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TRANSFER FUNCTION COMPUTATION
FOR 3-D DISCRETE SYSTEMS!

GEORGE E. ANTONIOU

A theoretically attractive and computationally fast algorithm is presented for the deter-
mination of the coefficients of the determinantal polynomial and the coefficients of the ad-
joint polynomial matrix of a given three-dimensional (3-D) state space model of Fornasini-
Marchesini type. The algorithm uses the discrete Fourier transform (DFT) and can be
easily implemented on a digital computer.

1. INTRODUCTION

During the past two decades there has been extensive research in multidimensional
systems. This is due to the extensive range of applications, especially in signal and
image processing, geophysics etc., [2, 4, 5]. State space techniques play a very im-
portant role in the analysis and synthesis of systems with more than one dimension.
An interesting theoretical problem is to determine the coefficients of a transfer func-
tion from its state space representation and vice versa. In going from the transfer
function to state space model a number of algorithms have been proposed [10]. In
the case where a two—dimensional (2-D) state space model is available the Leverrier,
Vandermode matrices or the DFT algorithms can be used to determine the trans-
fer function coefficients [7, 11]. The DFT has been used for the evaluation of the
transfer functions for one-dimensional regular [6, 9] and singular systems [1].

In this paper a computer implementable algorithm is proposed, using the DFT,
for the computation of the 3-D transfer function for the Fornasini-Marchesini 3-D
state space models. The proposed algorithm determines the coefficients of the de-
terminantal polynomial and the coefficients of the adjoint polynomial matrix, using
the DFT algorithm. The computational speed of the method could be improved
using the fast Fourier transform (FFT).

Three-dimensional (3-D) state space models of the Fornasini-Marchesini type
have the following structures [3]:

1This work was supported by the Margaret and Herman Sokol Faculty Award and the Faculty
Scholarship Incentive Program of MSU/CS.
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First F-M model

£(21 +1,i5 + 1,Z3+1) = All‘(il+1,i2,i3)+A2.’L‘(i1,i2+ 1,i3) (1)
+A3$(i1, iZy i3 + 1) + bu(ll ) i2y Z3)
y(i17i21i3) = clx(iI)iZ)ia)-

Second F-M model

17(11+1,12+1,13+1) AliL‘(ll+1,12,13)+A2$(21,12+1,13) (2)
+A3£C(i1,i2, i3 + 1) + blu(il + 1, iz, i3)
k +byu(iy, ia + 1,143) + bau(iy, iz, i3 + 1)
y(i1,92,43) = c'z(iy,12,13)

where, :I:(il,iz, i3) ER™, u(il,iz, i3) ER™, y(il,iz, ia) ERP,Ar,b,byfork=1,2,3
and ¢’, are real matrices of appropriate dimensions.

Applying the 3-D z;, (Vi = 1,2,3) transform to the systems (1) and (2), with
zero initial conditions, their transfer functions respectively become:

T1(21, z29, Z3) = CI [Izlzgz;; hd A121 b AQZZ b A32:3]_1b (3)
and
T2(21,22, 23) = C’ [IZ12223 - A12:1 — A222 — A323] X (blzl + b222 + b32’3). (4)

In the following section an interpolative approach is developed for determining
the transfer function T'(21, 22, 23), given the matrices Ag, b, by for k = 1,2,3 and ¢,
using the DFT. For the sake of completeness a brief description of the DFT follows.

2. 3-D DFT

Consider the finite sequences X (k1, k2, k3) and )~((r1,~r2, r3), ki, \i =0, M;, Vi=
1,2, 3. In order for the sequences X (ky, k2, k3) and X (ry, r2), r3), to constitute a 3-D
DFT pair the following relations should hold [8]:

Ml Mq M3
X(T1,T2,T'3) = Z Z Z X(kl,k2,k3) X Wl_klr1 Wz_kﬂ'ZWa“ksTa (5)

k1=0k2=0k3=0

M, M, M;

1 % r r2 ar3
X(k1,k2,k3) = = > Z Z X(ry,72,m3) X W Wy Wy (6)

r1=0r=0r3=0 )

where,
R= H(M, + 1) (7)

Wi = Cm)(Mit1) ;=193 ®)

X, X are discrete argument matrix valued functions, with dimensions p x m.
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3. FIRST F-M: DFT BASED ALGORITHM

The transfer function of the first Fornasini-Marchesini 3-D state space model (1)
has the structure,

N(Zl, 22, 23)
T = 9
(ZI,zz,za) d(21,22,23) ( )
where,

N(z1,22,23) = c' adj [Iz12023 — A121 — Agz2 — A3zs]b (10)

d(zl, 29, Z3) = det [1212223 — Az — Agzg — A3Z3]. (11)

Taking into consideration that
n = deg, [N(21,22,23)] = deg, [N (21, 22, 23)]

degz;, [N(zli 22, 23)]

and

n = deg, [d(z1,22,23)] = deg,,[d(21, 22, 23)]
= degzz[d(zl,zg,zs)]

where, deg, [], deg, [ ], deg, [] denote the degrees with respect to z1, 22, and z3,
respectively. Equations (10) and (11) can be written in polynomial form as follows:

DD DI FRWELE (12)

N(zl y 22, 23) =
k=0 A=0 u=0
n n n
d(z1,22,23) = ZZZqN,A,”zfzé\z:‘; (13)
k=0 )A=0 =0

where, Py, are matrices with dimensions (p x m), while g » , are scalars.

The numerator polynomial matrix N(z1, 22, z3) and the denominator polynomial
d(z1, 22, z3) can be numerically computed at R = H?:l(Mi + 1), points, equally
spaced on the unit 3 — D space. The R points are chosen as

Wi =W = e@m/Mit1) |y =1 93, (14)

The values of the transfer function (9) at the R points are its corresponding 3-D
DFT coefficients.
Moreover, we define

vi(r) = va(r) = v3(r) =W", Yr=0,...,n (15)

3.1. Denominator polynomial

To evaluate the denominator coefficients g, a4, define,

Aiyig,i3 = det [Ivl(il)vz(iz)v;;(i;;) — A1’U1(i1) — Ag‘vz(ig) - Aavfg(i;;)]. (16)
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Therefore using equations (13), (16) yield
Uiy inis = d[v1(i1), v2(32), va(i3)]. (17)

Provided that at least one of ai, i,,i; # 0.
Equations (13), (15) and (17) yield

@i iasis = i‘. Zn: i Qrp u W (rEHAT), (18)

£=0A=0pu=0

Using equations (18) and (5) it is obvious that, [a;, i, i,] and [gx,» ) form a DFT
pair. Therefore the coefficients gk . can be computed, using the inverse 3-D DFT,

as follows:
1 n n n ) ) )
Qe ppu = -1—2— Z Z Z aih’.:'isw('m+u)‘+la#) (19)

11=022=013=0

where, kK, A\, u=0,...,n.

3.2. Numerator polynomial

To evaluate the numerator matrix polynomial Py » ,, define
Fl'x,l'z,ia =c adj [Ivl(il)vz(iz)va(ia) - A1v1(i1) - szz(iz) - A3v3(i3)] b. (20)

Provided that at least one of Fy, i,,i, # 0.
Therefore using equations (10),(20), yields

Fiiz,is = N[v1(d1), v2(iz), va(is)]- (21)

Equations (12), (15) and (21) yield

n n

n
Fivins = 3 9 ) Prp W ~(ietiaktion), (22)
k=0

r=0r=0

Using equations (19) and (5) it is obvious that, [F;, ;, i,] and [P, ] form a DFT
pair. Therefore the coefficients Py ), can be computed, using the inverse 3-D DFT,
as follows:

1 &I o
Pn’,\'” = -E E Z Z F‘.h'.,".sW(un+u)\+lall) (23)
‘1:0 i2=0i3=0

where, kK, A\, p=0,...,n.
Finally, the transfer function sought is,

N(z1, 23, 23)

d(zly 22, 23) (24)

T(z1,22,23) =
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where,

n n n
2
N(z1,29,23) = E E ZP,C',\,,,::fz2 25

K=0)A=0 u=0
n n n

—_ K, A B

d(21,2’2,23) = § :2 :E k21 2223 -
£=0A=0u=0

A synopsis of the proposed algorithm is depicted in Table 1.

Table 1
let
n = dim(I) =dim(A,) = dim(Az) = dim(A3)
W, = 6(2"1')/(M.'+1)’ Vi=1,2,3

for r =0 to n do
let
vi(r) =va(r) =v3(r) = W', ¥r=0,...,n
for 1 = 0 to n do
for 12 = 0 to n do
for 13 = 0 to n do

compute
a.'hl‘m.'a = det [Ivl (il)vz(i2)113(i3) — A1 v (u) - Az'vz(l'z) - As‘va(ia)]
Fil:‘z.‘a = C' adj [I‘U](ﬁ)vz(iz)vs(is) —Ajv (11) - szz(iz) e Aavs(is)]b
end for
end for

for 131 = 0 to n do

for i, = 0 to n do

for 13 = 0 to n do
compute

I p = % zn: 2": Xn: @iy ia)is wlirrtiadtisn)

13=0i3=0143=0
1 n n n
i diaAdi
Poaw = D 7Y D Fiyig i Wl
i1=0i3=0i3=0

end for
end for
then

n n n
§ : § : § : K_A
PK,A,yZI Z2 Z;

N(Zl, 22, Za) _ k=0 A=0 u=0

d(zl',zz,zs) n n n X A u
E E E 9r,\u?1 2223

k=0 A=0 u=0

T(zl)zzyzii) =

543

(25)

(26)
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4. SECOND F-M: DFT BASED ALGORITHM

The transfer function of the second Fornasini-Marchesini 3-D state space model has

the structure,
N(Zl y 22 23)

d(Zl, 22, 23) (27)

T(Zl, z2 23) =

where,

N(z1,22,23) = ¢’ adj [Iz12223—A121— A2y — Azz3] X (b121+baza+b323)(28)
d(zl, 29, 23) = det [1212‘223 — A1z —Ayzy — A3Z3]h (29)

Taking into consideration that

n = deg, [N(z1,2,2s)] = deg, [N(z1,22,23)]
= deg,, [N(21, 22, 23)] '

and

3
Il

degzl [d(zl! z2 23)] = degzz [d(zl ) 22y 23)]
= degzz[d(zl, 23, 23))

where, deg, [], deg,,[], deg,,[] denote the degrees with respect to 21,23, and zs,
respectively. Equations (28) and (29) can be written in polynomial form as follows:

N(21,22,Z3) = ZZZPMA,I‘Z?Z‘;‘Z;’; (30)

£=0A=0pu=0

YN ki (31)

k=0 A=0 u=0

d(zl) 22, 23)

where, Py » . are matrices with dimensions (p X m), while gk x,, are scalars.

The numerator polynomial matrix N(z1, 22, 23) and the denominator polynomial
d(z1,22,23) can be numerically computed at R = H?zl(M,- + 1) points, equally
spaced on the unit 3-D space. The R points are chosen as

W; =W = Pm/(MAD) |y =193 (32)

The values of the transfer function (27) at the R points are its corresponding 3-D
DFT coefficients.
Moreover, we define

v(r) =va(r) =va(r) = W", Vr=0,...,n. (33)

4.1. Denominator polynomial

To evaluate the denominator coefficients g, »,u, define,

Qi) igis = det [Ivl(il)vz(iz)v;;(ia) - Alvl(il) - szz(iz) - A3v3(i3)]. (34)
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Therefore using equations (5) and (34) yield
@iy igyis = dvi(i1), va(i2), v3(da)]. (35)

Provided that at least one of ai, i, i; # 0.
Equations (31), (33) and (35) yield

@iy igsis = Sn_: i i qN’A,“W—(mmxmu)‘ (36)

£=0 A=0 u=0

Using equations (36) and (5) it is obvious that, [ai, i;,i,] and [gx,»,,) form a DFT
pair. Therefore the coefficients gk, can be computed, using the inverse 3-D DFT,

as follows:
Txapu = Z Z Z a“)u,zaW(lm-l—uXﬂa#) (37)

11—0 12=043=0

where, K, A\, p=0,...,n

4.2. Numerator polynomial

To evaluate the numerator matrix polynomial Py » 4, define

Fil,iz,ia = c' adj [Ivl(il)vz(iz)v;;(ia) - Alvl(il) - Az'vz(ig) - A3v3(i3)]

X(bl V1 (11) + bzvz(iz) + b31)3(’i3)). (38)
Provided that at least one of F;, ;, i, # 0.
Therefore using equations (5) and (38), yields
Fiy inis = N[v1(i1), va(d2), va(33)]- (39)

Equations (30), (33) and (39) yield

“”2"3 E Z Z Pn N ,_,W (un+:3/\+:3ﬂ) (40)

k=0r=0r=0

Using equations (40) and (5) it is obvious that, [ai,i,,i,] and [gx,x,,] form a DFT
pair. Therefore the coefficients gk, can be computed, using the inverse 3-D DFT,

as follows:
R”\’“ R Z Z Z F'1,12.13W(11K+12A+13u) (41)

11_0 12=01i3=0
where, ,\,p=0,...,n »
Finally, the transfer function sought is,
N(Z], 22, 23)

d(z1, 22, 23) (42)

T(z1,22,23) =

where,
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n n n
K A B
D20 Prausf s,

N(ZI,ZZyZS) =
k=0A=0pu=0
n n n
_ A B
d(21,22,23) = E E E qx,\,u21 22 23 -
K=0 =0 p=0

A synopsis of the proposed algorithm is depicted in Table 2.

Table 2
let
n = dim(I) = dim(A;) = dim(Az2) = dim(A,)
Wi e(2‘"'.1‘)/(1"1.‘‘l'l), Vi=1,2,3
for r =0 to n do
let
vi(r) = va(r) = vs(r) = W', Vr=0,...,n

for 11 = 0 to n do

for 2, =0 to n do

for 13 = 0 to n do
compute

Qiy,ig,ia =
Fijisis = c adj [Iv;(il)vz(iz)vg(ia) —Ajvi(31) — Azv2(i2) —
x(b1v1(i1) + bzva(i2) + bava(is))
end for
end for

for 13 =0 ton do
for 1, = 0 to n do
for i3 =0 to n do

compute
ll—olg—Ols—O

i1=0i3=01i3=0

end for
end for
then

ZZZP" AuZ1 23 z:’,‘

N(ZlyZQ)ZS)

k=0 A= Op_

T(z1,22,2) = d(z1,22,23)

33 Yttt

k=0 A=0 u=0

G.E. ANTONIOU

(43)

(44)

det [Tvi1(i1)v2(32)v3(i3) — A1v1(i1) — Azvz(i2) — Agvs(ia)]

Asv3(is))
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5. CONCLUSION

In this paper the well known DFT algorithm has been used for determining the coef-
ficients of a 3-D transfer function from its 3-D state space of Fornasini-Marchesini
type. The algorithms are theoretically straight forward and can be easily imple-
mented. The results presented here can be extended to multidimensional case.

(Received September 24, 1999.)
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