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FINITE-TO-ONE FUZZY MAPS
AND FUZZY PERFECT MAPS

FrANCISCO GALLEGO LUPIANEZ

In this paper we define, for fuzzy topology, notions corresponding to finite-to-one and
k-to-one maps. We study the relationship between these new fuzzy maps and various kinds
of fuzzy perfect maps. Also, we show the invariance and the inverse inveriance under
the various kinds of fuzzy perfect maps (and the finite-to-one fuzzy maps), of different
properties of fuzzy topological spaces.

1. INTRODUCTION AND DEFINITIONS

In General Topology, the open maps has been very studied. The efforts has been
particularly concentrated on determining which classes of spaces are invariant or
inverse invariant under various kinds of such maps: open compact maps, open finite-
to-one maps, open k-to-one maps,...[1,2,3,6,9,10,11,17,18,19,21, 26).

Definition 1. [19] Let X and Y be topological spaces and f : X — Y be a map.
The map is said finite-to-one if f~1(y)is a finite subset of X for each y € Y, and is
k-to-one if f~!(y) consists of exactly k points in X for each y € Y.

In this paper we define for fuzzy topology notions corresponding to these maps.
We study the relationship between these new fuzzy maps and various kinds of fuzzy
perfect maps. Also, we show the invariance and the inverse invariance under the
various kinds of fuzzy perfect maps (and the finite-to-one fuzzy maps) of different
properties of fuzzy topological spaces in the Chang’s sense.

All the maps are assumed to be continuous and onto.
First, we summarize the definitions which we will use along this paper.

Definition 2. [13] Let (X,7) be a topological space and w(r) be the set of all
semicontinuous functions from (X, 7) to the unit interval equipped with the usual
topology, then (X,w(7)) is called the weakly induced fuzzy topological space by
(X,7).
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Definition 3. [13] A fuzzy extension of a topological property is said to be good,
when its is possessed by (X,w(7)) if, and only if, the original property is possessed
by (X, 7).

Definition 4. [20] If p is a fuzzy set in X, the set {x € X|u(z) > 0} is called the
support of p and is denoted by supp p.

Definition 5. [20] Let gy, p2 be two fuzzy sets in X, pjis said to be quasi-
coincident with ps, denoted by pigqua, if there exists ¢ € X such that pi(z) >
ph(z) where p is the fuzzy complement of .

Definition 6. [20] A fuzzy set in X is-called a fuzzy point if it takes the value 0
for all y € X except one, say z € X. If this value at z is @ (0 < @ < 1) we denote
this fuzzy point by z,.

Definition 7. [4] Let f be a map from X to Y. Let pbe a fuzzy set in Y, then
the inverse of y, denoted as f~1(u), is defined by f~1(x)(z) = p(f(z)) for all z in
X. Conversely, if p is a fuzzy set in X, the image of p, written as f(u) is a fuzzy
set in Y given by

SUp,ef-1(y 2)}, if f-1 0
f(m)(v) ={ Pres-1(y) {1(2)) (y) #

0, otherwise.

Definition 8. [4] A map f from a fuzzy topological space (X,7) to a fuzzy
topological space (Y, s) is F-continuous if the inverse of each open fuzzy set is open
fuzzy in (X, 7).

Definition 9. [27] A map f from a fuzzy topological space (X, 7) to a fuzzy
topological space (Y,s) is fuzzy closed (resp. fuzzy open) if f(u) is fuzzy closed
(resp. fuzzy open) in (Y, s), for each fuzzy closed (resp. fuzzy open) set p in X.

Definition 10. [4] A family of fuzzy sets {u;|j € J} is a cover of a fuzzy set p
if p < \V{ujlj € J}. A subcover of {y;|j € J} is a subfamily of it which is also a
cover. A fuzzy topological space is compact in the Chang’s sense, if each cover has
a finite subcover.

Definition 11. [12] A fuzzy set p in (X, T) is fuzzy compact in the Lowen’s sense,
if for all family of fuzzy open sets {u;|j € J} such that p < \/{g;|j € J} and for all
€ > 0 there exists a finite subfamily {u;|j € Jo} such that p —e < \/{u;|j € Jo}.

Definition 12. [8] A collection U of fuzzy sets in (X, T) is called g-cover of a fuzzy
sets p if for each = € supp p, u(s)q Vyey U. If each member of U is fuzzy open,
then U is called an open g-cover. A fuzzy set 4 in a fuzzy topological space (X, T') is
called g-compact if for every open g-cover U, of u, there exists a finite subcollection
Uo of U such that sup{1 — /¢y U)(2)|z € supp p} < p(z) for every = € supp p.
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Definition 13. [8] A map f from a fuzzy topological space (X,T) to a fuzzy
topological space (Y,S) is called fuzzy perfect, in the Ghosh’s sense, if f is onto,
fuzzy closed, F-continuous and f~!(yo)is g-compact, for each fuzzy point y, in Y.

Definition 14. [23] A map f from a fuzzy topological space (X,T) to a fuzzy
topological space (Y, S) is called fuzzy perfect in the Srivastava and Lal’s sense, if
f is onto, fuzzy closed, F-continuous and f~1(ya) is fuzzy compact in the Lowen’s
sense, for each fuzzy point y, in Y.

Definition 15. [5] A map f from a fuzzy topological space (X,T) to a fuzzy
topological space (Y, .S) is called fuzzy perfect in the Christoph’s sense, if f is onto,
fuzzy closed, F-continuous and f~!(ya) is compact in the Chang’s sense, for each
fuzzy point y, in'Y.

Let (X,7) and (Y,s) be two topological spaces‘and f : (X,7) — (Y,s) an
onto map. We denote f : (X,w(r)) — (Y,w(s)) the map given by f(z,)(y) =
supes-1(y){Za(t)} for each fuzzy point z4 in X.

Definition 16. Let (X,T), (Y, S) be two fuzzy topological spaces and I (X, T)—

~

(Y, S) be a fuzzy map. The map will be called finite-to-one fuzzy if supp f~1(y,) is
a finite subset of X for each fuzzy point y, in Y, and will be called k-to-one fuzzy
if supp f~!(ya) consists of exactly k points in X for each fuzzy point y, in Y.

Lemma 1.1. If the map f : (X,w(r)) — (Y,w(s)) is open fuzzy then the map
f:(X,7)— (Y,s)is open.

Proof. If A is open in (X, ), we have A = x;'((a,1]) for all @ € [0,1), x4 €
w(r), and then f(xa) = xy(a) € w(s) and f(A) is open in (Y, s). O
Proposition 1.2. If the map f : (X,w(r)) = (Y,w(s)) is finite-to-one fuzzy (resp.
k-to-one fuzzy), then the map f : (X,7) — (Y, s) is finite-to-one (resp. k-to-one).

Proof. If there exists y € Y such that f~!(y) is infinite (resp. card f~1(y) # k)
let

1 ify = y
n() = :
{ 0 ify'#y
Then, for each z € X,

if f@) =y

) 1
Flun@ = n(e) = { 0 S

ThUS, supp f_l(yl) and f‘l(y) have equal Ca»l‘dinals, and SUPP f—l(yl) iS inﬁnite
(resp. its cardinal is # k).
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2. RELATIONSHIP BETWEEN THESE FUZZY MAPS AND FUZZY
PERFECT MAPS

It is known that every open k-to-one continuous and onto map is a perfect map (1,
Lemmas 1 and 2]. Then it is natural to study the relationship between k-to-one
fuzzy maps and the various kinds of fuzzy perfect maps.

Remark 2.1. In general, fopen—k—to—one fuzzy map 7 f fuzzy perfect map in
the Christoph’s sense.

Indeed, let 1, : (X, T) — (X, T) be the identity fuzzy map. Clearly, 1, is 1-to-one
fuzzy map. But 171(z;) for z; crisp fuzzy point in X, is not fuzzy compact in the
Chang’s sense, because if z; < Vje(o,l) Kj, then 1 = sup{u;(z)|j € (0,1)}, and if p;
is an open fuzzy set in X such that pj(z) = j, for all j € (0, 1), there is not a finite
subfamily Jo C (0, 1) such that 1 = sup{uj(z)|j € Jo}. Then, 1, is not fuzzy perfect
map in the Christoph’s sense.

Proposition 2.2. If f: (X,T) — (Y, S) is a finite-to-one fuzzy map, then f"l(y(,)
is fuzzy compact in the Lowen’s sense for each fuzzy point y, in Y.

Proof. Let supp f‘l(ya) = {z,|r =1,...,k} for some fuzzy pont y,in Y, and
{pjli € J} be a family of open fuzzy sets in X such that f‘l(ya) < Vjes Hi-
Then a < sup{;(z,)|j € J} for every r = 1,...,k. Thus, for each € > 0 and each
r=1,...,k there exists j, € J such that o — € < p;j, (z,). We denote Jo = {jr|r =
1,...,k}, and we have that o — ¢ < sup{p;(z-)|j € Jo} for every r = 1,...,k, and
f‘l(ya) — €< Vjey, #j- Hence f‘l(ya) is fuzzy compact in the Lowen’s sense. O

Corollary 2.3. If fis an onto, F-continuous, finite-to-one closed fuzzy map, then
f is fuzzy perfect in the Srivastava and Lal’s sense.

Proposition 2.4. Iff: (X,T) — (Y, S) is a finite-to-one fuzzy map, then ft (Yo) 1s
g-compact for each fuzzy point y, in Y.

Proof. Let supp f~!(¥a) = {z|r = 1,..., k} for some fuzzy point yo in Y, and &
be an open g-cover of f‘l(ya)‘ Then for each z € supp f~(va), Zaq Vyeu U- Thus,
we have that @ > 1 — \/y¢y U(zr) for each r = 1,..., k, and there exists an Ur € U
such that U,(z,) > 1 —a foreach r = 1,...,k. Let Up = {Uy|r = 1, ..,k}. We have
that U is a finite subcollection of # and (1 — Vyey, U)(zr) = 1 —sup{U(z,)|U €
Uo} < a. Thus, sup{(1 = Vyey, U)(zr)lr = 1,...,k} < & = f7(ya)(z) for every

T € supp f‘l(ya). Hence f‘l(ya) is g-compact. a

Corollary 2.5. If fis an onto, F-continuous, finite-to-one closed fuzzy map, then
f is fuzzy perfect in the Ghosh’s sense.
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3. INVARIANCE THEOREMS

Now, we show the invariance’s theorems for the various kinds of fuzzy perfect maps:

Proposition 3.1. If the map f : (X,w(r)) — (Y,w(s)) verifies that f~1(ya)is
g-compact for every fuzzy point y, in Y, then f~1(y) is compact for every y € Y.

Proof. For every open cover U of f~!(y), we have that U* = {x,|U € U} is open
g-cover of f- !(ya)- Indeed: for each z € supp f- Yyq) is f- 1(y(,,)(an) = yo(f(2)) = a,
then f(z) =y, i) T XUye U(:c) =a+1>1, thus 251y XUy eu U

By the hypothesis, therg exists a ﬂmnt'e subcollection Ug of ll* such th~at, sup{(1—
Vyweus xv)(@)lz € supp f~1(va)} < f7!(ya)(z), for every z € supp f~*(ya) (or,
equivalently z € f~!(ya)). Then, (vxueu; xv)(z) + f~1(va)(z) > 1 for every
z € f~!(y) [8, Corollary 2.1], XUueuOU(I) +a > 1 for every z € f~1(y) (where

U, C U is a finite subfamily), z € UUEH0 U for all z € f~!(y) and, finally Uy covers
f~Y(y). Thus f~!(y) is compact. -

Corollary 3.2. If the map f : (X,w(r)) — (Y,w(s)) is fuzzy perfect in the Ghosh’s
sense, then the map f: (X,7) — (Y, s) is perfect.

Proof. It follows from the proposition and Lemmas 2.1 and 2.2 in [15]. a

Proposition 3.3. If the map f : (z,w(r)) — (Y,w(s)) is fuzzy perfect in the
Srivastava and Lal’s sense (or in the Christoph’s sense), then the map f : (X, 7) —
(Y, s) is perfect.

Proof. We have proved this in [15]. O

Theorem 3.4. Let (X,w(7)),(Y,w(s)) be two weakly induced fuzzy topological
spaces and f : (X,w(7)) — (Y,w(s)).be fuzzy perfect in the Ghosh’s sense (resp. in
the Srivastava and Lal’s sense, or in the Christoph’s sense), if:

(a) (X,w(r)) verifies the fuzzy version of a property P of topological spaces,’
(b) the property P is invariant under perfect maps,

(c) the fuzzy version of P is a good extension of P.

Then (Y,w(s)) verifies the fuzzy version of P.

Proof. The map f: (X, 7) — (Y, s) is perfect by Corollary 3.2 and Proposition
3.3. Then the result is clear. o
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Corollaries 3.5.

1. Hausdorff fuzzy topological spaces [24] are invariant by fuzzy perfect maps in
the various senses.

2. All the good extensions of paracompactness are invariant by fuzzy perfect maps
in the various senses.

Theorem 3.6. Let (X,w(r)),(Y,w(s)) be two weakly induced fuzzy topological

spaces and f : (X,w(7)) — (Y,w(s)) be fuzzy perfect in the Ghosh’s sense (resp. in
the Srivastava and Lal’s sense, or in the Christoph’s sense), if:

(a) (Y,w(s)) verifies the fuzzy version of a property P of topological spaces.
(b) the property P is inverse invariant under perfect maps,

(c) the fuzzy version of P is a good extension of P.

Then (X,w(r)) verifies the fuzzy version of P.

Proof. The map f: (X,7) — (Y,s) is perfect by Corollary 3.2 and Proposition
3.3. Then the result is clear. ]

Corollaries 3.7.

1. Haussdorff fuzzy topological spaces are inverse invariant by fuzzy perfect maps
in the various senses.

2. All the good extensions of paracompactness are inverse invariant by the various
kinds of fuzzy perfect maps.

(Received December 30, 1996.)
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