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Abstract. We discuss how the choice of the functional setting and the definition of the
weak solution affect the existence and uniqueness of the solution to the equation

—Apu=f in Q,

where ) is a very general domain in RN , including the case Q2 = RV .
Keywords: quasilinear elliptic equations, weak solutions, solvability
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1. INTRODUCTION

The object of our study is the second order quasilinear elliptic differential operator
Apu := div(|Vu|[P~2Vu), where p > 1 is a real number. Note that we define A,u =0
for Vu = 0 and 1 < p < 2. We concentrate on the following basic question: “How
the choice of an appropriate function space affects the existence and uniqueness of
the weak solution to the equation

(1.1) —Apu = fin Q,

where 2 C RV ?” Let us point out that € is considered to be a bounded, an (un-
bounded) exterior domain or, possibly, & = RY. The choice of an appropriate

! The first author was partially supported by the Grant Agency of the Czech Republic,
grant # 201/00/0376 and by the Ministry of Education of the Czech Republic, grant
# VS97156.
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function space and the relation between p and the dimension N then play the es-
sential role in the questions of existence, nonexistence or uniqueness of the weak
solution to Eq. (1.1). While for  a bounded domain the situation seems to be more
or less clear and often treated in literature, for = RY or Q an exterior domain
in RV we can observe some phenomena which may seem to be surprising without
deeper insight of the problem and a careful definition of the notion of a weak solution
(cf. [7]). We start our exposition with very general existence and uniqueness results
in abstract Banach spaces. Then we consider the typical situations: € a bounded
domain, an (unbounded) exterior domain and the whole of RY, and point out some
differences between these cases. Let us remind the reader that problems of this type
were treated e.g.in [1], [2], [3] or [5].

2. SOME GENERAL EXISTENCE AND UNIQUENESS RESULTS

Let O C RY be a domain and let L'?(Q) := {u € LL _(Q); Vu € [LP(Q)]V}.

loc
Here Vu = (0u/0x1,...,0u/0zN), where O;u := Ju/0z; (i =1,...,N) is the weak
(distributional) derivative of u.
Let X be a linear function space with the following properties:

(X1) X c L*?(Q).
(X2) By ||u|lx = ||Vul|pq for v € X a norm is defined on X

so that X equipped with this norm is a reflexive Banach space

N 1/2
where || - ||p.q is the usual LP-norm of |Vu| := (Z 8iu|2> .

i=1

Let us denote by X* the dual space, by ||.||x+ the norm on X* and by (-,-)x the
duality pairing between X* and X. We define the operator J: X — X* by

<J(U),'U>X:/Q\Vu\p_2Vu~Vv

for any u,v € X. Then the operator J has the following properties:

(J1) (J(u),u)x = |Jul|% for any u € X;
(J2) (J(u) = J(v),u —v)x >0 for any u,v € X, u # v;
(J3) J and J~! are continuous operators.

Indeed, the properties (J1) and (J2) as well as the continuity of J are obvious. It
then follows from the theory of monotone operators (see e.g. [4]) that J is surjective.
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To prove the continuity of J~! we use the inequality
(2.1) (J(w) = T (), u = v)x = (Jul5 " = o5 D (lulx = [v]x)

which is an immediate consequence of the Holder inequality. Let us suppose that
J~1: X* — X is not continuous. Then there exists a sequence (f,) C X*, fn — f,
i.e.strongly, in X* and

1T (o) =T M (f)llx =0

for some § > 0. Denote u,, = J (f), u= J1(f). It follows from (J1) that

[l

UnHX <fmun>X = <J(Un)aun>X = ||un||l))(>

ie. (un) C X is a bounded sequence. Due to (X2) we can assume (after passing to a
subsequence, if necessary) that there exists @ € X such that w,, — @, i.e. weakly, in
X. Hence we have

(2.2) (J(up)=J (@), un—0)x = (J(un)—J(u), un—0) x +{J(u)—J (@), up—a)x — 0

since J(up) = fn — f = J(u) in X*. If we set v = u,, and v = @ in (2.1) then (2.2)
implies |Jup||x — ||@]|x. Then (X2) yields u,, — % in X and so by (J2) we get u = 4,
a contradiction. Actually, we have proved

Theorem 2.1. The operator J is a homeomorphism between X and X*. In
particular, given f € X*, the equation J(u) = f has a unique solution uy € X and

1 1
lugllx < [P

Note that the equation J(u) = f can be interpreted also as an Euler equation of
the functional

1
®f(u) = ];IIUIIQ —(fiu)x, veX,

and its solution as a minimizer of ®;. Indeed, it is easy to verify that ®;: X — R
is a coercive, strictly convex and weakly lower semicontinuous functional. So for
arbitrary f € X*, there exists a unique minimizer uy € X of ®; which is also its
unique critical point.
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3. THE CASE OF A BOUNDED DOMAIN

Let © C RY be a bounded domain and consider the Dirichlet problem

3.1
(3-1) u=~0 on O0f).

{ ~Apu=f inQ,

Define X := C°(Q)IIV'llne = W, () and let f € X*. Tt is well known that the
space X equipped with the norm ||V - ||, satisfies (X1) and (X2). We then define
a weak solution of (3.1) as a function v € X for which the identity

(3.2) /Q |Vu|P~2Vu - Vo = (f,v)x

holds for every v € X. It follows from Theorem 2.1 that (3.2) is uniquely solvable
for any f € X*.
In what follows, for 1 < p < N we set

*/ _ p* _ Np
p*—1 Np—N-+p

«_ Np
p 7N—p

(the critical Sobolev exponent), p

In the case p > N we set p* = oo, p*’ = 1, and finally for p = N we put p* =
q,p* = Cﬁ%, where ¢ € (1,00) is an arbitrarily chosen number. It follows from the
Sobolev imbedding theorem that any f € Lp*/(Q) can be identified with an f € X*
and (f,v)x = fﬂ fv for any v € X. The above considerations immediately imply

Theorem 3.1. Let f € L?" (). Then the Dirichlet problem (3.1) has a unique
weak solution uy € X, i.e.

VuiP2Vus-Vo= [ fo
f f
Q Q

for any v € X (or equivalently for any v € C§°(2)).

For the Neumann problem

(3.3) { —-Apju=f in Q,

|VulP~20u/0v =0 on 99

(here % denotes the derivative with respect to the exterior normal) the situation is
different. A weak solution of (3.3) is usually defined by the same integral identity as
(3.2) but now with the test space X replaced by X := W1P(Q), where W1P(Q) =
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{ue Lr(Q); Vue [LP(Q)]V}. Since |V - || is only a seminorm on X, we cannot
apply Theorem 2.1 as in the case of the Dirichlet problem. Roughly speaking, we
have to rule out the constants from X. One possibility is to restrict ourselves (since
Q is bounded) to the subspace X := {u € X; Jou=0}.

Now, ||V - ||p.a defines a norm on X but additional information about € is needed
in order to guarantee that (X, ||V - ||;.q) is complete. It is proved in [11] that this is
the case if and only if the Poincaré inequality

(3.4) ||

e <clVullpe  VueX

holds. One of the sufficient conditions for (3.4) to hold is 9Q € C° (i.e.for any
xo € 0N there is a neighbourhood U(xg) C RY such that U(zo) N 9N is a C°
manifold in RY —see [11]). So, assuming 9Q € C°, we verify (X1), (X2), and for any
f € X* there exists a unique uy € X satisfying (3.2) with this choice of X.

In order to apply Sobolev’s imbedding theorems for X we need now 92 € C%! (the
boundary is locally Lipschitzian—this property is defined analogously as 9Q € C°).
Remark also that the norm ||V - ||,.0 on X is equivalent to the usual Sobolev norm
| - lw1.r(q) in this case. If this is the case, any f € LP"(Q) defines f € X* satisfying
(fiv)x = [ fv for any v € X. But now any constant function on Q is identified
with the zero element of X (X*) and by the same argument any v € X (f € L?"'(Q))
is identified with @ = u — [, u (f=f- Jo f). Thus we have

Theorem 3.2. Let 90 € C%!, f € L?"(Q). Then the Neumann problem (3.3)
has a unique family of weak solutions uy .= uy +c, c € R, where fQ ur =0 (ie.

Vuse? > Vus, - Vo= [ fo
f f
Q Q

for any v € WYP(Q)) if and only if

|i=o
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4. THE CASE Q = RV
In this section we discuss the existence of a weak solution of the equation
(4.1) ~Ayu=finRY.

For 1 < p < N set Hy?(RY) := {u € LY?(RN); u € LP (RN)} where p* :=
NN—_p. Let us recall some facts from [3], [9], [11] and [12]. In the sense of a direct
decomposition we have

LY(®RY) = A} (RY) @ R,

u=(u—cy)~+ Cu,

where (u—¢,) € HyP(RY) and

Cy = Rhlgo ﬁ fBR u, where Br := {z € RV ; |z| < R}.

(4.2)

Here, |Br| denotes the Lebesgue measure of Bg. Moreover, we have

(4.3) BIP(RN) = C5o (RN )1V T

by the Sobolev imbedding, and ||V.|/,,;z~ is a norm on X := ﬁé’p(RN) so that X
is complete. Thus (X1) and (X2) are verified and we can apply Theorem 2.1. In
particular, we have

Theorem 4.1. Let f € LP" (RN ). Then there is a unique us € X such that the
integral identity

(4.4) / |Vuf\p_2Vuf~Vv:/ fo
RN RN

holds for any v € X (or equivalently for any v € C§°(RM)).

Let us now consider the case p > N > 2. As is shown in [7], if f € LY(RV),
Ja~ f # 0 then there is no v € L'P(RY) satisfying

/ |Vu|P~2Vu - Vo = fv
RN

RN

for arbitrary v € C§°(RV).
A natural question arises: “Does this result contradict Theorem 2.17” The answer
is NO and in the remaining part of this section we will justify it.
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Let us recall again some facts from [3], [9], [11] and [12]. For § # M ccC RY
(i.e. M is an open nonempty and bounded set) define

LYP(RN) := {u e LYP(RY); / u = o}.
M
Then in the sense of a direct decomposition

L' (RY) = Lyf (RY) @ R,
(4.5) U= (u—my) + my,

1
M *= 1a1] Jar v

Moreover, in the case N < p < oo we have

(4.6) LYP(RY) = Cgoy (RN IV e

where C5%, (RY) := {u € Cg°(RY); [, u=0}.
Set X := L}V’IP(RN) and let R > 0 be such that M C Byr and f € L? (RV) satisfy

(@7) / F @) o] dz < o0 if p> N,
RN\BQR

(4.8) / |f ()| ¥ || ¥ l(ln ‘x‘) "do < oo if p=AN.
RM\Bsp R

Lemma 4.1. The assumptions of Theorem 2.1 are satisfied with X and f given
above.

Proof. Let ¢ € C(RY), supp ¢ C RY \ Byg. The following auxiliary
estimates were proved in [12], Lemma I1.9.2, p. 95:

()P >‘1” P
49 / dr) < Vol mn
( ) ( fie ‘.’I?‘p ‘N—p‘“ SDHp,R
if p>1,p# N and
()Y )% N
4.10 / 7dx Voo || npn-

Let us also recall the (extended) Poincaré inequality (see [3], estimate (2.12)):

(4.11) [ullp, B < (B, M)|[Vulp 5y,
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for all u € Ll’p(RN) valid even for 1 < p < oo and all R’ such that M C Bp.
We prove that f defines a continuous linear functional on X. Indeed, let n €
C5o(RY), 0 <) <1,

For ¢ € X we consider

(fio)x = (finp)x +(f, (1 —n)p)x.

Set 1 :=np, w2 := (1 —n)p. Then

(s o1 x| < I llprmllonllpm

and since [, ¢1 = 0, we have

[e1llpry < (B, M)[[Vrlllpry < e(B, M)([[ [0V @] [~ + [[9Vl|pm)-

On the other hand, since suppn C Byg, |Vn| < Cr, we get by (4.11)

H‘PVUHp;RN < CRH‘P |P7B4R < CRC(R’ M)HV@HI%BALR

and
[1]lpry < (R, M)(1+ Cre(R, M))||Ve

|P7B4R'

For ¢o we get

[(fsp2)x| < /RNIf(fE)H@z(w)\de < /RN(\f(w)HfEI)(\x\_lIsoz(ff)l)dw

) ([ @l )
(o P 02)” ([ 5

a1
Y

p
v xpdx> \Y%
(Lo, @1 an) " v

by (4.9) and (4.7) if p > N.
Similarly, we get

(oenxl < [ (il m ) (20 ) as

N

/N

N1\71 N %
S </ |f(x)|% || In — = dx) (/ de)
RN\B2r R RN \x\Nlln |x|)’
N g N
S ~ el 2 d ——|[Veally;
</RN\BQR|f(x)| |-'L'| n R x) N*l” QOQHN’RN
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by (4.10) and (4.8). Now, by (4.11) again

HV%@2

|v<pHp,RN\ng + CRH@HP»BALR

Ip;[RN <
< |v‘pHp,RN\Bzg + CRC(RaM)HVQDHP,BzLR < Ol(RaM)HVQDHp;RN'

|
|
Thus we have an estimate

‘<fa ()0>X| < CHV@Hp;RN

for any ¢ € X, where the constant depends only on R > 0, i.e. f € X*. Since (X1)
and (X2) are satisfied, the proof of the lemma is complete. O

Remark 4.1. It follows from Lemma 4.1 and Theorem 2.1 that for any f €
LY (RN) satistying (4.7) (if p > N) and (4.8) (if p = N) there exists a unique
uy € X such that

/ |Vuf|p72vuf‘V90:/ fe
RN RN
holds for any ¢ € X.

Theorem 4.2. Let X and f be as in Lemma4.1. Then f € L*(RY) and moreover,
there is a unique family us.=us +c, c € R, up. € LY?(RY) satisfying

(4.12) | Vs Vuge Vo= [ 1o
RN R
for any ¢ € C§°(RY) if and only if

f=0.

RN

Proof. ©Let p > N. Then it follows from Hélder’s inequality that for any
T > 2R we have

/ f(@)|da = / F@)llz] |2 da
{2R<|2|<T} {2R<|2|<T}

1 1
([ w@riara) ([ e
RN\BQR IRN\B2R
T
/ \x\’pdx:aw/ pNlp gy ¢ N (2R)N P,
{2R<|2|<T} 2R p—N

(Here wy is the measure of the unit sphere in RV .)

N
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Let p = N. Then from Hoélder’s inequality we have for any T" > 2R

N-—1
N

J soiars ([ @ () o)
(2R<|2[<T} RN\B2r
N ~
(o et e
RN\Bzr R
-N
.’IZ‘_N lnm dx
/{2R<x<T} ( R)

T -N
= -1 1 m d wiNl 217N.
“’N/ZR’" (nR) " R(Nfl)(n )

Hence from f € LF'(RN), (4.7) (if p > N) and (4.8) (if p = N) we get that f €
LY(RN).

Assume now [,y f = 0. As mentioned above any ¢ € LYP(RN) splits as

N

¥ = (‘P_mtp)+mga7
where m,, = \ﬁl Jos - Then
fmy=0= / IVulP~2Vu - Vim,
RN RN
which together with the fact that (4.11) holds for any ¢ € X (cf. Remark 4.1) yields

(4.13) / |Vu|p_2Vu~V<p=/fcp
RN
[RN

for any ¢ € L1P(RY) and, in particular, for any ¢ € C§°(RY).

If conversely, (4.13) holds for all ¢ € C§°(RY) then we can choose ¢ = gi, where
gk € CP(RY),0 < gi < 1,gx(x) = 1 for [z| < k and ||[Vgi|/,mev — 0 as k — oo
(cf.[3]). Then

(4.14) / |Vu|P~2Vu - Vg, — 0
RN

and since fgr — f a.e.in RY,|fgr| < |f|, by Lebesgue’s theorem we conclude

/RNfgw/RNf.

On the other hand, by (4.13), (4.14) [,~ fgr — 0, ie. [,n f=0. O
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Let us assume that p > N. Then due to the Morrey estimate (see [6], Theo-

1,p

rem 7.17) the space L, (RY) is isometrically isomorphic to

wip  E) = e LIEY): ) )
: N
<O, )| Vullpgwle —y[' =7 Yo,y € RY,u(0) = 0}.

The corresponding isometric isomorphism J,: LyP(RY) — HYP(RN) is defined by

(Jpu)(x) == a(z) — a(0),

where % denotes the unique continuous respresentative belonging to the equivalence
class u € LyP(RY).

Hence for p > N we can alternatively set X = HIP(RV) and (X, ||V - [l psr )
satisfies (X1) and (X2).

Let RY := {z € RY; |z| > 0} and

@16)  Duy(R)i= {f e LL(®Y); [ 1@ 1ol ¥ do < o).

Then by
_N
T / F@)] 25 da
RN

a norm is defined and (Dy ,(RY), || - [Ipy. ™)) is @ Banach space.
Let u € X and f € Dy ,(RY). Tt follows from (4.15) and (4.16) that

f(@)u(z) dz

< O(N,p) [Vl / @) a7 dz
= C(N, D) f D 2| Vu

’[RN

Ip;RNa
i.e. Dy, (RY) € X*.

Theorem 4.3. Let p > N and X be as above. Let f € L: _(RY) and assume

loc

that for some q > p the inequality
[ @ jal do < o
RN\B;

holds. Then there exists a unique family uf. = uf +c, c € R, uy € X, X =
H}’p(RN)y Ufe € LYP(RN), satisfying

/ |Vuf,c|p72vuf,c‘v90:/ fe
RN RN
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for any ¢ € C§°(RY) if and only if

f=o0.

RN

Proof. We prove that f € Dy ,(RY). Indeed, by Holder’s inequality we obtain

/RN @)l dz < /B If(w)ldx+/RN\Bl F@) el do

<||f||1,31+( / |f<x>|q’xq’dx) ( / |x|Nidx)
RN\B; RN\ B

The rest of the proof follows the lines of the proof of Theorem 4.2. O

Remark 4.2. Our Theorems 4.2 and 4.3 generalize a necessary condition given
in [7]. In particular, we get from here that any constant is a weak solution of

~Apu=0 in RY.

5. THE CASE OF AN EXTERIOR DOMAIN

Let G := RN \ K, where ) # K CC RY, 0 € K. Let us consider the Dirichlet
problem

(5.1)

—Apu = fin G,
u=20 on 0G.

We want to prove existence and uniqueness of a weak solution of (5.1). Define the
space
HYP(G) = Co(@)IV-lnic,

Let 1 < p < N. Then due to the Sobolev imbedding we have ﬁé’p(G) < LP"(G) and
therefore X := ﬁé P(G) verifies (X1) and (X2). We can apply the abstract Theorem
2.1 and, in particular, we have the following result.

Theorem 5.1. Let f € LP"'(G) be given. Then there is a unique uf € X such
that

(5.2) /IVuflp”VUf‘Vso:/f@
G G

holds for any ¢ € X (or equivalently, for any ¢ € C§°(G)).
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Let p > N. Then ﬁé’p(G) coincides with the space

H(G) := {u e L'?(Q); u € LP(GR) for every R > 0 and
nu € Wy'(G) for any € C5°(RV)},

where Gr = GN Bp (see [12], Theorems I. 2.7, 1. 2.16). Now, we can literally follow
the approach from Section 4, case p > N, to get the following result.

Theorem 5.2. Let f € LP(G), let f satisty (4.7) for p > N and (4.8) for
p = N. Then there exists a unique uy € X such that (5.2) holds for any ¢ € X (or
equivalently, for any ¢ € C3°(Q)).

Remark 5.1. Let us point out that contrary to the case of the whole of RV we
do not need any additional condition of the type “[ f = 07 because the constants
are ruled out due to the homogeneous Dirichlet boundary conditions.

Let us consider the Neumann problem

—Ayu= fin G,
|Vul|P~29% = 0 on OG.

Choose M such that ) # M CC G. Then a subspace of L'?(G) is given by
(5.3) LYP(G) = {uo e LY (G); / uo = 0}
M

and in the sense of a direct sum

L' (G) = Lif (G) @ R,

(5.4)
U = Ug + My,
where
(5.5) My 1= \M|_1/ u, UQ 1= U — My
M
By
(5:6) lvpciar = [ Vula + | [
M

a norm is defined on L*?(G) (see [9], Lemma 4.1) such that L'P(G) equipped with
this norm is a reflexive Banach space (see [9], Theorem 4.5).
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Clearly, for ug € LyP(G) we have

(5.7) |uo

1p:6:M = [|Vuo|lpic-

We assume now that G € C° and choose Ry = Ro(M, K) > 0 so that M C Bg,
and K C Bg, and we write G, := G N Bg,. By [11], Lemma 4.2, for u € L1P(G),
we see that u|g, € LP(GR,) and there exist G’ CC G and a constant Cr, > 0 such
that

(5-8) [ e + lullper) Vo€ L(G).

|P§GR0 < ORO (”vu

Because of the Poincaré-type inequality

(5.9) luo

e < Car|[Vuollpa  Yuo € Lif (G)
(with Cov = C(G', G, p) > 0, see [9], Theorem 5.1), by (5.8), (5.9) we get

(5.10) [[uo

IP;GRO < Cil|Vuollpe  Vuo € L}V}I)(G)
with Cq := Cp,(1+ Cg/) > 0, and so
(5.11) lollwr(Gag) < (14 CH) 7| Vuollpme VYuo € Ly (G).

Lemma 5.1. Assume that 0G € C%! (e.g.0G = OK is a Lipschitz manifold).
Then there exists a linear extension

E: Lyf(G) — Lyf (RY)

such that Euglg = ug Yug € L}V’IP(G). In addition, there is a constant Cg > 0 such
that

(5.12) IV Euollpm~y < Ol Vuolpa  Yuo € LyF(G).

Proof. a) Because of 9G € C%!, there exists a linear extension

E: WhP(Gry) — Wy P(RY),
EvlG, =v Yv € W'P(GR,)

and a constant C = C(Gg,,p) > 0 such that
(5.13) IEv]lwrs@yy < Cllvllwisgry) Vv € WH(Gry)
(see e.g.[10], Theoréme 3.9).
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b) As we mentioned above, ug € LyF(G) implies uolGr, € WHP(GRr,). With help
of E we define

uo(x) for z € G,

(5.14) (Buo)(x) := {E(uOGRO)(x) for z € RV \ G = K.

Since M CcC G it is clear that Eug € L}V’IP(IRN) for ug € L}\}IP(G) and Euglg = uog-
By (5.11) and (5.13) we see

IV Euol| e~ < [[Vuollpe + [[VE(uo|Gr, ) lpsx

Vol + Cliuollwin (@ry) < CrllVuo

NN

|p;G

Sl
O

with Cp := 14 C(1 4 CP)%.

Obviously we get

Corollary 5.1. Let 9G € C%'. Then
(5.15) LyP(G) = {vla; ve LyF(RV)}.

Let G € C%!. Due to (5.4) any u € LYP(G) can be written as u = ug + my,.
Define a linear map E1: LYP(G) — L*?(RN) by
(5.16) Fiu := Eug + my,.

Then Eyulg =u Yu € LYP(G).

This extension enables us to apply the result found for the whole space RN to the
underlying case. But the price we have to pay is the assumption G € C%!. On
the other hand, without any regularity assumptions on G we never may expect any
imbedding theorems for G.

Let 1 < p < N. We recall the decomposition (4.2) and the density property (4.3).

Lemma 5.2. Let 0G € C%! and
(5.17) HY7(G) := {u* € L'"(Q); u* € L" (Q)}.
Then in the sense of a direct decomposition

LYP(G) = HY(G) & R,

(5.18)
u=u"+c¢,
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where (Gr := G N Bg),

(5.19) Cy = lim —— u.

Further, the map J: L}\}IP(G) — ﬁl”’(G), Ju := u*, is an isometric isomorphism and
(HY?(G), ||V - ||,) is a reflexive Banach space.
With Csop > 0 (the constant for the Sobolev imbedding) and Cg > 0 from (5.12),

we have

(5.20) [u*||p:c < CsoBCE||Vu'|lpe Vue HYP(G).

Further, H?(G) = {v*|g; v* € HyP(RN)}.

Let
(5.21) C§°(G) :={® € C*(Q); FRe = Ry: ®(x) =0 for |z| > Re}.
Then
(5.22) {vle; ¥ € CF(RY)} € C5°(G) € H'7(G)
and
(5.23) () Wuvnp;c

Proof. a)Ifu e L'?(G), u = ug+m,, then by virtue of (5.4), with ug € Ly?(G)
and m, € R, we have v := Eyu = Eug +m, € L"?(RY). By (4.2), v = v* + ¢, with
v* € f[&’p(RN) and ¢, € R Let u* :=v*|¢ = (v —¢y)|g = u— ¢y, = up + My — Cy.
Therefore u = u* + ¢,. Since u* € LP (G), we get

‘|GR_1/ U — Cy
GRr

Hence ¢, = ¢, = lim |Gg|™' [ w.
R—o0 Iel
R>Rp R
If u* € HYP(G)NR then because of |G| = oo we have u* = 0, proving (5.18), (5.19).
If conversely u* € HP(G) C LYP(G) is given then u* = ug + my, ug € LYP(G),
m, € R. Then Fiu* = Eiug + m, =: v. Then v = v* + ¢, v* € Hé’p(RN), cy € R.
Further u* = v|g = v*|g + ¢,. Then ¢, = (u* —v*|¢) € LP (G) N R and again by

p*—1
-

P*;GR‘GR| P

= |Ggr|™!

[ tw) = e an| < 1Gal e
GRr

_a
= [[*llpic |Gr["77 = 0 (R — o0).
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|G| = oo we see that ¢, = 0, that is u* = v*|g, proving ﬁl’p(G) = {v*|g; v* €
~1,
Hy"(RY)}.

Moreover, we derive (5.20) from

[ullpsc < [[V*[lprrv < CsoB[| VU™ [y
= CSOB||vv||p;RN = CSOBHVEUOHP;RN

< CsoBCE||Vuo

lpic = CsoBCE|| VU™ ||pa

and therefore completeness of H?(G) follows. If u* € HYP(Q), u* = v*|¢ with
v* € HYP(RV), then by (4.3) there exists a sequence (vy) C C§°(RY) with | Vo* —
V’UkaRN — 0. Then @4 := ’Uk|é S Cgo(é) and

|Vu* — Vil < [[Vu" — Vol pn — 0,

which proves (5.23). Finally, the properties of the map J: L}*(G) — HY?(Q) are
obvious. g

Lemma 5.3. Let G C RV be a domain with |G| = oo and let 1 < p < N. Let us
suppose conversely that H'P(G) defined by (5.17) is complete with respect to the
IV - ||p;g-norm. Then there is a constant C' > 0 such that

(5.24) lullpec < C||Vullpe Yu e HP(G).

Proof. Let T: H“(G) — L* (G) be defined by Tu* := u* Yu* € H'?(Q).
Suppose that (u}) C HY7(G) and u* € HY?(G) with || Vu* — V| e — 0. Suppose
in addition that there is v € L?" (@) with

*

[lv — Tujllpec = [lv = uj

p=G — 0.

Then for ® € C§°(G) and i =1,..., N we have

/ v0;® = lim uj@iCI) = — lim éﬁiu; = f/ Do;u”,
€] j=ee Ja J—oo el

proving that v has the weak derivatives d;u*. Then Vv = Vu* and therefore, since
G is a domain, u* = v + ¢. Since u*, v € L? (G) and |G| = oo we see that ¢ = 0 and
v = u*. This proves closedness of 7 and since D(T) = H'*(G) by Banach’s closed
graph theorem the boundedness of 7 and therefore (5.24) follow. g
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Theorem 5.3. Let G C RN be an exterior domain with 0G € C%! and X :=
H'7(@Q). Given f € LP"'(RN) there exists a unique uy € X such that

/\Vuf|p’2Vuf~Vv:/fv Vv € X.
G G

Proof. By (5.20), for v € X we have

L

Let p > N. We recall (4.6). Then the following assertion holds.

<|f

»:¢CsoBCE| VY| p:a-

Lemma 5.4. Let G C RN be an exterior domain with G € C%!. Let ) # M CC
G and

(5.25) oo (G) == {‘b € C>(Q); /M ®dy =0 and

dRs > 0: ®(x) =0 for |z| > Rq;}.

Then {®|g; ® € C55,(RY)} C C5%,(G) and for p > N we have

(526) L}\}IP(G) — {¢|G: d c Cg’oj\/[(RN)}I‘V'Hp;G
and
(5.27) LyF(G) = {vle; ve LyP(RY)}.

Proof. Ifue LyP(G)then Eu € LyP(RYN) and by (4.6) there exists a sequence
(®1) C C3o (RY) with [|[VEu — V®p|| ;g v — 0. O

Theorem 5.4. Let X := L}”(G). Let R > Ro(G) and suppose that f € L (G)
satisfies (4.7) if p > N or (4.8) if p = N. Then there exists a unique u € Ly"(G)
with
(5.28) / \Vu|P~2Vu - Vo = / fo YueLP(G).

G G
Further, (5.28) holds even for all v € Cg°(G) if and only if [, f = 0.
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Proof. a) Existence is clear.

b) If [ f =0, then v € C§°(G) may be decomposed into v = vg+m,, vo € LyP(G),
my, € R. Since [, fm, = 0 and Vm, = 0, (5.28) holds for v € C5°(G), too.
Conversely, consider again the sequence (1) C C§°(RN) with ng|p, — 1 (k — o0)
uniformly for every fixed R > 0 and ||V ||,,gx — 00. Then with v := 7 we conclude
from (5.28) for k — co: [, f=0. O

In the case N < p < oo we have an additional “realization” of L}V’IP(G) correspond-
ing to the case G = RV .

Lemma 5.5. Let G C RN be an exterior domain with 0G € C%! and let N <
p < 0o. Let g € G be fixed and let

0 HEP(G) = {i e L'(G); Jalx) - aly)|

< C(N,p)lz — y|*~ 7 |Viillpie Yo,y € G, and di(zo) = 0}

Then ]g'{lafj}(G) equipped with the norm ||V, ¢ is a reflexive Banach space,

HEP (G) = {0 — B(xo))lgs © € HP(RY)}

(with HyP(RY) by (4.15)), and there is an isometrically isomorphic map I,:
Lyf (G) — H P (G).

Proof. Ifu e LyP(G) then v := Fu € L}?(RY). Denote by @ the unique
Holder continuous representative of v. Then © := (@ — @w(0)) € HeP(RY) and

it := (0 — 8(x0)) € Hy?(G). Clearly, if @ € H{? | (G) then Eii € LyF(RV) and

¥ = Bi — (Ba)(0) € HYP(RY), = (3 d(20))le-

Further, the map lu = (Ea — Fi(xo)), I, : Ly (G) — ﬁl’p}(G) is an isometric

{zo
isomorphism. O

Theorem 5.5. Let G C RN be an exterior domain with G € C%! and 0 € RN \G
and let N < p < oo. Let f € L] (G) and assume that for some q > p,

loc
[ 1@ ol dz < .
G

Then there exists a unique family uyf . = uy +c withuy € X := ]g'{lgf;}(G) andc € R
satisfying

/G Vaugel”™? Vuye. Vo = /Gﬂp Vo € C5°(G)
(see (5.21)) if and only if [, f = 0.
Proof. The proof is performed analogously to that of Theorem 4.3. O
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