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Abstract. We use Brouwer degree to prove existence and multiplicity results for the
solutions of some nonlinear second order difference equations with Dirichlet boundary con-
ditions. We obtain in particular upper and lower solutions theorems, Ambrosetti-Prodi type
results, and sharp existence conditions for nonlinearities which are bounded from below or
from above.
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1. INTRODUCTION

Some existence and multiplicity results for periodic solutions of first and second
order nonlinear difference equations have been proved in [1]. They correspond to
Ambrosetti-Prodi and Landesman-Lazer problems for differential equations. The
purpose of this article is to show that the corresponding existence and multiplicity
results for solutions of second order ordinary differential equations with Dirichlet
boundary conditions also hold for second order difference equations.

In Section 2, we extend the classical method of upper and lower solutions to second
order difference equations of the form

Dme"’fm(xm):O (1<m<n—1)
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with Dirichlet boundary conditions
(1) 0 =0=x,.

The methodology of the proof is inspired by the one introduced in [12].

In Section 3, combining the method of upper and lower solutions and Brouwer
degree theory, we prove an Ambrosetti-Prodi result for solutions of the Dirichlet
problem for second order difference equations of the type

D*Tpy + My + fn(xm) =50t (1<m<n—1), zo=0=uz,,

where \; = 4sin?(n/2n) is the first eigenvalue of — D? with Dirichlet boundary condi-
tions (1), ¢}, = sin(mn/n) (1 < m < n—1) are the components of the corresponding
eigenvector ! and f,,(z) — 400 or to —oo if |z| — oo. We adapt the ideas of [5]
and [13]. One should notice that, in contrast to the results of [5] for the ordinary
differential equation case with g continuous only, where a weaker Ambrosetti-Prodi
conclusion was proved, we obtain here the classical Ambrosetti-Prodi statement.

In Section 4 we prove an existence result for solutions of the Dirichlet problem for
second order difference equations having a nonlinearity bounded from below or from
above. Brouwer degree theory is used, and in particular a special case of a result
in [10]. Landesman-Lazer-type existence conditions are obtained, and an example
shows that the assumptions are sharp.

For other multiplicity results for nonlinear second order difference equations using
upper-lower solutions and/or degree theory, see for example [2], [3], [4], [7], [8], [9],
[16], [17].

2. THE METHOD OF UPPER AND LOWER SOLUTIONS FOR SECOND ORDER
DIFFERENCE EQUATIONS

Let n € N fixed and (zo,...,7,) € R*™. Define (Dxo,...,Dz,_1) € R* and
(D?z4,...,D%x, 1) € R*~! by

Dzy = Zmg1 —Tm (0<m<n—1),

D%t = Tyt — 2T + 21 (1<m <n—1).

Let fi: R — R (1 < m < n—1) be continuous functions. We study the existence
of solutions for the Dirichlet boundary value problem

(2) D2xm+fm(xm):0 I<m<n—-1), zp=0=uz,.

Ifa,fe R, wewritea <O (a<f)ifa, <Biforalll <i<p(a; <fforall
1< <p).
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Definition 1. « = (ag,...,an) (8 = (Bo,-..,0n)) is called a lower solution
(upper solution) for (2) if

(3) @ <0, a, <0 (Bo =0, Bp =>0)
and the inequalities

(4) D?*ay + fon(am)

>0
(D?Bm + fm(Bm) <0

, respectively) (1<m<n—1)
hold. Such a lower or upper solution will be called strict if the inequalities (4) are
strict.

The proof of the following result is modeled upon the one given in [12] for the case
of second order ordinary differential equations.

Theorem 1. If (2) has a lower solution o = (av, ..., «y) and an upper solution
B = (Bo,...,0n) such that a < 3, then (2) has a solution x = (xy,...,x,) such that
a < x < 8. Moreover, if a and 3 are strict, then o, < Tm < Bm (1< m < n—1).

Proof. I. A modified problem. Let y,,: R— R (1<m<n—1)be
continuous functions defined by

Bms T > Bm,
'ym(x) =47, o < 2 < B,

Oémv 517<05m7

and define F,, = fp, 0 vm (1 < m < n—1). We consider the modified problem
(5)  D*Tpy 4 Fon(m) = [Zm — Ym(zm)] =0 (1<m<n—1), 20=0=x,,

and show that if z = (xo,...,z,) is a solution of (5) then o < = < 8 and hence z is
a solution of (2). Suppose by contradiction that there is some i, 0 < ¢ < n such that

a; —x; > 0 so that o, — @ = Jmax (aj — xj) > 0. Using the inequalities (3), we
IIN

obtain that 1 < m < n — 1. Hence
D2(05m - xm) = (am+1 - $m+1) - 2(am - xm) + (Oém,1 - SCm,1) g 0;
and

D2am < DQ.’L'm = _Fm(wm) -+ (xm — 'ym(xm))
= —fm(am) + (@m — ) < —fnlowm) < D?am,
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a contradiction. Analogously we can show that z < 8. We remark that if «, 3 are
strict, then am, < Ty < B (1 <m <n—1).

II. Abstract formulation of problem (5). Let us introduce the vector
space

(6) Vil ={z e R 2o =0=12,}

endowed with the orientation of R™t!. Its elements can be associated with the

coordinates (z1,...,2,-1) and correspond to the elements of Rt of the form

(0,21,...,7,_1,0), so that the restriction D? to V"~! is well defined in terms of

(z1,...,2n—1). We use the norm [|z|| := max |z;] in V"' and ax |z;| in
1<j<n—1 1<jsn—1

R*~!. We define a continuous mapping G: V"1 — R*~! by
(7) G () = D%ty + Fr(@) — [Zm — Ym(zm)] (1< m <n—1).

It is clear that the solutions of (5) are the zeros of G in V"~!. In order to use
the Brouwer degree [6], [14] to study those zeros, we introduce the homotopy G:
[0,1] x V=1 — R~ defined by

(8) G\, ) = (1 = N\ (D*zp — ) + MG (2)
= D2 — Ty + MNEm () + ym(zm)] 1<m<n—1).

Notice that G(1,-) = G and that G(0, -) is linear.
III. A priori estimates for possible zeros of G. Let R be any num-
ber such that

F, m
) B>,  madFn(®) + 7o)

and let (\,x1,...,7,_1) € [0,1] x V™~ be a possible zero of G. If 0 < =, =

 Jnax  zj, then D%z, < 0. This is clear if 2 < m < n — 2 and if, say, m = 1, then
IISN—

D2$1 :$2—2$1 =T —T1 — T <0,
and similarly if m = n — 1. Hence,
0> D% = T — AN Fn () + Y (Tm)],

which implies
T < max | Fon () + ym (2)] < R.
e
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Analogously it can be shown that —R < min x;, and hence

1<j<n—1

(10) Jall = max[a;] < R
for each possible zero (A, x) of G.

IV. The existence of a zero for G. Using the results of Parts II, III and
the invariance under homotopy of the Brouwer degree, we see that the Brouwer degree
d[G(A,-), Br(0),0] is well defined and independent of A € [0, 1]. But G(0, ) is a linear
mapping whose set of solutions is bounded, and hence equal to {0}. Consequently,
|d[G(0,-), Br(0),0]] = 1, so that |d[G, Br(0),0]] = 1 and the existence property of
the Brouwer degree implies the existence of at least one zero of G.

V. End of the proof. We have proved that there is some z € V"' such
that G(z) = 0, so x is a solution of (4), which means that o« < z < § and z is a
solution of (2). Moreover, if «, 3 are strict, then a,, < T < B (1 <m <n—1). O

Remark 1. Suppose that «, 0 are respectively strict lower and upper solutions
of (2). As we have already seen, (2) admits at least one solution z such that a,, <
Tm < Bm (1 <m < n—1). Define an open set

Qa»ﬂ:{(xlv"'vxnfl) Evnil: am < T <6m (1 gmgn*l)}

If o is large enough, then, using the additivity-excision property of the Brouwer
degree, we have

|d[G, Qa,p,0]| = |d[G, B, (0), 0] = 1.
On the other hand, if we define a continuous mapping G: vl el by
(11) ém(x) = D%ty + fru(zm) (1<m<n—1),

G is equal to G on €2, 3, and then

(12) 1[G, Qa,5,0]| = 1.
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3. SOME RESULTS ON THE DIRICHLET PROBLEM FOR SECOND ORDER
LINEAR DIFFERENCE EQUATIONS

Consider the Dirichlet eigenvalue problem
(13) D?%p + A0 =0 (1<m<n—1), 29=0=z,.

The following results are classical, but we reproduce them for completion. If we look
for a nontrivial solution of the form (for some 6 € R)

(14) T = Asinml (0 < m < n),
then one must have
sinfm —1)0 + (A —2)sinmf +sin(m+1) =0 (1<m<n—1)
or, equivalently,
(sinmb)[2cos0+A—2]=0 (1<m<n—1).
This system of equations is satisfied if we choose
(15) A=2—2cosb

and the Dirichlet boundary conditions gy = 0 = z,, hold if and only if sinnf = 0,

i.e.if and only if

k
0=0n:=— (k=12,....,n—1).

’
n

Consequently, the eigenvalues of (13) (in the increasing order) are

kr Lo kT
(16) /\k:2<lfcos;):4sm2% (k=1,2,....,n—1)
and a corresponding eigenvector ¢ = (cp’f, RN gpﬁ_l) is given by
k 2k -1k
(17) oF = (sin—ﬂ,sin—n,...,sinu) (k=1,2,...,n—1).
n n n

In particular, the eigenvector ¢! associated with the first eigenvalue

T o T
(18) A :2<1fcos£) —dsin® -,

n
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given by

2 1
(19) ol = (SinE,sin—K,...,Sin u)
n n n

has all its components positive. Furthermore, as the ¢* constitute a system of eigen-
vectors of a symmetric matrix, they satisfy the orthogonality conditions (@7, ©*) = 0
for j # k, where (-,-) denotes the inner product in R*~*.

We need some identities and inequalities for finite sequences satisfying the Dirichlet
boundary conditions. The first is a type of summation by parts.

Lemma 1. If (zg,...,2,) € R*! and (yo,...,yn) € R"™! are such that xy =
0 =z, and yo = 0 = y,,, the identity

n—1 n—1
(20) Z Ly Dy = Z YmD*,,
m=1 m=1

holds.
Proof. We have

n—1 n—1
Z xm(ym+1 — 2ym + ymfl) - Z ym(xm+1 — 2z, + xmfl)
m=1 m=1

n—2 n—1 n—2 n—1
= § TmYm+1 + § TmYm—1 — § YmTm+1 — § YmTm—1 = 0.
m=1 m=2 m=1 m=2

O
Define
@
(21) x=(T1,...,Tpn-1), j:<x’<'0>H<p1H2’ I=x-—1r,
so that

(Zwmsmm) o (1<m<n-1), (@Y =0

let?

Notice that

(22) D22, + M@ = D*(Z)m + M (T)m + D*(#)m + M (F)m
= D*(@)m + M (Z)m-
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Lemma 2. If x = (1,...,%n_1), then there exists a constant ¢, > 0 which

depends only on n such that

n—1
(max [(@)ml < en Z D (@) + M1 (@)l
m=
Proof. The applications
n—1
(X1, Tp_1) — (e [T, (xoy...,2n) — zzl | D2y, + M|,
m—

define two norms on the subspace V = {x € R"~1: (x,o!) = 0}. They are equivalent,
and the inequality above holds. (|

4. AMBROSETTI-PRODI TYPE RESULTS FOR SECOND ORDER
DIFFERENCE EQUATIONS

In this section we are interested in problems of the type
(23) D*Tpy + M + frn(@m) =s0- (1<m<n—1), zo=0=z,,

where n > 2 is fixed, f1,...,fn_1: R — R are continuous, s € R, \; is defined in
(18), ¢! is defined in (19) and

(24) fm(x) > 0as |zl 200 (I<m<n—1).

We prove an Ambrosetti-Prodi type result for (23), which is reminiscent of the mul-
tiplicity theorem for second order differential equations with Dirichlet boundary con-
ditions proved in [5].

The next lemma provides a priori bounds for possible solutions of (23).

Lemma 3. Let a,b € R. Then there is p > 0 such that any possible solution x of
(23) with s € [a,b] belongs to the open ball B,(0).

Proof. Let s € [a,b] and let (xg,...,2,) € R*"! be a solution of (23). Multi-
plying each equation by ¢! and adding, we obtain

n—1 n—1 n—1
s[ > (soin)Z] =Y [PnD’Tm + Mpnam] + D ohfn(@m)-

m=1 m=1 m=1
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But, using Lemma 1,

n—1 n—1
m=1 m:l

so that
n—1

(25) > o fm(zm) = slle'|*.
m=1

Using (24) we deduce that there exists a constant a > 0 such that
(26) [fm(@)] < fin(2) +a (L <m<n—1).

Using the equation (23), written in the equivalent form

(27) (D*2)m + M (Z)m + fn(@m) = sy, (1<m<n—1),

and the relations (25), (26) we have

n—1 n—1
Z |D2(‘%)m +)‘1( m|(pm Z |S(pm - fm(xm)lspm
m=1 m=1
n—1
< Isllle"® + D [ fm(@m)loh, < 2lsllle" H2+0<Zs0m,
m=1 m=1

which implies that there exists a constant R; depending only on a, b, n such that

n—1

(28) Y 1D (@)m + M (@)mlen, < Ru.

m=1

Using the relations (27), (28) and Lemma 2 , we obtain Ry > 0 such that
[fm(@m)| < By (1<m <n—1).

Hence the assumption (24) implies the existence of R3 > 0 such that |z,,| < Rs for
all<m<«<n—1. [l
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Theorem 2. If the functions f, (1 < m < n — 1) satisfy (24), then there is
s1 € R such that (23) has no, at least one or at least two solutions provided s < s1,
s = s1 or s > s, respectively.

Proof. Let
S; = {s € R: (23) has at least j solutions} (j >1).

(a) Sl 7é @
Take s* > | max 1(fm(0)/90}n) and use (24) to find R* < 0 such that

fm(Rigo}n) > s*go,ln 1<m<n-—1).

Then « with ap = 0 = o, and o = Rigp; <0(1<j<n-—1)is a strict lower
solution and § with 8; = 0 (1 < j < n) is a strict upper solution for (23) with s = s*.
Hence, using Theorem 1, s* € 5.

(b) If 5 € Sy and s > § then s € 5.

Let 2 = (Z1,...,%,) be a solution of (23) with s = 3, and let s > 3. Then

Z is a strict upper solution for (23). Take now R_ < 1?12 (Zm/pl,) such that
<m<n

fm(R_pk) > spl (1 <m < n—1). It follows that a with ap = 0 = v, and o =
R_¢} (1 <j < n)is a strict lower solution for (23), and hence, using Theorem 1,
s € S

(c) s1 = inf Sy is finite and S7 D |s1, 00].

Let s € R and suppose that (23) has a solution (z1,...,2,). Then (25) holds,
where from we deduce that s > ¢ := nzl oL HED fm. To obtain the second part of

m=1

claim (¢) S1 D |s1,00[ we apply (b).

(d) Se D ]81,00[.

We reformulate (23) to apply Brouwer degree theory. Consider the space V"~!
defined in (6) and the continuous mapping G: R x V"~1 — R*~! defined by

Gm(s,2) = D?Ty + M + frn(@m) — sgain (I<m<n-1).

Then (xo,...,2,) is a solution of (23) if and only if (z1,...,2,-1) € V" 1 is a
zero of G(s,-). Let s3 < s1 < sg. Using Lemma 3 we find p > 0 such that each
possible zero of G(s, ) with s € [s3, s2] is such that | max |Zm | < 0. Consequently,
the Brouwer degree d[G (s, -), B,(0),0] is well defined and does not depend upon s €
[s3, 52]. However, using (c), we see that G(s3,2) # 0 for all x € V"=, This implies
that d[G(ss,-), B,(0),0] = 0, so that d[G(s2,-), B,(0),0] = 0 and, by the excision
property, d[G(s2,), By (0),0] = 0 if ¢’ > o. Let s € |s1, 2] and let & = (&1,...,%,)
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be a solution of (23) (using (c)). Then & is a strict upper solution of (23) with

s =59. Let R< 12;2"(:%7”/@,1”) be such that f.,(Rpr,) > sapl, (1 <m < n—1).

Then (0, Rpl,...,RpL _;,0) € R**! is a strict lower solution of (23) with s = s.
Consequently, using Remark 1, (23) with s = s3 has a solution in Qg1 ; and

|d[g(52’ ')’ QRwl,ivo]l =1.

Taking o' sufficiently large, we deduce from the additivity property of the Brouwer
degree that

|d[g(527 ')7 BQ/ (O) \§R¢17i7 O” = |d[g(527 ')7 BQ’ (0)5 O] - d[g(527 ')7 QRtpl,;iv 0]|
= |d[g(527 ')7QR¢1,i7O]| =1,
and (23) with s = s, has a second solution in B,y (0) \ Qpgy1 4.

(e) s1 € 51.
Taking a decreasing sequence (o )ken in ]s1, 00[ converging to s1, a corresponding

sequence (7%, ...,zF) of solutions of (23) with s = o and using Lemma 3, we obtain
a subsequence (z7*,...,zJ*) which converges to a solution (z1,...,x,) of (23) with
s = 81. O

Similar arguments allow to prove the following result.
Theorem 3. If the functions f,, satisfy the condition
(29) fm(x) = —c0 as|z] 00 (1<m<n—1),

then there is s1 € R such that (23) has no, at least one or at least two solutions
provided s > s1,8 = s1 or s < S1, respectively.

Example 1. There exists s; € R such that the problem
Dgxm+)\1xm+|:17m|1/2 :530},1 I1<m<n—-1), zp=0==x,

has no solution if s < sy, at least one solution if s = s; and at least two solutions if
s > S71.

Example 2. There exists s; € R such that the problem
D%z, + Mz, —expa, =sph (1<m<n—1), zg=0=u2x,

has no solution if s > s1, at least one solution if s = s; and at least two solutions if
s < 871.
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5. SECOND ORDER DIFFERENCE EQUATIONS WITH A NONLINEARITY
BOUNDED FROM BELOW OR FROM ABOVE

Let n € N and let f,,, be continuous functions (1 < m < n —1). Consider the

problem

(30) D*T + My + frn(zm) =0 (1<m<n—1), x=0=um,.

Using the notation of Section 2, we define a continuous mapping G: V"*~! — R*~!

by
(31) G () = D*(2m) + Mm + f(zm) (1<m<n—1),
so that (0,21,...,7,-1,0) is a solution of (30) if and only if (z1, ..., x,_1) € V"~ !

is a zero of G. We also define F': V*~! — R*~! by
F(z) = (fi(x1), .., fa-1(zn-1)),
and call L: V"1 — R"! the restriction of D? + M\ I to V"~1. We have
ker L = {cp': c€ R}
and, by the properties of symmetric matrices,
ImL={ycR": (y,o") =0}

Consider projectors P: V"~ ! — V" 1 and Q: R*! — R*! defined by

1 1

_ 1P
‘23 Q(y)—<y7§0 >H<P1||27

%
o]

P(z) = (z,¢")

so that kerQ =Im L,Im P = ker L.

In order to study the existence of zeros of G using the Brouwer degree, we introduce

a homotopy G: [0,1] x V"~! — R*~! defined by

G\ z) =1 =ML+ QF)(z) + \G(z) = Lz + (1 = \)QF(x) + A\F(x),

which, for A = 1, reduces to G. We first obtain a priori estimates for possible zeros

of G.
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Lemma 4. If each function f,, (1 < m < n — 1) is bounded from below or from
above, and if, for some R > 0, one has

n—1
32 L 0 heneve i >R o a < —R
(32) Zlfm(:rm)cpm # whenever 1<5'n<1271xj > r 1<IJI_1<751(71IJ <

e

then there exists ¢ > R such that each possible zero (A, z) of G is such that ||z|| < .

Proof. Assume first that each f,, is bounded from below. Let (), x) € [0,1] x
Vn=1 be a possible zero of G. Applying Q and (I — Q) to the equation, we obtain

QF(x) =0, Lrx+AI—-Q)F(x)=0

or, equivalently,

(33) S Sk =0,
(34) (D?%)m + M (E)m + AMfm(zm) =0 (1<m<n—1).

We can then repeat the reasoning of the proof of Lemma 3 to obtain that

T <
(max |(@)m| < Ra.
Then, by (32) and (33), there exists 1 <k <n—1land1<!<n—1suchthat zy < R
and x; > —R. Consequently, (Z); = zr — (Z)r < R+ Rz and (%), = x; — (T); >
—R — Rjy. Therefore, for each 1 <m < n —1,

T 1
(i')m = m@}n < (R+ Rz) max (p—T = Rg,

Sﬁllg 1<m<n—1 Q.
@), Prn o
(@T)m = ol oy > —(R+ R2) e Pk —R3.

Consequently, ||z]| < o for some g > 0.
In the case when the f,, are bounded from above, if suffices to write the problem

Lz + F(z) =0

with L = —L and F = —F to reduce it to a problem with F bounded from below,
noticing that L and L have the same kernel and the same range. g
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Lemma 5. Let ¢: R — R be the continuous function defined by

n—2

(35) p(u) =Y fml(uph)e)
m=1

Then, under the assumptions from Lemma 4, we have

Proof. It is a special case of Proposition I1.12 in [10]. We prove it for com-
pleteness. If J: ker L — Im (@ is any isomorphism, then it is easy to check that
L+ JP: V* ! — R"! is an isomorphism and that (L + JP)~*h = J~1h for every
h € Im Q. Consequently,

L+QF =L+ JP—JP+QF =(L+ JP)[I[+(L+JP) ' (=JP+ QF)]
=(L+JP)(I—-P+J'QF).

Consequently, by the product formula of the Brouwer degree,

|d[L + QF, B,(0),0]| = |ind[L + JP,0]d[I — P+ J 'QF, B,(0),0]|
= |d[I - P+ J_IQFvBQ(O)aOH

Now, by the Leray-Schauder reduction theorem for the Brouwer degree, we have

|d[I — P+ J'QF, B,(0),0]| = |d[(I = P+ J 'QF)|xer ., Bo(0) N ker L, 0|
= |d[507]797 Q[a 0”

O

Theorem 4. If the functions f,, (1 < m < n — 1) satisfy the conditions of
Lemma 4 and if

(37) p(—R)p(R) <0,

then problem (30) has at least one solution.

Proof. It follows from Lemma 4, Lemma 5 and from the invariance of the
Brouwer degree under a homotopy that

(38) |d[G, B,(0),0]| = |d[G(1, -), B,(0),0]| = |d[G(0, ), B,(0), 0]|
= |d[L 4+ QF, B,(0), 0] = |d[e, ] 0, o[, 0]| =
the last equality coming from (37). O
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Example 3. The problem
D*Tp + My +eXpTry — L =0 (1<m<n—1), 20=0=ua,,

has at least one solution if and only if (t1,...,t,_1) € R*™! is such that

n—1
Z tmpm, > 0.
m=1

Necessity follows from summing both members of the equation from 1 to n — 1 after
multiplication by ¢!, , and sufficiency from Theorem 4, if we observe that there exists
R > 0 such that the function ¢ defined by

Z exp(ugy,) = tm] @,
m=1

is such that ¢(u) > 0 for u > R and ¢(u) < 0 for u < —R.

Example 4. If g: R — R is a continuous function bounded from below or from
above and (ti,...,t,_1) € R"! is such that

n—1
Z tm‘:@}n
m=1

(39) —o0 < limsup g(z) < =—— < ggilgg(x) < 400,

T > Pm
m=1
then the problem
D%z + My +g(@m) —tm =0 (1<m<n—1), 2g=0=2x,,

has at least one solution.
Condition (39) is a Landesman-Lazer-type condition for difference equations. It

is easily shown to be necessary if limsup g(z) < g(z) < liminfg(x) for all x € R.

r— —00
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