a,0,0) = 0. If z Aa = 0, ie., [z,0,a] = 0, then z Aa* =
[2,0,[0,1,a]] = [0,[z,0,1],[z,0,a]] = [0,z,0] = [0,[z,0,1],[z,0,0]] =
[2,0,[0,1,0]] = [z,0,1] = z. .

2. We have [a,0,[c,d,€]] = aAlc,d,e] = aA(cVd)A(cVe)A(dVe),
[¢,[a,0,d],[a,0,¢]] = [c,and,ane]={cV(and)}A{cV(ane)*} A{(and)V
(ane)} =(cva)A(cVd)A{cV(ane)*} Aan(dVe) = aA(cVd)A(cVe*)A(dVe)
since a A (cVe*) =aA{cV(ane)}. Namely, a Ae* < aA(aAe) and
aN(ane)* <(ane)* = 0={an(ane)*}A(are)={an(ane)}rne
= aA(aAe)* < aAe*. It means that a Ae* = a A (a Ae)*, and thus
aA(eve*)=(aAc)V(ane*)=(anc)V{an(are)*} =ar{cV(aAe)}. We
proved property 1°, and properties 2°— 4° follow from Definition 3, immediately.

O

Remarks.
1. Property 1° from 4.1 can be reformulated to a A [c,d,e] = [c,a Ad,a Ae].
2. Let us mention that the x-median is no symmetric operation.

COROLLARY 5. Let (L,<) be a partially ordered set with 0, 1, and [-, -, -]
be a ternary operation on L such that b > a <= [a,0,b] =a <= [1,a,b] =b
and [1,1,a] = 1.
Then it holds:
1. If L has property 1°, then L is a distributive lattice.
2. If L has properties 1°, 4° and [0,1,1] = 0, then L is a distributive
p-algebra.
3. If L has properties 1°, 4°, and [O,l,[O,l,a]] =a fora€ L, then L 1is
a Boolean algebra.

Proof.

1. We have [a,0,1] = a, [a,0,a] = a, [1,a,1] =1, and [a,0,0] = [a, [0,0,1],
(0,0, 1]] = {0,0[a, 1, 1]] = 0. Part b) from the proof of Theorem 4 implies that
L is a distributive lattice.

2. Parts b) and ¢) from the proof of Theorem 4 imply that L is a distributive
p-algebra.

3. Let us remark that [0,1,1] = [0, 1,[0,1, 0]] = 0. Then L is a distributive
p-algebra, and a** = a holds for a* = [0,1,a] and a € L, i.e.,, L is a Boolean
algebra. O

COROLLARY 6. Let L be a set with elements 0, 1, and [-, -, -] be a ternary
operation on L. Then it holds:

If L has properties 1°, 2°, 3°, and [0, 1,0, 1,a” =a forall a € L, then L
15 a Boolean algebra.
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Proof. It holds [0,1,0] = [0,1,[0,1,1]] = 1. Then L is a distributive
p-algebra, and a* = [0,1,a] is a pseudocomplement of a (see 4.1). The fact
a** = [0, 1,(0,1,a]] = a implies that L is a Boolean algebra. a

PROPOSITION 7. Properties 1°—4° from the Theorem 4.1 are independent.

Proof. Let L be a Boolean algebra with |L| > 5. If we define [a,b,c] = b,
then 1°, 2°, 4° hold, and 3° does not hold.

If we define [a,b,c] = aA(bVc), then 1°, 2°, 3° hold, and 4° does not hold.
If we define [a,b,0] = b, and [a,b,c] = a for ¢ # 0, then 2°, 3°, 4° hold,
and 1° does not hold.

Let L = {0,1} be a Boolean algebra. If we define [1,0,1] = [1,1,1] =
[0,1,0] = 1 and [0,1,1] = [0,0,1] = [0,0,0] = [1,1,0] = [1,0,0] = 0, then
1°, 3°, 4° hold, and 2° does not hold. O
THEOREM 8. Let L be a distributive p-algebra, and [-, -, -] be a ternary
operation on L fulfilling 1°~4°, and a Vb = [1,a,b], a Ab = [a,0,b], for
a,b€ L. Then [-, -, -] is the x-median if and only if zV [a,b,c] = [xVa,zVb, c]

for a,b,c,x € L.

Proof.

= : We have zV [a,b,cJ =2V {(aVb)A(bVc)A(aVc*)} =(zVaVb)A
(zVvbVe)A(zVaVe)=[zVa,zVb,c|.

<= : The proof has the following steps:

a) [a,1,0) = [aVv0,aV1,0] =aV[,1,0)=aVl=1 = [ab0] =
[@a,bA1,bA0 =bA[a, 1,00 =bA1=b = c*Ala,b,c] =[a,c* Ab,c* Nc] =
[a,bAc*, 0] =bAc* = bACc* <|a,b,c];

b) (aAb)Va,b,c] = [(anb)Va,(aAb)Vb,c] =la,bc] = anb<a,b,d];

¢) (avb)Via,b,c]=[(avb)Va,(aVb)Vbc|=[aVbaVbc=aVb=
aVb>a,bcl;

d) (bve)Ala,b,c] = [a,bA(bVe),cA(bVe)] =la,bc = bVe> [a,b,d;

e) cAa=cAla,b,1] = [a,cAbcAl] =[a,cAbcAc]=cAlabc] =
aAc<a,b,cl;

f) 0 =cAc* =cAlc*, b = c* > [c* b = (aVc')Viab =
[ave,ave* Vb el = (aVe*) Vet be=aVc* = aVc* > a,bcl;

g) Finally, (aAb)V(aAc)V (bACY) <[a,b,c)] < (aVb)A(aVc)A(bVc)
holds, and Proposition 2.2. implies that [-, -, -] is the *-median. 0O

EXAMPLE. Let L be a distributive p-algebra, and [-, -, -] be a ternary opera-
tion on L defined in the following way:

[a,b,c]=(aVb)A(bVe)A(aVc)A(aVa®) for a,b,ce L.
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Then, [, -, -] has properties 1°, 2°, 3°, 4° from Theorem 4, but [, -, -] is
not the *-median on L because |-, -, -] has not the property z V [a,b,c] =
[V a,zVb,c| from Theorem 8.

Namely, zA[a,b,c] = zA{(aVb)A(bVc)A(aVe*)A(ava*)} = (aVz)A(aVb)
AzAbVe)A(aV(zAc))A(aVa*) = (aV(zAb))A((zAb)V(zAc))A(aV (zAc)*)
AaVa*)=a,z AbxAc],since zA(aVc)=aA (aV(zAc)*) - see part 2
from Theorem 4. Then property 1° is true. Properties 2°, 3°, 4° are fulfilled
trivially. Now, Vv [0,1,0) =2zV1 =1 and [zV0,zV1,0] = [z,1,0] = zVz* # 1,
for z € L, in the case that L is not a Boolean algebra.

THEOREM 9. Let L be a distributive p-algebra, and let |-, -, -] be a ternary
operation on L such that a = [1,0,a] and a* =[0,1,qa|, fora € L. Then [-, -, -|
is the *-median operation on L if and only if for a,b,c,x € L, z A [a,b,c] =
[z ANa,z Ab,c] and zV [a,b,c] =[x Va,zVb,(.

Proof.

= : We have z A [a,b,d] =z A {(aVb)A(bVec)A(aVcr)} =z A(aVbh)
AzVve)AbVe)Aleve)A(ave)={(zAa)V(zAb}A{(xAb)Vec)A
{(zra)Ve*} =[zAa,zAb,c] and zV[a,b,c] =V {(aVb)A(bVc)A(aVcr)} =
(zVaVvb)A(zVbVe)A(zVaVcer)=[zVa,zVbc.

<= : This part has the following steps:

a) (aAb)Va,b,c]=[(anb)Va,(aAb)Vbc|=[abc] = anb<[a,b,cl;

b) (aVb)Ala,b,c] = [(aVb)Aa,(aVb)Abc] =[a,bc] = aVb>[a,b,c;

c) bAc* =bA[0,1,c] = [0,b,c] = c¢* =c*V(bAc*) =c*VI[0,bc] =
[c*,bVct, ) = 0=cAc* =cA[c*,bVer,c] = [0,eA(bVcr),c] =[0,bAc, ] =
cAle* bl = [c*,bc] <c* = (aVc*)Va,bc=[aVc,aVbVc =
(aVve) Vet bel=aVe* = aVc* > a,bc;

d) ave =aVv|[0l,c = [al,d = c* Ala,c*c = [anc*c*c =
N, L, =c*A(aVc) =c* = c* <[a,c*,c] = (bAc*)A[a,bc] =
[aAnbAC , bAC* c]=(bACc*)Aa,c*,c]=bAc* = bAc* <|a,b,c];

e) [L,a,b] =aV[1,0,bl=aVb = (aAc)A[a,bc]=[aNc,aANbAc,c]=
(anc)AN[Lbe)=(ane)A(bVe)=aAc => aAc<labcl;

f) [a,0,b] =aA[1,0,b] =anb = (bVe)Vabec=[aVbVebVec =
(bVe)Va,0,cd=(bVe)V(aAc)=bVe = bVec>[a,bc;

g) Finally, (aAb)V(aAc)V (bAc*) <[a,bcJ < (aVb)A(aVec)A(bVe),
and Proposition 2.2. implies that [-, -, -] is the *-median. O

PROPOSITION 10. A distributive p-algebra L s a Boolean algebra if and only

if the x-median operation [-, -, -] on L satisfies x V [a,b,c] = [z V a,b,z V ]
for a,b,c,x € L.
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Proof.

= : We have zV[a,b,c] = zV{(aVb)A(bVc)A(ave®)} = {zV(aVb)}A{zV
(bve)}A{zV(ave)}A{zV(z*Va)} = (zVaVb)A(zVbVe)A(zVaV (z* Ac*)) =
(zVaVb)A(zVbVe)A(zVaV(zVe))=[zVabzVc.

<= :Forallae L itholds avVa*=aV|[0,1,a] =[a,1l,a] =aV[0,1,0] =
aVl1l=1. O

PROPOSITION 11. Let L be a Boolean algebra, and let [-, -, | be a ternary
operation on L. Then [-, -, -] is the x-median operation on L if and only if
for all a,b,e,z € L, z Ala,b,c] = [a,z Abyz Ac], zV[a,bc]=[zVabzVc,
1=la,1,0] and 0=[0,a,1].

Proof.

= : With regard to Theorem 4.2, we have z A [a,b,c] = [1:,0, la, b, c]] =
[a, [a:,O,b],[a:,O,c]] = [a,z Ab,z A c]. The rest follows from the first part of the
proof of Proposition 10.

<= : This part has the following steps:

a) (bVe)Ala,bc=la,(bVec)Ab (bVc)Ac] =[ab,c] = bVec>[a,b,dl;

b) b=bA1=bAla,1,0] =[a,b,0] = (bAc*)Ala,b,c] = [a,(bAc*)Ab,
(bA *)/\c]:[a,b/\c*,O]:b/\c* = bAc* <la,b,c|;

(anc)Via,bc = [(anc)Va,b (arc)Ve] =a,bc] = anc<la,b,cl;
=aV0=aV|[01b =labl = (aVc*)Vliabc =[aVcb,

=laVveh,bll=aVe = aVce* >a,bd;

= [b,a*,0] = [b,a*,a* Na] = a* A[b1l,a] = a* < [b1l,a] =

[b,1,a] =a*V[b1l,a] =[a*Vb1,1] =a*Vb = (aAb)Ala,bc]=][a,aNb,

aANbAc)=(aAb)Ala,1,c]=(aAb)A(aVc*)=aAb = aAb<[a,b,c];

f) a=la,b,1] =[a,b,aVa*]=aV][0,ba*] = a>][0,ba*] = [0,b,c] =
c*AN[0,b,c] = [0,bAC* 0] =bAc* = (aVb)V[a, b =[aVbbaVbVc =
(avb)VI[0,bc]=(aVbd)V(bAC*)=aVb = aVb>]ab,cl;

g) Finally, (aAb)V(aAc)V (bAC*) <la,b,c] <(aVb)A(aVe*)A(bVe),
and Proposition 2.2. implies that [-, -, -] is the *-median. O
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