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CORRESPONDENCE BETWEEN SUBADDITIVE
INTEGRALS AND SMALL SYSTEMS

OLGA KULCSAROVA

In paper [1] there were presented two constructions. They are converse to each
other and give the bijective correspondence between equivalence classes of
semimeasures and small systems. In this note we shall use an analogous method for
an investigation of a correspondence between equivalence classes of subadditive
integrals and small systems.

Small systems were first studied in [2]. The notion of the subadditive integral was
introduced for example in [3]. We shall use the following notions. Let R be the set
of all real numbers, R " be the set of all nonnegative real numbers, Z™* be the set of
all nonnegative integers, Z'=Z"U{®}. For every ke Z" we put: oo +k=oo,
k™" =0. We define two functions:

r:R* -2z r(x)=inf{neZ":27"=x},

0 n=0
t:Z'>2Z' t(n)={n—-1 0<n<o,
[ n=oo

Definition 1. Let (X, X) be a measurable space. Let M be the set of all
measurable functions and S =M. A function J: S—R is called a subadditive
integral if the following conditions are satisfied:
1° S is an additive group; J(0)=0, J(f + g)=J(f) + J(g) for every nonnegative f,

gesS.
2° If f=g, f,geS, then J(f)=J(g). For feS, geM, |g|=f there is g €S.
3° If f,\\0, f.€S, n=1, 2, ..., then J(f,)\O. '

Remark. As an example one can consider the family S of all integrable
functions (with respect to a measure u) and the integral J(f) = [fdu.

Definition 2. Let K be the set of all finite measurable functions. Two subadditive
integrals I, J, defined on S = K are called equivalent if J(f) = 0<>I(f) =0 for every
fesS.
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Construction 1. Let J be a subadditive integral on S. For everyn € Z" we define
S.={feS: I(|fH=37"}.

Lemma 1. The system {S,}.-, obtained by the construction 1 has the following
properties:
(1) So>S:i>...o{0}.
(2) Ifl=g. feS, geS.>feS., neZ".
3) f,9,heS.>f+g+heS, neZ".
@) fu\0, n—>x, f.eS, neZ'>VneZ* AMeZ"
VYm=ZM: f.€S,.

Proof. Property (1) follows from the definition of {S.}.-o, (2) from the
definition of the subadditive integral. We prove (3). If f, g, h €S., then J(f + g +
h) = J(f+g+h|) = J(fD+I(g)+I(A]) = 3.37"=3"""" and from property
1° of the subadditive integral f+ g + h € S(», follows. The three properties are
satisfied for n = o, tco. Finally we prove (4). Definition 1 gives that for every
n € Z" there exists M € Z" such that J(|fu|)=37". Then for every m =M there is
J(fr) = J(fm) = 37" and f. €8S..

Definition 3. (i) By a small system is meant a sequence {S.}.-o of subsets of
S having the properties (1)—(4). Put S== [ S..
n=0

(ii) Two small systems {S.}n-o, {T.}n-o are called equivalent if Sw= T-.

Construction 2. Let {S.}.-o be a small system. For every f € S we define

h(f)=sup {neZ": feS.},
d(f)=27"",

I(f) = in {Zé(f,-);fngli,ﬁes, n ez*}.

Lemma 2. (i) The function § is a non decreasing function for every nonnegative
feSs.

(ii) For every aeR™ and f €S there holds the implication
6(f)§a :>feS,(,,).
Proof. (i) If f=g, then {n: feS.}o{n: geS,}, sup{n: feS,} = sup {n:

g €S} and 8(f)=5(g). B

(i) Since h(f)e Z", it is 5(f)=2""" = a <27“*'. It follows h(f)=r(a), i.e.
f €S,@ (cf. construction 2).
Remark. For feS there is §(f)=0<«f¢€S..
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Theorem. (i) Function I obtained by construction 2 is a subadditive integral.

(ii) If J is a subadditive integral on S and I is the subadditive integral obtained by
constructions 1 and 2, then I and J are equivalent.

Proof. (i) S is an additive group. By Lemma 1 function I has the properties 1°,
2°, 3° of the subadditive integral.

(ii) To prove the equivalence between I and J we use the inequality 8 (f) = 2I(f)

for every f € S. We show that for every finite covering |[f|= D fi, fi €S there is
i=1

a= 3523 5,
ie.

6(f)=2a.
If a=o or n=1, it is evident.
Hence let a <o, n =2 and |f|= D f.. We use the induction by n. We consider
i=1

two cases.
a) 6(f.~)<£21- for i=1,2,...,n.
We put

k =max {j: ]—Zlé(fi)<§} .

i=1

Itis 1<k<n,

k—1 k
a
S6(f)<3, Se()=2, ie. S 6(f)=5.
& 27 A 2 i1 2
By using the inductive assumption we have

k-1

and
6(fk)§l§5(ﬁ)=a.

Using Lemma 2 (ii) we get

k-1 n
Eﬁy fk) z flesr(a)’
=1 i=k+1

thus by Lemma 1 (property (2) and (3)) there is
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n
Ifl = Elf, € Sl(r(a)), f € Sr(r(a))-
=

From construction 2 it follows
h()Zt(r(@)=r@a)—1, 8(f)=2""“"P=2a.

b) Thereexistsi € {1, 2, ..., n} such that 6@)2%. We can suppose i =n. Then

n—1 -1
Se()=5. 8 (3f)=a. s¢)=a.
i=1 i=1
Now we can proceed as in the case a). There is I(f)=6(f), 6(f)=2I(f). It
follows I(f) = 0<>5(f) = 0. We shall prove that 8 (f) =0 is equivalent to J(f) = 0. If
8(f)=0, then h(f)= o, which implies fe []S.. J(|f|])=3"" follows for every
n=0

neZ", ie. J(f)=0. The converse implication can be proved analogously. There-
fore I(f)=0 is equivalent to J(f) =0, concluding the proof.
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CBsI3b MEXNOY CYBAIOWUTWUBHBIMHU MHTEIPAJIAMHU U MAJIBIMA CUCTEMAMH
Onsra Kyabyaposa

Pe3tome

B craTtbe uccienyeTcs CBS3b MEXAY IKBHBAJICHLMEA CYOa[UIMTHBHBIX HHTETPAIOB W MalbIMH
cucteMamu pyHKLIMHA.
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