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STABILITY OF STOCHASTIC OPTIMIZATION
PROBLEMS — NONMEASURABLE CASE

PETR LACHOUT

This paper deals with stability of stochastic optimization problems in a general setting.
Objective function is defined on a metric space and depends on a probability measure which
is unknown, but, estimated from empirical observations. We try to derive stability results
without precise knowledge of problem structure and without measurability assumption.
Moreover, e-optimal solutions are considered.

The setup is illustrated on consistency of a e-M-estimator in linear regression model.

Keywords: stability of stochastic optimization problem, weak convergence of probability
measures, estimator consistency, metric spaces
AMS Subject Classification: 90C15, 90C31, 62F10

1. INTRODUCTION

We consider a general scheme of stochastic optimization problem in this paper. Our
task is to derive stability of a given stochastic optimization problem. We work on
a metric space and consider e-solution of the stochastic optimization problem. We
do not require measurability in this paper. Observed data, approximations and con-
sidered functions are assumed to be maps from probability space to a metric space,
only. Therefore, we become to be out of the standard theory based on measurability
assumption. The theory we employ is nicely explained in [20].

Working without measurability assumption, there are several concepts for con-
vergences almost surely and in probability. These definitions together with relations
between them can be found in [20], Chapter 1.9, pp.52-56. For convenience, the
reader can find relevant parts of this theory summarized in the Appendix.

We are working with the convergence almost surely. That means that we consider
convergence for every w € ) separately. This notion of almost sure convergence
is the weakest one. It can happen that an e-optimal solution converges almost
surely, although it does not converge in outer probability sense. This concept is
investigated in [17] where the author calls it “sample-path optimization”. We started
this approach to sensitivity of stochastic optimization in [13].

As an illustration of our general result we consider e-M-estimator in linear re-
gression model. There is a vast literature on the linear regression model, e.g.
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[1,2,7,8,9, 12, 14, 16, 18], etc. But, the results usually assume unique minimizer,
regressors are supposed i.i.d. or deterministic, errors are i.i.d., errors are indepen-
dent with regressors, estimator must be measurable, etc. Considered e-M-estimator
is a particular case of Asymptotically Optimal Estimators (AOE) introduced in [22].
Conditions under which the AOEs are consistent in probability are discussed in [22].
We present result on consistency almost surely.

Our paper requires no prescribed structure for observations and errors. We only
assume weak convergence of their common “empirical measure”. Also, we allow
nonunigness of the estimator and we do not require measurability of the estimator.

The last preliminary note concerns notation. For our purposes we need a bit
stronger notion of the standard weak convergence of probability measures. Therefore
we have to introduce a convenient notation.

Definition 1. Let u,u,, n € N be Borel probability measures on a metric space
Yand F C{f:Y — R | f is measurable }. We will say that p, converge F-weakly
to p iff

n—-+o0o

/ F@Wpn(dy) —— / fly for every bounded continuous
function f: Y — R;
/f Y) pin (dy) —>/ f)u(dy) for every f € F.

n—-+00

We will denote the convergence by

i —2 s .
n—-+4oo

Easy observation shows that p, f—+> w1 implies

/yf(y)ﬂn(dy P /f wu(dy) for every f € F,

where F denotes closure in supremal norm of linear hull of union F and all bounded
continuous functions.
For empty set of functions F we are receiving the standard weak convergence.

Therefore we will accept notation p,, —Jr—% w instead of puy, %L .
n— — 100

Let us note, that this stronger version of the weak convergence takes place very
often. For example, the strong law of large numbers for i.i.d. random variables can
be rewritten as

H—
Vp ——— v,  where
n—-+oo

v, is the empirical measure defined from observations till time n, v is the common
distribution of observations and H = {h:z € X — |z|}.
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Consequently, this strong law of large numbers can be written as

/f undym/f

for every continuous function f : Y — R fulfilling |f(y)| < A+ Bly| for all y € Y
and convenient A, B € R.

2. GENERAL RESULT

We consider an optimization problem written in the form
inf {f (x| o) | = € X}, 1)

where pg € P. We suppose X to be a metric space, P be a family of probability
measures defined on a metric space Y and f : X x P — R, where R = [—00, +00]
denotes the extended real line.

The objective function is known up to unknown probability measure pg. We
assume a procedure producing an estimation of py. We suppose to observe z; € Z; at
any time t € N. Let us note, that the setting covers the most typical situation if one
observes a sequence of data wq, ws, ..., wk, belonging to a metric space ¥W. Hence,
we group observations available at time ¢ € N in a vector z; = (wy, wa, ..., wg,) and

= WP¥t. From observed data we construct probability measure p; (+ | 2) on V.
These measures will play role of estimators for the “true” probability measure ug.

Let us introduce a denotation of objects of our interest. For a given function
f: X — R we are interested in minimal value, minimal solutions, and e-minimal
solutions

e(f) =nf{f(z) |[ze X}, (2)
O(f)={zveX | flx)=¢(N)}. (3)
Having ¢ (f) € R we can deal with
U(fie)={zeX | fx)<e(f)+e} Ve>0. (4)
Now, let us formalize the considered scheme in a list of assumptions.

Assumption Al. X, Y, Z;, t € N are metric spaces.

Assumption A2. P is a nonempty subset of all Borel probability measures on Y
and F C {f:Y — R | f is Borel measurable }.
(The set F is allowed to be empty.)

Assumption A3. The function f : X x P — R.
Assumption A4. ¢, > 0 for any £t € N and & = limsup,_,  ,, & < +00.

Assumption A5. For any ¢t € N, we observe Z; : 2 — Z;.
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Assumption A6. For any t € N, z; € Z;, p; (o] 2¢) is a Borel probability measure
on Y.
We denote Pemp = {p (o | 2) | 2t € 21, €N}

Assumption A7. pg € P and Pepp C P.
Assumption A8. ¢ (f(«|v)) € R for every v € P.

Assumption A9. Whenever Vn € N v, € Pemp and v, L:ia 1o, then there is a
n— oo

convergent sequence 6, € X , n € N such that

lim 0, € ®(f(+| o)) and limsupf (§n|yn) < o (f(e| o)) -

n— 400 n—+oo

Assumption A10. There is a compact set K C X such that
1. limJirnff (0n | vn) > (0| o) whenever
Vn € N v, € Pomp and v, i>M0,

n—-4o0o
vneN©6b,ecX, 0, 0 € K.

n—-+o0o
2. For any sequence of probability measures v;, € Pemp,
F—
Un % 1o and any open set G O K we have
n—-1+0oo

liminf inf f(0|v, f (o 3
lim inf inf | (0vn) > @ (F(e] o)) + £

In Assumption A5, © is just a set (of elementary events). Only later on, it will
be considered as a probability space (€2, A, prob). Assumptions A9 and A10 can be

expressed by means of lower and upper approximations treated in [15]. All of these
assumptions ensure existence of e-minimal solutions and their consistency.

Lemma 1. Let w € Q and assumptions A1— A8 are fulfilled, then always
U (f(o| e (o| Ze(w))) ;1) # O for any ¢ € N.

Proof. An e-minimal solution exists since ¢ (f (o | i1 (s | Zt(w)))) € R, accord-
ingly to Assumption AS. O

We have to recall a few from topological terminology.

Definition 2. For a sequence 7,,, n € N in a metric space W, we denote the set of
its cluster points by Ls(n,, n € N), i.e.

Ls(n,,n€N) = {¢ ew ’ 3 subsequence s.t. lim 7, = qp} .
n—-+o0o
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Definition 3. We say that a sequence 7,, n € N in a metric space W is compact
if each its subsequence possesses at least one cluster point.

Compact sequence in metric space possesses an equivalent description.

Lemma 2. Let n,, n € N be a sequence in a metric space WW. Then, the following
statements are equivalent:

1. The sequence is compact.

2. There is a compact L C W such that n, € L for all n € N.

3. The set {n, | n € N}ULs(n,, n € N) is compact.
Lemma 3. Let 7,, n € N be a sequence in a metric space YW and K C W be a

compact. If for every open set G O K there is an ng € N such that n, € G for all
n € N, n > ng, then the sequence is compact and Ls(n,, n € N) C K.

Other details and proofs can be found in any monograph on topology, e.g. [11].
These topological notions will be used in proof of following results.

Theorem 1. Let w € € be such that

pe (o] Zo(w)) 2% g

t——+oo

and Assumptions A1-A10 be fulfilled. Then, @ (f (o | 10)) N K # 0.
If 0, € W (f (o] (o] Zt(w)));er) for any ¢ € N then the sequence 6;(w), t € N is
compact and

@#Ls(ét(w),teN)C\Il(f(.m@);é)ﬂK. (5)

Proof.

1. Assumption A9 implies existence of a sequence 6; € X, t € N such that
Jlim G, € @ (F (-] o))

timsupf (8, | (] Z(w))) < (F (o 10)) -

S
t——+oo
2. Assumption A10 implies that for every open set G D K we have

limsupf (ét | e (o] Zt(UJ))) <o(f(elpo)) <o(f(elpo)) +€

t——+oo
l.IIl .Ilf .Ilf f 0 “ . Z (.d .
< tl—’+100 QEIX\G ( | t ( | t( )))

Therefore, 6, € G for all ¢ € N sufficiently large.
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Hence according to Lemma 3,

lim 6, € K.

t—-+4o0
We have found a point in KN ® (f (« | uo))-

Assumptions A4, A9, A10 imply that for every open set G O K we have

limsup f (ét(w) | 1ot (o] Zt(w)))

t——+oo

<timsup [ (8, | e (+] Ze())) + 2]

t——+oo

= fo 3 1 f f f9 . Z .
o (f(elpo) +&<Uminf inf £(O]pu (-] Z:(w))

Therefore, 6;(w) € G for all ¢ € N sufficiently large.

Hence according to Lemma 3 the sequence ét(w), t € N is compact and

@#Ls(@t(w),teN>CK.

. Let n € K be a cluster point of the sequence 0, (w), t € N and take a subnet

with lim, e étn (w) = n. According to Assumptions A4, A8 A9, A10, we
receive

flpo) < liminff (0, (@) | pe, (- 2, )

n—-+o0o

< limsupf (étn (W) | e, (o] 2¢,, (w)))
n——+00

< limsup {f (étn | e, (o] 22, (w))) + stn}
n—-+00

< o(f(e|mo)) te.

Hence,

neW(f(elmo);é) - O

Consider in addition € to be a probability space (2, A, prob). Then, if the weak
convergence take place for almost all w € €2 we have a convergence in almost sure

sense.

Theorem 2. Let Qy C Q be such that prob, (©¢) = 1 and for all w € Qg

pe (o] Zo(w)) 2% g

t——+oo
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and Assumptions Al-A10 be fulfilled. If 6, € W (f (o] (+] Z(w))) ;) for any
t € N then

p (00, W (F(elp0);8) NK) 20, (6)

t——+oo

where p is the metric of the metric space X.

Proof. For (6) it is sufficient to show

Jim p(@t( ), ¥ (f(.\,uo);é)mK):O, for any w € Q.

Let us assume w € Qg and A > 0 such that

lim sup p (ét(w), U (f(e|o);€)N K) > A.

t——+oo

Therefore, there is a subnet such that

p (étn (W), ¥ (f(e|p0);6)N K) > A for all n € N.
(

According to Theorem 1 the sequence 4975 w), n € N is compact and, hence, its

subsequence possesses a cluster point in W (f (« | 10) ;&) N K. Any such cluster point
n must fulfill p (n, ¥ (f (« o) ;6) NK) = A.
Consequently, n & W (f («| o) ;&) N K which contradicts our assumption.

Thus, (6) is proved. O

Our proof treats any trajectory separately. Therefore, we do not need measura-
bility of yt (+ | 2¢) with respect to z; € Z;. Also, selection of the e;-minimal solution
does not require measurability. Thus, it can naturally happen that the considered
objects are not random variables.

Theorem 3. Let Qp C Q be such that prob, (Q¢) = 1 and for all w € Qg

pe (o] Zow) 2= o

t—+oo
and Assumptions A1-A10 be fulfilled. If 8, € W (f (o] ¢ (o | Ze(w))) ;) for any

t € N is asymptotically measurable then

p (00, (F (1 10)32) NK) 220, (7)

t——4oo

Proof. Proof follows immediately from previous Theorem 2 and Lemma 9, in
Appendix, since the limit is deterministic. O



266 P. LACHOUT

Theorem 4. Let Qp C Q be such that prob, (©¢) = 1 and for all w € Qg

F—w
pe (o[ Ze(W)) T~ 1o
and Assumptions Al-A10 be fulfilled. If 6, € U (f (o] s (o] Zi(w))) ;) for any

t € N is strongly asymptotically measurable then

p (00 (F (-1 10):8) NK) —2=>0, (8)

t——+oo

prob*
—_

p (00,9 (F(+ 1 10):8) N K) 0. )

t——+oo

Proof. Proof follows immediately from previous Theorem 2 and Lemmas 7,8,
in Appendix, since the limit is deterministic. (]

3. LINEAR REGRESSION

As an example illustrating the theory presented in the previous section we offer a
linear regression model. Where, unknown regression coefficients are estimated by an
e¢-M-estimator.

We suppose to observe couples (Y7, X1), (Yo, X2),..., (Y, X;) connected by a lin-
ear regression model

Y;=X,'fo+e; Vi=1,2,... t (10)

Where Y; : Q — R, X, : Q — R? are mappings, e; :  — R are unobserved mappings
and By € © C R? is deterministic but unknown parameter.

Parameter set © expresses our a prior information about parameters. From the
problem setting, we can know that some functions of parameters are nonnegative or
having precise value, e.g. some parameters are nonnegative or bounded by a value,
some linear combinations of parameters are nonnegative or having precise value, etc.

As probability measures required in Assumption A6 we will employ empirical
probability measure defined from observations. Let us define denotation of an em-
pirical probability measure in a general case. Let W # ) and w1, wa, ..., w; € W.
Then, the empirical probability measure is defined for any A C W as the relative
number of observations hitting the set A, i.e. by the formula

t
1
&(A|w1,w2,...,wt)ZEZH[wieA]. (11)

i=1

Let us recall that if V is a metric space then empirical probability measure restricted
to Borel o-algebra of W is a Borel probability measure.

Unknown regression coefficients are estimated by an e;-M-estimator based on a
loss function defined by the formula

£(6) 1) = / ply — =7 B)u(dy, da). (12)
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Especially, for empirical distribution of observations we receive
f(ﬁ | gt (' | (ybxl)? (yanQ)a RN} (yt; mt)))
= /P(y - :ET/B) Et (dy,dl‘ | (9171171)» (yanQ)v RN (yt; zt))

t
1
=12 Pl f)

An g;-M-estimator is any B, €O fulfilling for all 8 € ©

f(Bt & (.|(Yl,Xl),(YQ,XQ),...,(Yt,Xt))) : (13)
< f(ﬁ | & (' | (Y17X1)7 (Y27X2)’ CER (Y;hXt))) + €t

Now, the studied situation is fully described and we are proceeding to assump-
tions. We introduce the following list of assumptions:

Assumption R1. © ¢ R? is a closed subset.
Assumption R2. ¢; > 0 for any £ € N and limsup,, , ., & = &.

Assumption R3. There are a Borel measure v defined on R%*! and Q; € Q such
that prob, (1) =1 and for all w € 4

£ (] (X1 (w),e1()), (X2(w),e2w)), -, (Xi(w), er(w))) ——v .

n—-+4oo

Assumption R4. For any § € ©
/p(e) v (dz,de) < /p(e + 2" (8o — B)) v (dz,de) .

Assumption R5. Function p: R — R is nonnegative and continuous.

Assumption R6. There are a function ¢ : Ry — R which is nondecreasing con-
tinuous and Qs C Q, prob, (Q2) =1 fulfilling:
1. Forallt e R p(t) < 9(Jt]).
2. Forallt >0 [4(le]+t|z|)v(dz,de) < +o0.

3. Forallt >0, we€ Qy
LS 0] + X)) = [ w(lel + tlal)v (d, de).

Assumption R7. Denoting

H, = Eminfinf{p(t) |t > At eRY,
M = inf {v({(z,e) € R4 |xT77é0}) |||7||:177€Rd},
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we require M > 0 and a balance
H,M > /p(e) v (dx,de) + &.

Lemma 4. For any A > 0 we have

lim inf v({(z,e) | & {xT’y| >A+lel}) =M. (14)

K400 ||ly[=1

Proof. Let A > 0.
1. Let v € R? and k € N, then
{(ac,e) | k|xT7’ > A+ |e|} C {(x,e) |xT77§O} .
Consequently,

lim sup ”iﬂlflz/({(x,e) | /g}x"'ﬂ > A+ |e|}) <M.
K—+o0 [[YII=

2. Consider a sequence 7; € R?, ||y%|| = 1 for all ¥ € N such that

va@!kwwu2A+kw%gm;vHuxwkwﬂw2A+MD+%.

The sequence belongs to a compact, therefore, it contains a subsequence
Yi;»J € Nand 4 € R? ||4]| = 1 such that

. lim Vk; = :Yv
Jj—+o0
iy ({(@ne) | 5T > A1l

= timinf v ({(@€) | [z 9] = A+ le]})

Hence, we have inclusion

{(a:,e) ‘ xT&;éO}

+oo +o0

1
= UN {(x,e) 2", | > |xT(:y_%j)\+h(A+|e|)}
J=1j=J J
“+o00 400
- U n {(z,e€) ‘ k;j |$T’Yk]-| >A+lel}.
J=1j=J

Because of o-additivity of the measure v, we have

liminf inf v ({(z,e) | K|zTy|>A+]el})

k=400 |v]|=1
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=liminfv ({(z,e) | k |:cT’yk’ > A+lel})

k—-+oo
= Jlim v ({(,€) | k|oTm,] > A+e]})
+o00 400
>v [ U M {@e) [ kT, > A+ el }
J=1j=J
>v({(z,e) [£T4#0}) =M. O

Theorem 5. Let Assumptions R1—-R7 be fulfilled and set
60 = [ ple+a" (G- A v(dn.de) WicO. (15)

Then, By € ®(g) and an estimator By (w) exists for every t € N, w € Q. For every
w € Qo = 1 N Oy the sequence F;(w), t € N is compact and

@#B@MJEMCW@Q. (16)
If, moreover, the sequence Bt, t € N is asymptotically measurable then
d (B0 (g:2)) 2= 0. (7)

If the sequence 3y, t € N is strongly asymptotically measurable then
d (0 (g:2)) =0, (18)
d (0 (g:2)) 0. (19)
Proof. We will show that this theorem is a particular case of Theorem 2.
We set X =) =R+,
1o (A) = /]I[(e + ' By, x) € AJv (dz,de) VA Borel subset of R¥*!

Pernp: {&(.\(yl,xl),...,(yt,xt)) |y17--~7yt ER, T1,...,T¢ ERd, TLEN},
P:PempU{MO}v
F={ly,z) =~ ¢(ly— =" Bo| + tl|=l]) | t>0} .

We will show that Assumptions A1—A6 are fulfilled.

1. Loss function is nonnegative, since p is nonnegative by Assumption R5, real
and defined on © x P. Particularly for 3 € © and y € Pemp

K
f3l) = 2> pln—olB) €R
i=1
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and for 8 € O,

F(Blpo) = /p(6+xT(v—ﬂ))V(dx,de)€R

because of Assumption R6 we have

F(31m) < [ w(el+ Iy = Bllel) v (do,de) < +oc.

Thus, Assumptions A3 and A8 are valid.

2. Let vy, € Pemp-

The measures possess an expression

v = &, (+1 @, 20), 087, 287), o 2l

Let us denote
H={(z,e) = Ple[+tl|zl]) [t >0},
() _ () _ ()7 .
e; Y; sz, sfy foralli=1,2,... k,,
& =&, (. | (x%"), egn)), (m;n), eg")), ol (x,(!:)7 eﬁ?)) .
Then for functions f, g, we have
[ @ egadnde) = [ floy— o s (dy.da)
[ e n,de) = [ oy - 2T Ao (o)
[ ool dn) = [ oo +e.0)tdnde),

/ 9(y, )10 (dy, dz) = / 9(z T Bo+ e, 2w (dz, de) |

whenever the integral exist. Therefore, we have the equivalence

w H—w
Vn Mo ~ fn v
n—-—+o0o n—-+oo

3. Let v, € Pempv 575n S (9; Vp L;W’MO and ﬁn 4)6
n—-—+0oo

n—-+oo

Let us fix € > 0.
Then, there exist T, Q and a compact K C R?! such that

180 = Boll ST for all m € N,
/ (6 (el + Tllol) — Qv (dr.de) < e
Y(lel+Tl=H>Q

V(RN K < % for all n € N.
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Now, we are able to derive a convergence.
(B |) = [ ol =27 By, o)
~ [ win{Qupty — =7 M o)
+ [ win{Quply a7 8} = min{@. ply — =7 9) bl do)
+/ (p(y — 2 Bn) — Q) vn(dy, da).
ply—aT Bn)>Q
(a) The function min{Q, p} is bounded and continuous. Therefore,

/mln{Q ply—zx ﬁ)}Vn(dyvdx) " to0

/min{Q,p(y — 2" B)}uo (dy, dz).

(b) The second term fulfills

‘/ min{Q, p(y — =" B,)} — min{Q, p(y — =" B)}v,(dy, dz)

<2+ ‘/ min{Q, p(y — =" )} — min{Q, p(y — =" B)}ru(dy, dz)

<2+ sup |min{Q,p(y — 2 Bp)} —min{Q, p(y — x " B)}
(z,2)EK

— 2
n—-+o0o

because p is continuous, according to Assumption R5, and, hence, uni-
formly continuous on each compact set.

(¢) The third term is smaller than e since

0< / (p(y — 27 Ba) — Q) vm(dy, dz)
P(U 1T6n)>Q
< / (@ (ly — 2" Bo| + Tz])) - Q) va(dy, dz)
P(ly—xT Bol|+T||z||)
- / W(ly — =" Bol + Tlz]))va(dy, dz)
- / min{Q, vy — 27 fol + Tlle|)va(dy, de)

- =
n—-+oo

/ By — = ol + Tlz]) — Q) o (dy, dx)
P(ly—xT Bo|+Tz|)>Q

- / (W(lel + Tllal) — Q) v (dz, de) < ¢
P(le|+Tlz|)>Q
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Thus, we proved

n—-+o0o

lim f(Bn|vn) = /P(y — 2" B)po (dy,dz) = f (8] o) -

Thus, Assumption A9 and the first part of Assumption A10 are verified. Ac-
tually, we proved more. We have proved continuity of the loss function at

© x {po}-

. The second part of Assumption A10 remained to be shown.

w
n—-+oo
Then according to Assumption R7, there is a number A > 0 such that

inf p(t) - M > f(Bo|po) +¢.
[t|>A

Let v, € Pemp, Vn 140-

Hence according to Lemma 4, we are able to find I such that

p(t) - inf V({($,€)|F‘.TT’)/’ZA+|€|}) > f(Bo|po)+¢.

inf .
[t|>A lIvll=1

Then, we define the required compact as

K={8€0 |[8-0Fl <T}.

For 8 € O, ||3 = Bo|| > T we receive following chain of inequalities:

F(Bvm) = / oy — &7 B)vn(dy, dz)

Y

/ p(y — " B)vn(dy, dz)
ly—aT B|>A

> ‘tilngp(t) v ({(m) [ ly—2"8]>A})

> inf o) v ({(.) [ 127 (5 = o)l > A+ Iy — 2T il })

V

. B — Po T
> mfpt-yn({y,x ‘FmT>A+y—azﬁ .
NS CAN TR B e o
For any § > 0, properly chosen sequence of 7, ||| = 1 and its cluster point

4, we have

liminf inf f (5 |v,)

n—+oo B¢ K

> inf p(t)-liminfinf {v, ({(y,2) [T |a"v|>A+|y—2"Bol}) |I7l=1}

T lt>A n—+o00

. T T T
> Inf p(t) liminf v, ({(4y,2) [T |z 9| > Aty —2' 5l })

> Inf p(t) lminf v, ({(4,2) [T]2"4] > Aty =2 ol + T |2 (3 = 9| })
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> inf p(t)-liminf v, ({(y,2) | T |xT’y| >(1+0)A+|y—z' Bl }

T t>A n—-+00
2 Inf p(t) o {@,2) [T]z"4] > A+ 0)A+|y—x" 5ol })
= ‘tilr;pr(t) v({(ze) | T]zT4] > (1 +6)A+]el}) .

Letting § vanish we have

liminf inf f(B|v,) > inf p(t)-v ({(z,e) |T|z"4| > A+]el})

n—-+o0 B¢ K I¢]>A
> f(Bolpo) +¢.
Thus, the rest of Assumption A10 is verified.
Assumptions A1—A10 are verified.

Assumptions R3 and R6 give us Qp = Q1 N Qy with prob, (29) = 1 such that for
every w € ()

E (] (X1 (W), e1(w)), (X2 (W), e2(w)), .. -, (Xu(w), er(w))) ——— v .

n—-+oo

All assumptions of Theorem 2 are valid, therefore, its assertion is also valid and that
coincides with assertion of this theorem.
Additional results follow immediately from Theorems 3 and 4. |

Let us note that this setup covers both linear regression with random covariate
X and, also, with covariate X lead by a deterministic design.

Considered e-M-estimator is a particular case of Asymptotically Optimal Esti-
mators (AOE). Definition of AOE together with a discussion on their consistency in
probability is published in [22].

APPENDIX

This auxiliary section contains all necessary theory on nonmeasurable mappings.
Definitions and relations are taken from [20], Chapter 1.9, pp. 52-56. All proofs can
be found in [20], also.
Definition 4. For a set B C € its outer probability is defined as
prob* (B) = inf {prob(A) | BC A,Ac A} (A1)
and the inner probability is
prob, (B) =1 — prob™ (2\ B) . (A.2)

Definition 5. For a mapping T : Q — R the outer integral is defined as
E*[T]=inf{E[U] |U>T,U:Q—R measurable and E[U] exists}  (A.3)
and the inner integral is

E.[T] = —E*[-T] . (A.4)
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Lemma 5. For any mapping 7": @ — R there exists a measurable function T* :
Q — R with

1. T* >T;

2. T* < U as for every measurable U : Q — RwithU>T.
The function 7™ is called a minimal measurable majorant of 7" and is not uniquely

defined.
The function T, = —(—T)* is called a maximal measurable minorant of T'.

Lemma 6. ForanyT:Q — R
1. E*[T] = E[T*] if one of these integral exists;

2. E.[T] = E[T] if one of these integral exists.

Definition 6. Let X be a metric space with metric d and X,,, X : Q@ — X, n € N
be arbitrary maps.

e X, , n € N converges in outer probability to X if for every ¢ > 0
prob® (d (X,,, X) > €) — 0. We use notation X, Pb X,

n—-+oo
e X,, n € N converges almost uniformly to X if for every € > 0 there exists a
measurable set A, C 2 with prob (A;) > 1 —¢ and
d(X,, X) — 0 uniformly on A, i.e. sup e d(Xn(w), X (w)) — 0. We use

notation X, ——— X.
n—-+oo
e X,, n € N converges outer almost surely to X if
d(X,, X)" — 0 almost surely for some versions of d (X,,, X)*. We use nota-
tion X, ——— X.
n—-+4oo
e X,,n € N converges almost surely to X if
prob, (lim,, o d (X,,, X) = 0) = 1. We use notation X,, ——— X.

n—-+oo

Definition 7. Let X be a metric space. The sequence X,, : @ — X, n € N of
arbitrary maps is called asymptotically measurable if

E*[f (Xn)] = B [f (X0)] ——=0 (A.5)

n—-+o0o

for every bounded continuous function f: X — R.

Definition 8. X, : Q) — X, n € N of arbitrary maps is called strongly asymptoti-
cally measurable if

F(Xn)" = f(Xn), ———0 (A.6)

n—-+o0o

for every bounded continuous function f : X — R.
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Lemma 7. Let X be a metric space, X : Q — X be Borel measurable and X, :
Q — X, n € N be a sequence of arbitrary maps. Then,

as™ . . rob™
o X, —— X implies X, P X;
n—-+oo n—-+oo

. X, “—S;>X if and only if X, —*— X.
Lemma 8. Let X be a metric space, X : 0 — X be Borel measurable and separa-

ble, and X,, : 2 — X, n € N be a sequence of arbitrary maps. Then, X, s x

n—-4o00o
if and only if X,

as

X and X,,, n € N is strongly asymptotically measurable.

n—-+oo

Lemma 9. Let X be a metric space, X : Q2 — X be Borel measurable and separa-
ble, and X, : 2 — X, n € N be a sequence of arbitrary maps, which is asymptotically

as . . rob*
measurable. Then, X,, ——— X implies X,, ——— X.
n—-+4oo n—-+oo
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