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Abstract. In this paper, necessary and sufficient conditions for the existence of nonoscil-
latory solutions of the forced nonlinear difference equation

A(iEn - pniU-,—(n)) + f(na xa’(n)) =dn

are obtained. Examples are included to illustrate the results.
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1. INTRODUCTION

In this paper, we consider the nonlinear difference equation with a forced term

(1) A(Tp = pnTrmy) + F(0, To(n)) = G, n=1,2,3,...,

where A is the forward difference operator defined by Ax,, = xp4+1—2n, f: NXR —
R is a continuous function, and 7,0: N — N with lim o(n) = 4oo, lim 7(n) =
+00; {pn}, {qn} are real sequences. A solution of (1) ?s aoieal sequence x: dzoﬁned for
all n > min{ Ny, min o(n), min 7(n)} and satisfying (1) for all n > Ny. A nontrivial
n>No n>No
solution {x,} of (1) is said to be oscillatory if for any N > Ny there exists n > N
such that x, 12, < 0. Otherwise, the solution is said to be nonoscillatory.
Difference equations of neutral type have been studied by a number of authors in
recent years, for example, see [2-11,13] and the references contained therein. Various
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authors have obtained results guaranteeing the oscillation of equation (1), and we
cite the papers [2, 6-8]. In this paper we are interested in obtaining necessary and
sufficient conditions for the existence of nonoscillatory solutions of (1).

2. MAIN RESULTS

Let X denote the Banach space I} of all bounded real sequences = = {z,},n > N,

with the norm ||z|| = sup |z,|. We will use the following assumptions:
n>N

(i) [f(n, )] < [f(n,y)], provided [z] < |yl;
(ii) for each closed interval L = [dy,d2] (0 < dy < dg), there exists L(n) such that

‘f(’ll,l’) 7f(n,y)‘ < L(TL)‘.Z 7y" T,y € La

o0
and > L(i) < oo;
i=N

(iii) wo]z(n,x) >0 (x#0);
() 52 Jal < oo
=N

(v) there exists 7 € (0,1) such that

O0Spp,<1l—7 nz=N;
(vi) there exists r € (0,1) such that

r—1<p, <0, n>N;

(vii) |pn| <1—r,n>N,re(}1);
(viil) p, = 1.

Theorem 1. Suppose that (i), (ii) and (iv) hold. Further suppose that either (v)
or (vi) holds. If

(2) Z |f(n,d)| < oo for some d # 0,
n=N

then Eq. (1) has a bounded nonoscillatory solution {z,} such that liminf |z, | > 0.
n—oo

Proof. Define a subset Q of X as follows:

Q={zpn} CX: dy <z <|d|, n > N}
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and an operator 1" on €

o0 o0
1+ Pnr(n) + 20 fi o) = D0 @i = N,
=n =n

Tzn,, N < n < Ny,

Tz, =

where 0 < dy < r|d|, ¢; and Ny satisfy the following conditions: If (v) holds, di <
c1 < r|d| and Ny is sufficiently large such that 7(n) > N, o(n) > N asn > Ny > N
and

Z f(n,d) + Z lgn| < min{c; — dy,r|d| — e}

n=N; n=N1
and

i=N1
If (vi) holds, di + (1 —7)|d| < ¢1 < $(d1 + (2 —r)|d|), Ny is sufficiently large such
that 7(n) > N, o(n) > N as n > N; and

ST d+ Y lanl < —di = (1—7r)]dl.

TL:Nl TL:Nl

First, we claim that TQ C €.
If (v) holds, then for any « € Q, n > N; we have

Tr, =01 + Pnr(n) + Z f(l, $zf(i)) - Z qi

1=n

> = Y f(hzem) = D lail

i:Nl Z-:I\/vl
>c—(a—di)=d

and

Tan < crtpald + Y 1f (i wo@)| + Y lail er+ (L—=r)ld] + (rld] —e1) = |d].
i=N1 i=N1

If (vi) holds, then for n > N; we have

Tan > 1+ dlp, — Y [fGd)| = > |ail

i=N1 i=Ny
>ca—1-r)d —(c1—di —(1—=r)|d|) =dy
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and

Tz, < cHrZ\deHZ\qz

=N i=N1
<ecp+ec—d; —(1—7‘)‘6”
<t (2—)d —di — (1 —r)|d]
—1d|.

Therefore TQ C Q.
Next, we claim that T is a compression mapping on (2. In fact, for z,y € Q,
n > N1, we have

o0
T2y, — TYn| = |Pn(Tr(n) = Yr(n)) + Z (f(i200)) = F(E, Yoi))]
1=N1
o0
< pal sUp [z = yal + Y L)o@ — Yool
nzN =Ny
< (1ol + S ) sup b
i=N1

(1—r+ )Ilw—y\l

= (1-3)le—yl.

which implies that
1T - Tyl < (1- 1)z~ yl.

By the Banach fixed point theorem, T" has a fixed point z = {Z,} € . Obviously,
Z is a bounded nonoscillatory solution of (1) with liminf |Z,| > d; > 0. The proof is

complete. O
The following lemmas show the necessity of condition (2) for the existence of a
nonoscillatory solution {x,} with liminf |z, | > 0.
n—oo
Lemma 1. Assume that (i), (iii), (iv) and (vi) hold. If (1) has a nonoscillatory
solution {x,} with liminf |z,| > 0, then (2) holds.

Proof. Without loss of generality, assume that x, > d > 0, n > N. Let
Yn = Tn — PnTr(n) > 0. Then

Ayn =dn — f(naxa(n))~
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If (2) does not hold, summing the last equation we obtain

n—1 n—1 n—1 n—1
i=N1 1=N1 i=N1 i=N1
Then lim y, = —o0, a contradiction. The proof is complete. O
n—oo

Lemma 2. Assume that (i), (iii), (iv), (v) and 7(n) < n, n > N hold. Then the
conclusion of Lemma 1 is true.

Proof. Assume that z, > d > 0, n > N is a positive solution of (1). If (2)
does not hold, as in the proof of Lemma 1, we have lim y, = —oo. Then z,, is

n—oo

unbounded. Therefore there exists a sequence {nj} with klim ni = oo such that
—00

ZTp, = Max ,. Then
n<ng

a contradiction. The proof is complete. O
Combining the above results we obtain
Theorem 2. Assume that (i), (ii), (iii), (iv) and (vi) hold. Then (2) is a nec-

essary and sufficient condition for (1) to have a nonoscillatory solution {x,} with

liminf |z, | > 0.
n—oo

Theorem 3. Assume that (1), (ii), (iii), (iv), (v) and 7(n) < n,n > N hold. Then
(2) is a necessary and sufficient condition for (1) to have a nonoscillatory solution
{zn} with liminf |z,| > 0.

n—oo

Now we consider the case that p,, is oscillatory in (1).

Theorem 4. Assume that (i), (ii), (iv), (vii) and (2) hold. Then (1) has a
bounded nonoscillatory solution {z,} with liminf |z, | > 0.
n—oo

Proof. LetQ={{z,} € X: d1 <, <|d],n > N}, where0 < dy < (2r—1)|d|.
Define an operator T by (3), where ¢; satisfies d1 + (1 — 7)|d| < ¢1 < r|d| and Ny is
sufficiently large such that when n > Ny > N,7(n) > N,o(n) > N and

SOt d) + ) il < minf{ey —dy — (1= 7)|d],7ld] — e1}

i=N1 i=N,
and
= r
Nl
Z L(i) < 2
Z:Nl
The rest of the proof is similar to that of Theorem 1. O
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Similarly to Lemma 2 we can prove the following assertion.

Lemma 3. Assume that (i), (iii), (iv), (vii) and 7(n) < n, n > N hold. Then the
conclusion of Lemma 1 is true.

Combining Theorem 4 and Lemma 3 we obtain

Theorem 5. Assume that (i), (i), (iii), (iv), (vii) and 7(n) < n, n > N hold.

Then (2) is a necessary and sufficient condition for (1) to have a nonoscillatory
solution {x,} with liminf |z, | > 0.
n—oo

Remark 1. Theorems 1-5 are discrete analogues of the corresponding results
for the neutral differential equation [12].

Finally, we consider the case (viii).

Theorem 6. Assume that (i) and (viii) hold. Further assume that 7(n) is in-
creasing, 7(n) < n for all large n, and

oo

Z n|f(n,d)| < oo for some d # 0
n=N
and
(3) > nlgn| < oo
n=N

Then (1) has a bounded nonoscillatory solution.

Let
To(no) = ng, T""H( 0) =7("(ng)), n=0,1,2,...,

(o) = 77 (r" (n0)), n=0,~1, -

By a known result [13, Lemma 2.3], (3) is equivalent to
> 2 Hmdl<oo
J=0n=7"9(no)

and

(4) Z Z lgn| < oco.

J=0n=7-9(ng)
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Proof of Theorem 6. In view of (4), we can choose a sufficiently large ng

such that

DN | =

> Y lfma)<

and

Define

oo oo
i=n i=n
H, = n — 7(ng)
— = H <n < no,
P (no), T(ng) <m < ng
0, n < 7(no).

Clearly, H,: N — R. Define
(6) Yn = Z H‘r’"(n)a n z ng.
m=0

It is easy to see that yn, — Yr(n) = Hp, n =7 '(ng) and
(7) 0<y, <1, n=ng
Define a set 2 C X by
Q={{zn} CX: 0< 2y < Yn, n Zno}

and an operator S on ) by

o0 o0
Tr(n) + Zf(ivxa(i)) - Zqi, n = no,
i=n

Sxy, = i=n

Sz n n
Mﬂm(l—n—), 7(no) < n < no.
0

ToYng
By (5)(7), SQ C Q.

Define a sequence of sequences {x%}2 , as follows:

0 k k—1
Ty =Yn, T, =05z, ,n=ng, k=1,2,....
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By induction, we can prove that

0 1
Yn =Ty Z Ty = ..., N = T.

Then there exists a sequence {u,} € Q such that lim ¥ = w, and u, > 0 for

k—o0
n = ng, Uy = Suy, i.e.,
o0 o0
Up = Ur(p) + Zf(lvua(n)) ZQZ
i=n 1=n

Hence
A(un - ur(n)) + f(naua(n)) =dn-
The proof is complete.

Remark 2. We can establish a result similar to Theorem 6 for the neutral
differential equation

(@(t) —2(r(1)) + f(t,2(o(t))) = at).
Example 1. Consider the equation

(8) Alxn — 3ar(ny) +n 22l =", n=>N

o(n)
where lim 7(n) = oo, lim o(n) = 00,q, = e~ ™ and f(n,z) = n"22>.

For z,y € L = [dy,d2] (0 < dy < d2) and d > dy we have
[f(n,2) = f(n,y)l = n72[a® + 2y + || — y| < 3d°n 2|z —y].

(&)

Let L(n) = 3d>n~2. Then > L(i) < oo and Z @@, d)] = Z |d|?i~2 < oo. By
i=N =N

Theorem 1, (8) has a nonoscillatory solution {z,} with hm 1nf |xn| > 0.

Example 2. Consider the equation

_ n2—2n n
(9) A(.’L‘n — (—%)"xn_l) + (_%)n 13(;741T2(71;:1Ll)xn = %(_%)n - nQZ(nii)Za
where p, = (—3)" is oscillatory and satisfies (vii), f(n,z) = (—3)" 1%x
and satisfies (i) and (i), ¢, = 3(—3)" — nf&ihz satisfies (iv), 7(n) =n—1 < n and
oo (o)
—2n+1
d)] ()" d :
ng;v\fn ng;vg 1)2(n2+1)\ | <o

By Theorem 4, (9) has a bounded nonoscillatory solution {x, } with liminf |z,| > 0.
In fact, {x,} = {1+ n~2} is such a solution of (9).
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(10) Axy, — Tp-3) +

Example 3. Consider the difference equation

1 - _ 6n —95
nn+1)(n—-3)"""7" (n+Dnln—2)n—3)

It is easy to see that Eq. (10) satisfies all assumptions of Theorem 6. Therefore (10)

has a bounded nonoscillatory solution. In fact, {z,} = {1} is such a solution of
(10).

(1]
2]

3]

(4]

References

R. P. Agarwal: Difference Equations and Inequalities. Marcel Dekker, New York, 2000.
R. P. Agarwal, P.J.Y. Wong: Advanced Topics in Difference Equations. Kluwer, Dor-
drecht, 1997.

M. P. Chen, B. G. Zhang: The existence of the bounded positive solutions of delay dif-
ference equations. PanAmerican Math. J. & (1993), 79-94.

J. R. Graef, A. Miciano, P. W. Spikes, P.Sundaram, E. Thandapani: On the asymptotic
behavior of solutions of a nonlinear difference equation. Proceedings of the First In-
ternational Conference on Difference Equations. Gordan and Breach, New York, 1995,
pp. 223-229.

J. R. Graef, A. Miciano, P. W. Spikes, P. Sundaram, E. Thandapani: Oscillatory and as-
ymptotic behavior of solutions of nonlinear neutral-type difference equations. J. Austral.
Math. Soc. Ser. B 38 (1996), 163-171.

J. R. Graef, P. W. Spikes: Boundedness and asymptotic behavior of solutions of a forced
difference equations. Internat. J. Math. and Math. Sci. 17 (1994), 397-400.

J. R. Graef, J. Jaros, A. Miciano, P. W. Spikes: Oscillation and nonoscillation results for
nonlinear difference equations with a forcing term. Proceedings of the first International
Conference on Difference Equations. Gordan and Breach, New York, 1995, pp. 213-222.
B. G. Zhang, H. Wang: The existence of nonoscillatory and oscillatory solutions of neu-
tral difference equations. Dynam. Systems Appl. 6 (1997), 411-428.

B. S. Lalli, B. G. Zhang: On existence of positive solutions and bounded oscillations for
neutral difference equations. J. Math. Anal. Appl. 166 (1992), 272—-287.

B. S. Lalli, B. G. Zhang, J. Z. Li: On the oscillation of solutions and existence of positive
solutions of neutral difference equations. J. Math. Anal. Appl. 158 (1991), 213-233.

E. Thandapani, J. R. Graef, P. W. Spikes: On existence of positive solutions and oscilla-
tions of neutral difference equations of odd order. J. Differ. Equations Appl. 2 (1996),
175-183.

Wudu Lu: Existence of nonoscillatory solutions of first order nonlinear neutral equations.
J. Austral. Math. Soc. Ser. B 82 (1990), 180-192.

B. G. Zhang, H. Wang: The existence of nonoscillatory and oscillatory solutions of neu-
tral difference equations. Dynam. Systems Appl. 6 (1997), 411-428.

Author’s address: B. G. Zhang, Y. J. Sun, Department of Applied Mathematics, Ocean

University of Qingdao, Qingdao 266003, P. R. CHINA.

647



		webmaster@dml.cz
	2020-07-01T14:41:26+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




