Mathematica Bohemica

Elango Roja; Mallasamudram Kuppusamy Uma; Ganesan Balasubramanian
Urysohn’s lemma, gluing lemma and contraction® mapping theorem for fuzzy

metric spaces
Mathematica Bohemica, Vol. 133 (2008), No. 2, 179-185

Persistent URL: http://dml.cz/dmlcz/134052

Terms of use:

© Institute of Mathematics AS CR, 2008

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/134052
http://dml.cz

133 (2008) MATHEMATICA BOHEMICA No. 2, 179-185

URYSOHN’S LEMMA, GLUING LEMMA AND CONTRACTION*
MAPPING THEOREM FOR FUZZY METRIC SPACES

E. Roja, M. K. UMA, Salem, G. BALASUBRAMANIAN, Chennai

(Received November 11, 2006)

Abstract. In this paper the concept of a fuzzy contraction™ mapping on a fuzzy metric
space is introduced and it is proved that every fuzzy contraction™ mapping on a complete
fuzzy metric space has a unique fixed point.
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1. INTRODUCTION

The theory of fuzzy sets was introduced by Zadeh in 1965 [7]. Since then many
authors (Zi-ke 1982 [8], Erceg 1979 [1], George and Veeramani 1994 [2], Kaleva and
Seikkala 1984 [5]) have introduced the concept of a fuzzy metric space in different
ways. In this paper we follow the definition of a metric space given by George
and Veeramani [2] since the topology induced by the fuzzy metric according to the
definition of George and Veeramani [2] is Hausdorff. Motivated by the concept
of a metric space, Urysohn’s lemma and gluing lemma are studied. Based on the
concept of a fuzzy contraction mapping [6], the fuzzy contraction® mapping theorem
is established.

2. PRELIMINARIES
Definition 1 [4]. A binary operation *: [0,1] x [0,1] — [0,1] is a continuous
t-norm if * satisfies the following conditions:

1. % is associative and commutative,

2. x is continuous,
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3. axl=uaforallacl01],
4. a*xb< cxd whenever a < cand b < d, (a,b,c,d € [0,1]).

Definition 2 [2]. The triple (X, M, ) is said to be a fuzzy metric space if X
is an arbitrary set, x is a continuous t-norm and M is a fuzzy set on X2 x (0, 00)
satisfying the following conditions:

L M(z,y,t) >

2. M(z,y,t)=1 1f and only if z =y,

3. M(z,y,t) = M(y, x, 1),

4. M(z,y,t)« M(y,z,8) < M(z,z,t+ ), x,y,2 € X and t,s > 0,

5. M(x,y,-): X2 x (0,00) — [0, 1] is continuous, z,y,z € X and t,s > 0.

Remark 1 [2]. M(xz,y,t) can be thought of as the degree of nearness between
2 and y with respect to t. We identify « = y with M(z,y,t) = 1, for ¢t > 0 and
M(z,y,t) =0 with £ = 0o or y = 00

Remark 2 [2]. In a fuzzy metric space (X, M, ), whenever M (x,y,t) > 1 —r for
z,yin X,t>0,0<r <1, wecanfind a ¢y, 0 < tyg < 1 such that M(x,y,tg) > 1—r.

Definition 3 [4]. A sequence {z,} in a fuzzy metric space (X, M, %) is said to
be a Cauchy sequence if for each €, 0 < € < 1 and ¢t > 0 there exists ng € N such
that M (2n, Tm,t) > 1 — e for all n,m = ng.

Definition 4 [2]. Let X (X, M, ) be a fuzzy metric space. We define the open
ball B(x,r,t) with centre z € X and radiusr, 0 <r < 1,¢ >0 as

B(.I,T’,t) :{yGX M(‘Iay7t) > 177‘}

Definition 5 [4]. Let (X, M,x) be a fuzzy metric space. Define T = {A C
X: x € A if and only if there exist 7, t > 0, 0 < r < 1 such that B(x,r,t) C A}.
Then T is topology on X. This topology is called the topology induced by the fuzzy
metric.

Then by Theorem 3.11 of (George and Veeramani 1994 [2]) we know that a se-
quence x, — z (z, converges to z) if and only if M (z,,x,t) — 1 as n — oo.

Definition 6 [2]. A fuzzy metric space is said to be complete if every Cauchy
sequence is convergent.

Notation. Ma(z,y,t) denotes the degree of nearness between x and y with
respect to t when z,y € A.
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3. URYSOHN’S LEMMA AND GLUING LEMMA

Proposition 1 (Urysohn’s Lemma). Let (X, M, ) be a fuzzy metric space. Let
T be a topology on X induced by the fuzzy metric. Let A and B be distinct members
of r. Then there exists a fuzzy continuous function f: X — [0,1] such that f =0
onAand f=1on B.

Proof. Define a function f: X — [0,1] by

1— Ma(z,z,t)

fla) = Mp(x,z,t) — Ma(z,z,1)

Note that Mp(x,x,t)—Ma(x,x,t) #O0forany z € X. Ifx € A, Ma(z,x,t) = 1, then
f(x) =0. If x € B, Mp(z,2,t) =1, then f(x) =1— Ma(z,2,t)/1 — Ma(z,z,t) =
1. Since M (x,y,t) is fuzzy continuous (George and Veeramani 1994 [2]), f is fuzzy

continuous. O

Proposition 2 (Gluing Lemma). Let (X, M, *) and (Y, M, ) be two fuzzy metric
spaces. Let U;, i € I be members of fuzzy induced topology T on X such that
U Ui = X. Assume that there exists a fuzzy continuous function [3] f;: U; — Y
i€l
for each i € I with the property that fi(z) = f;(x) for allz € U;NU; and i,j € I.
Then the function f: X — Y defined by f(x) = fi(x) if x € U; is well defined and

fuzzy continuous on X.

Proof. Letz,y € X. Since f; is continuous for given r € (0,1), ¢ > 0 we can find
ro € (0,1),t/4 > 0 such that M (z,y,to) > 1 —rg implies M (f;(x), fi(y),t/2) > 1—r.
Now M(z,y,t/4) > 1 —ro. Let x € U;, y € U; for some i # j. Let z; € U; NU;.
Then

M(f(x), f(y),t/2) > M(f (), f(z:),t/4) * M(f(x:), f(y),t/4)
= M(fi(x), fi(wi), t/4) * M(f;(x:), £3(y),t/4)

>(1—-r)x(l—-r)=1-r

Therefore f is fuzzy continuous. O
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4. FuzzY CONTRACTION * MAPPING

Definition 7. Let (X, M, ) be a fuzzy metric space. A function f: X — X is
called a fuzzy contraction* mapping if M (z,y,t) > 1—(1—7r?) forall0 < 1—72 < 1.
Then M(f(z), f(y),t) =1 — (1 —73) for each z,y € X for some 1 — 73 <1 —7% 1.

Example 1. Counsider the fuzzy metric space (R, M, x), where R is the set of all
real numbers and M (x,y,t) =t/(t+ |z — y|). Let f: R — R and define f(z) = z/2.
Then M(z,y,t) = t/(t+ |z —y[) 21— (1—7*),t>0,0<1-—1r> <1 where
1—7r2>|z—y|l/(t+ |z —y|). Then

t
Tt [(@/2) — (y/2)]
1 (@/2) - w/2))
t+|(2/2) — (y/2)]

M(f(x), f(y),t)

>1—(1-12)

where
o |(z/2) — (y/2)]
1 0>t+|(x/2)*(y/2)‘.
Further,
o — | (I(=/2) — (y/2)])
(1—r2)—(1_r(2)) P> t+ |z -y - t+ |(x/2) — (y/2)]
|z — | %‘z*y‘

Tttlr -yl t+ la—y
[z —yl(t + zlz —yl) — glz =yl + |z —yl)
(t+ |z =yt + 5lz —y)

|z —ylt = 3(|z —ylt)
Tt e —yl)(E+ 5l -yl
(t/2)|z —y| _0
Tt eyt ple—yl

=

which implies that f is a fuzzy contraction® by Definition 7.

Definition 8. A mapping from a fuzzy metric space X to a fuzzy metric space
Y is said to be fuzzy continuous* if for given 1 —r2, ¢ > 0,0 < 1 —72 < 1 we can find
1—r% € (0,1), to > 0 such that M (z,y,to) > 1—(1—r3) implies M (f(z), f(y),t/2) >
1—(1—7r%).
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Proposition 3. Every fuzzy contraction® mapping on a fuzzy metric space is
fuzzy continuous®.

Proof. Let f: X — X be a fuzzy contraction® mapping. Therefore for z,y €
X, given 1 — 72 € (0,1), t > 0, we can find 1 — 73 € (0,1), t/4 > 0 such that
1—-rm2=0—-©0-73)* (1 - (1-7r2). Now M(z,y,t/4) > 1 — (1 — r2) implies
M(f(x), f(y),t/4) >1— (1 —s%) >1— (1 —rd) where 1 — s? € (0,(1 —r2)) (since f
is a fuzzy contraction* mapping). Let 1 € X. Then

M(f(x), f(y),t/2) > M(f(x), f(z1),t/4) * M(f(21), f(y),t/4)
SAI—1=-rN*x1—1—=r)))>1—(1—7r%),(1-r%€(0,1)

which implies that f is a fuzzy continuous™ mapping. O
Remark 3. The converse need not be true as the following example shows.

Example 2. Consider the fuzzy metric space (R, M, ) [2] where R is the set of
all real numbers and

M(Ly,t):m-

Let f: R — R and define f(x) = 2. Then

t
M(z,y,t) =

where (1 —72) > |z —y|/(t + |z — y|). Then
(t/2) _ t
(t/2)+ ] — 92| t+2(j2 —y2))
2l2% —y?|
t+2(|2% = ?))

M(f(z), f(y).t/2) =
>1—(1—72) where 1 —r2 >

which implies that f is a fuzzy continuous®™ mapping. However, M (f(x), f(y),t) =
t/(t+ 2% —y?]) > 1 — (1 — s?) where 1 — 5% > |2? — y2|/(t + |22 — y?|) since

2,2 _
(1752)7(177,2) > ‘LE Y | o ‘;E y‘
t+]e? —y?l b+ -yl

Stz —yDla® —y?| = (t+ |22 — y2])|z — y|
(t+ [ = y2|)(¢ + |z —y])
(2> ~?| | — y]) {

Tt ]2 =2t + |z - yl)

0 if x,y are integers

YA\

0 if x,y are not integers

and consequently, f is not a fuzzy contraction®* mapping.
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Proposition 4. Every fuzzy contraction® mapping on a complete fuzzy metric
space [2] has a unique fixed point.

Proof. Let f be a fuzzy contraction® mapping on a complete fuzzy metric

space (X, M, x). O
Uniqueness part. If possible let ¢y # 1o be two fixed points of f. Then we
have
zo = f1(x0) = fH(wo) = f*(x0) = ... = ["(20),
yo = f'(yo) = f*(wo) = f*(yo) = ... = ["(y0) for each n € N,
Now

M (x0,y0,t) = M(f"(x0), f"(yo)t) =1 — (1 —r?)/k"
> M(l‘o,yoﬂf) (: 1-— (1 — 7’2))
where k > 1, a contradiction, hence xy = yg. Therefore the fixed points are unique.
Existence part. Let o1 = f(20), 22 = f(21),..., 7 = f(Tn_1) = [P (21).
Then
M (2, Tpi1,t) = M (20), f7 (@2),8) 21— (1 —17) /K"

1 1
for some —— € (0, 1).

>1-
- 1—s2 1-s

Therefore,

1

A M ny&n 7t>1_—
(A) (rn T 1) > 1 -+

For a given ¢ = (m — n)t > 0, € > 0, choose ny such that 1/ng < . Then for
m = n = ng,

M(xp, wm,t') = M (20, Ty, ) * M(Tpg1, Tngo,t) % .o % M(Tim—1, T, t)
>(1-1-)N*«(1-0-5)N*...x(1-1-5)"")
1 1
>1—— for some — € (0,1) > 1—¢
n n

and hence {z,} is a Cauchy sequence. Since X is a complete metric space, this
sequence converges to, say, zgp € X. Now we assert that zg is a fixed point of f.
Consider n € N for 0 < 1 —r2 < 1, ¢ > 0. Then we have

M(f(ZO)vzmt) = M(f(Z0)7 f($0)7t/n + 1) * M(f(l‘o), f2(330)7t/n + 1) *oo
* M(f"(x0), z0,t/n+ 1),
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and since f is a fuzzy contraction* mapping, this is for £ > 1 and 1/(1 —s2) € (0,1)
greater than or equal to

Q-0 =2Nx1 -0 =) x(1 -0 —7%/k)*...
* (1= (1 —rH)/E" 1)« M(f"(20), 20, t/n + 1)
> (1= (1= 12)/k"P) % M(f"(x0), 20, t/n + 1)

for some p € N. Taking limit on both sides as n — oo we obtain

lim M (f(z0), 20,t) = nan;O(l — (1 =73 /E"TP) « nh_)rrgo M(f™(x0), z0,t/n+ 1)

= M(f(20),20,t) 2 1x1 = f(20) = 20
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