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DIFFERENTIAL FORMS ON MANIFOLDS
WITH A POLYNOMIAL STRUCTURE

ALENA VANZUROVA

(Commaunicated by Jilius Korbas)

ABSTRACT. On a C® -manifold endowed with an integrable polynomial struc-
ture (with only simple roots of the characteristic polynomial), the decomposition
of the tangent bundle which corresponds to the decomposition of the charac-
teristic polynomial, induces a decomposition of the bundle of complex p-forms.
This decomposition enables us to introduce derivation operators (of degree 1) of
three types on the graded commutative algebra of differential forms. For these
operators, we prove Poincaré Lemma (that every closed form is exact).

All objects under considerations are supposed to be smooth (of class C*). M
will denote a manifold, TM and T*M denote the tangent and cotangent bundle
of M, respectively, TCM and T M the corresponding complexifications. Let
us denote by QPM the bundle of differential p-forms on M .

1. Let (M, f) be a polynomial structure, i. e. a smooth m-dimensional manifold
M endowed with a (1, 1)-tensor field f satisfying an equation R(f) = 0 where R
is a polynomial. Suppose that R is a minimal polynomial of the endomorphism
f.: T,M — T, M of the tangent space at each point = € M. In what follows we
shall suppose that R has only simple roots. A polynomial structure f on M is
called integrable if there are local coordinates in a neighborhood U (abbreviated
as nbd) of any point z in which the matrix representation of f, has a constant
canonical form on U ([3], [5], [6], [9])-
The decomposition of R(§) over C into pairwise distinct prime factors

I S

R(&) =] -v) [T =ep [I€ -2 (1)

i=1 j=1
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with b; € R, c; € C gives decompositions of both the complex tangent bundle
and the complex cotangent bundle as follows. Let us denote

H, =ker(f - b,1), i=1,...,r @
H,,; =ker(& = (c; + ) +¢,5;) i=1,...,s,
where I denotes the identity isomorphism of TCM . (Hy,...,H,,,) is an almost-

product structure associated with f. Let P, be a projector projecting onto the
subspace H,, t =1,...,7 + s. Further, let

Hi=H;C=ker(fC—biI) for i=1,...,r,
'Hrﬂ.:ker(fc—cjl) for j=1,...,s, (3)

Hypor; =ker(fC—g,I) =M, ; forj=1,...,s
It follows that HS,; = H, ., © H, 42 j=1,...,s. Now the complex tangent
bundle has decomposition TCM EB H,, n=r+2s,and (H,...,H,,s,)

=1
is a complex almost product structure associated with f. The subbundle H,

r+j)
J € {1,...,s}, is equipped with the endomorphism J; satisfying J2 = -,
=id 'H ,3=1...,8,
2 = (¢; +2,) |
J]: J _‘7 g0 J=1,...,3. (4)
~(¢; - &;)?

That is, J; is an almost complex structure on H, ., and the complex linear

extension of J; to HE,  acts on H,, (respectively, on 7, _, .) as multiplica-
tion by i (respectively by —i). The (1,1)-tensor field ® = ;P satisfies
J

®3 + ® = 0 (and is called an almost contact structure associated with f, or an
f-structure ([7], [12])).
The following can be verified:

THEOREM 1.1. The polynomial structure (with characteristic polynomial hav-
ing simple roots) is integrable if and only if the associated complex almost product
structure is integrable (which means that H,®H,, are integrable for all the pairs
1St<w<n).

Let us define, for t =1,...,r 4+ 2s,
Ct::{wET*CM| (X,w)y=0forall X e H,, k#t, k=1,...,7+2s}. (
For any multi-index a = (a,,...,a,), n =1+ 2s of weight |a| = Za =p, let

' 'n
us introduce the subspace

C*=C A--AC;A---NC, A---AC,
— N———

aj -times an-times
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Now the complexification of the cotangent bundle T*CM = A!(M) has a de-

n

composition T*M = @ C,, and the bundle of complex differential p-forms
t=1

on M, AP(M) = (QP(M))C is decomposable as follows: AP(M) = @ C«.

|al=p

2. In what follows, we suppose that the polynomial structure f on M is inte-
grable. The following can be proved:

THEOREM 2.1. The structure f is integrable if and only if the following con-
dition is satisfied:

(i) if we C*, a=(a,...,a,), n =71 +2s then dw € @ CP where
Jj=1
B=(a, +6],...,a,+6).

EXAMPLE 2.1. A complex m-manifold M can be viewed in particular as a real
2m-dimensional manifold equipped with an integrable almost complex structure,
J? = —I and vice versa, any integrable almost complex structure on M turns
a real manifold M,,, into a complex manifold M,,. The tangent bundle of an
almost complex (respectively, complex) manifold admits the decomposition

TCM = ker(J —iI) ® ker(J +iI)
and the algebra of complex differential forms can be bigraded as A(M) =

@ P9 . By integrability [4], dC®9) c cP*+1.9) ¢ CP9+Y) for p,q =0,...,m.
pq O

Elements of C(»9) are called forms of type (p,q).

T - S

Let usset 7 = ) dimH,, n = ), dierﬂ.. In the case of an integrable
=1 j=1

structure, there exist local coordinates (z,,...,z,,) in some nbd U of an arbi-

trary point z such that on U, H, is the span of

0 . . .
{aTk; ZdlmHt+1§k§Zd1mHt}, i=1,...,7,

t<i t<i

and H,__ ; is the span of

J
J . _ . ,
{%;; n+Zd1mH,+t+1§k§_n+2d1er+t}, J=1...,s.
¢ t<j t<j

With respect to the holonomic frame (%), the coordinate expression of the
associated almost contact structure is

9 9 9 9 9
(ax) ’ (axj> rss,’ q’(z;z: ) or, O

n+j n+j
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where 7 + 1 < j < 7 + n. Let us introduce
1 9 .0

T @
0z,  20z5,, 0T;.44,

Then aaTk’ 29874 and the complex conjugates aizq form a frame field for the

complex tangent bundle (suitable parts of which are bases for #,, H,,, and
H, vy Tespectively). Its dual co-basis (dzy, dz,,dz;) consists of

dzq:dmﬁ+q+1dxﬁ+7:1+q, dzq:dxﬁ+q—1dmﬁ+ﬁ+q.

By the integrability conditions, for any differential form w € C*, a = (a,,...,qa,),
n =r+ 2s the differential dw € Cla1+10n) g ... @ Cle1ant1)  We can intro-
duce the derivation operators

9. Clarsirnan) _y olar,.aitl,...an) , 1<i<r,
f =1t =

A c(al,...,a,..,.j,...,an) N C(al,...,a,+]-+1,....a,,)’ 1< ] <g (8)
J = = 9

A] C(a'lv“'$a’7‘+s+j’-“van) — C(alv'-'>a7‘+s+j+1""’a"‘) , 1 é] é S,

uniquely determined by the formula
dv=0w+ - +0w+Aw+ +Aw+Aw+ - +Aw.
By evaluation in local coordinates A,& = @
EXAMPLE 2.2. On a complex manifold we obtain the decomposition d= 9, +0, .

Let D stand for the operator 9,, or Aj, or Aj, respectively. We say that a
differential p-form on a polynomial manifold (M, f) (respectively, on an open
subset V C (M, f)) is

(i) D-closed if Dw =0,

(ii) D-ezact if w = Da for some (p—1)-form o on M (respectively,on V).

As in the case of the exterior differential d, any D-exact form is D-closed but
the converse is not true globally. We will prove that the converse holds locally.

3. We will use the following generalization of the Poincaré Lemma ([8]) for
p-forms depending smoothly on real parameters.

LEMMA 3.1. Let M be a C*® -manifold, let U C M be an open subset, and
let w(ty,...,t,) be a p-form on M depending (smoothly) on real parameters
ty,.. ot Let dw(ty,...,t;,) = 0. Then for any x € U there exists a nbd V,
and a (p — 1)-form a(t,,...,t;) on V, such that da =w on V,.

Proof. The proof is similar to the classical case [8; pp. 98-100]. O

Similarly, the Grothendieck Lemma (sometimes incorrectly called the Dol-
beaut’ Lemma) ([1; p. 71, 9.4]), which generalizes the Poincaré Lemma in a
complex setting, can be re-formulated as follows:
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LEMMA 3.2. Let M be a complex manifold, let U C M be an open subset, and
let w(ty,...,t,) € CPDU) be a C® complex form on U of type (p,q), p 21,
which depends on real parameters. Let 0,w(t,,...,t,) =0. Then for any z € U
there exists a nbd V, and a form o of type (p—1,q), a(ty,...,t;) € clr=La) (V)
such that

Oa(ty,...,ty) =w(ty,...,t.).

For a (real) manifold equipped with a polynomial structure we shall prove a
similar result.

THEOREM 3.1. Let (M, f) be a polynomial m-manifold for which the char-
acteristic polynomial R(§) admits only simple roots. Let U C M be open, and
let w € C* be a p-form where a = (ay,...,a,), a; 2 1, n =7+ 25 (re-
spectively, a, ; 21, 0ra. ., 2 1). Let 0,w = 0 (respectively, Aw =0,
or Ayw = 0). Then for any point x € U there exists a nbd V, C U and a
differential (p — 1)-form a € CP(U), B = (ay,...,a; — 1,...,a,) (respectively,
B=(a, ..,a,,;— L...,a,) or B =(ay,...,Q.y44;— 1,...,0,)) such that
0;a = w (respectively, Ao =w, or Aja =w)onV,.

Proof. Let 9w =0, 1 <4< 7. Locally, we can write
w= Zfil,...,jl,...,kw(xl’ . ..,:I:m)da;i1 A+ A dzj1 A A dikw

= Z d:l,‘i1 VANRERIVAN d.’l?il A (Z f'i1,~-~yj1,-~-;kw (.’E) dxi,-{—l AR dmil+ai) (9)
Adz,

itaitr

A---Ndzj A--- Az

where the first sum runs over 1 <4, <+ <#, 155, < <n, 1<k <
--» £ 7, the third sum runs over (i, +1,...,i,+a;), | =a;+---+a,_;, and the
sccond sum over the remaining indices. Let us introduce Q(z) € (C,)% (M) =
€O S0 = S f o (@) dag g A Adz,,. Then w = dz, A
o ANQUA - AdZ,  where Q is regarded as an a;-form on H; in variables
corresponding to the coordinates on #, while the other coordinates play the
role of parameters. Let us consider an integral manifold M, of the distribution
H, (which exists by integrability of f). Denote by d, the exterior derivative
with respect to M. Then

Ow = Edz; A---Adz, Ad; QA dzilﬂi+1 Ao NdZy (10)
Since 0, = 0 we obtain d;w = 0. By Lemma 3.1, there exists locally an
(a; — 1)-form Q € (C;)*~'(M,) in the same variables, depending on the same

parameters such that d, €2 = . Now let us consider Q as a form in all the
variables z,,...,z,, Q € (C;)*~1(M). Then

=Y dz, A AQA---AdZ,, (11)
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is the required form satisfying 9,0 = w.

Similarly, in the case A w = 0, after a suitable replacement of coefficients in
the coordinate formula for w, we obtain a form Q on #,, ; in variables corre-
sponding to H,.,; which depends on real parameters. By integrability, through
each point there passes a unique maximal integral submanifold M, ; of the dis-
tribution #,., ;. The restriction J; P, ; of ® onto M, ; is an integrable almost
complex structure on the almost complex manifold M, ;. Therefore M, ; is
a complex manifold ([1], [4]), and we can apply Lemma 3.2 considering {2 as a
form on M or on M; alternatively. Denote by P(r+3) the projector onto the

dual space H; ;. Let us introduce an operator 5r+j t~>y 5,,+j'r = ’P(T“)(drﬂ. T)

for 7 € H;, ;. Obviously, A;w = 0 if and only if 9,,;Q = 0. Locally, there

exists ) € (C,.;;)*+ ™! such that 5,+]-(Q) = ). In some nbd of a given point,
the form o introduced by

a=deil/\---/\dzjw/\fll\---/\dfkw (12)

satisfies Aja =w.

Let /_Ajw = 0. Then Ajd) = 0 and locally, there is a form [ satisfying
AJ. B = @. Consequently, o = 3 satisfies Aja =w. O
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