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STABILIZATION OF SOLUTIONS OF CERTAIN
ONE-DIMENSIONAL DEGENERATE DIFFUSION
EQUATIONS

MAREK FILA, JAN FILO

0. Introduction

Stimulated by paper [1] we are concerned with the asymptotic behaviour of
nonnegative solutions of the initial-boundary value problem

u, = (um)xx +f(U) in (_L’ L) X R+’
w(+L,t)=0 in RY, 0.1)
u(x,0) = uy(x) in [—L, L],

where m > 1, u, is bounded and nonnegative, f satisfies the following set of
hypotheses:

(H1) feC'([0, ©0)), f(0) =0, f(0) < 0;

(H2) f(r) < cr” for some ¢ > 0and m> y > 1;

(H3) there exists ry> 0 such that f(r) >0 for r>r, and f(r) <0 for
0<r< Tos

(H4) there exists r, > 0 such that f’(r) > 0 for r > r,,

(HS) there exists r, > 0 such that ¢(r) = r"(mf(r) — rf’(r)) is positive and
nondecreasing for r > r, and @(r) <O for0 < r < r,.

These will be called the “hypotheses H”. For example, we might consider
f(r) = ar” — br with a,b > 0 and m > y > 1, which one may keep in mind as a
model growth term.

It is well known that the equation in (0.1) appears in various physical,
chemical and biological models. We mention only a model from biology, where
(0.1) describes the growth and spread of a spatially distributed biological
population, whose tendency to migrate is governed by the local population
density [2]. The form of the function f in our example corresponds to an
interesting case of the Verhulst law [2].

We begin by describing the set E(L) of nonnegative stationary solutions of
Problem (0.1). There are two critical values L, and L, such that
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(i) E(L)={0} for 0 < L < L,,

(1)) E(L,) consists of # = 0 and one positive solution,

(1)) E(L) ={0,p,q} for Ly < L < L,, where p and g are positive solutions

with p < gon (—L,L),

(iv) for L > L,, E(L) consists of the trivial solution, one isolated positive

solution ¢ and continua of solutions generated by p(., L,).

Aronson, Crandall and Peletier [1] studied E(L) for Problem (0.1) with
S() = u(1 — u) (u — a) and they find the structure of F(L) to be the same, but
there is a difference in the dependence of possible values of L on maxima of
positive solutions . This situation is indicated in the four diagrams in Figure 1.

flu)=uft-ulfu-a) flu) = au’-bu

L L
L Ly
L
Lo 0,
L 7 Unax Umax

Fig. 1

Our stabilization result is a slight modification of the results of [1], it turns
out that both the trivial solution and the large positive solution ¢ are stable.

The existence of global solutions is proved by the Galerkin method and our
proof is closely related to the work of Nakao [3].

1. Stationary solutions

A nonnegative function v is a stationary solution of Problem (0.1) when it is
a solution of the problem
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)"+ f(w)=0 in (—-L,L),
. o(+L) = 0. (I.1)

v is called a solution of Problem (1.1) iff w = 0" is a classical solution of
w' + f(w'm) =0, w(£ L) =

Obviously v =0 is always a solution of Problem (1.1). If v is a positive
solution of Problem (1.1), then there exists a x,e(—L,L) such that
0 < v(x) < v(xp) for xe(—L,L) and v'(x;) = 0. Conversely, let us seek con-
ditions which guarantee that the solution of the initial value problem

@) + f(v) = 0,
0(X) = 1, (%) = 0 (12)

is also a positive solution of Problem (1.1). Using standard manipulations we
obtain from (1.2)

%wme+mn@=nwmx (1.3)

where F(v) = j s () ds.

The hypotheses (H3), (H4) imply that there is @ > 0 (a > r) such that F < 0 on
(0,a) and F > 0 on (@, ). For ue (0, @), the values of the solutions of Problem
(1.2) lie in some interval [v;, v,], where v;, v, > 0 and v, = u for some ie{l, 2}.
Thus in order that a solution of (1.2) represents a solution of Problem (1.1) it
is necessary that y > a. If p > a, we can integrate (1.3) to obtain

f L‘) W—F(,u) 70) = |x, — x]. (1.4)

The integrand has a singular point at s = y, but by (H3) F(u) — F(s) = &u — s)
for some & > 0 and s near g, and so the singularity is integrable. For u > a we
have F(s) < F(u) if se€ (0, 1), thus we can define

ds, a < . (1.5)

T = V[_J Jﬂy) 0]

If 4 = a, the integrand in (1.5) may have a second singularity at s = 0. However,
from (H1) it follows that — F(s) = ks™*! for some k > 0 and s > 0 near 0, thus
S"T (= F(s)" " < k=2 =32 near s = 0. Since m > 1, T is well defined on
[a, o0). For a positive solution of Problem (1.1), v = 0 only at 4+ L. Therefore

T(p)=|xo — L| = |x + L|
from which we conclude that x, = 0. We have proved
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Lemma 1.1. Let the hypotheses (H1), (H3) and (H4) hold. Then v is a positive
solution of Problem (1.1) if and only if

m st
f M\/— e ds = |x|, |x| < L, (1.6)

where pela, o) and Le R* are related by the equation T(u) = L and a is the
unique positive root of F.

This lemma yields that the number of positive solutions of (1.1) is determined
by the number of roots of the equation 7(u) = L. The following result describes
the function T given by (1.5).

Lemma 1.2. Let the hypotheses H hold, then

(i) TeC([a, w0)) N C'((a, @),
(1) T(u) —» + oo as p— + o0,
(i) T'(u) > — o0 as u— a,
(iv) T'(u) has a unique root pye (a, o).

Proof. Write

2 S
swn= 27
(w) - (W) = F(u) (S)
If we set &s) = 2mF(s) — s"'f(s), we get
s =L [ @=a9s "
2udo (Flp) — F(5))*?

It means that Te C'((a, 0)). The proof of the facts that S(u) - S(a) as u - a
and S’(u) > — oo as yu — a employs the hypotheses (H1), (H3). The arguments
are exactly the same as in the proof of analogous statements in [1]. In order to
prove (i) introduce the substitution ¢ = s/u, which yields

e l !
S — di> " | et = J
W) = p" o JF) — Fln) il ﬁz\/F(u) F(tp) t

Fu) — F(tp) < %y’"f(,u) forg > r, (r, is from (H4)). This implies that J > Ku"?/

A/f(j if p is large enough, K is a positive constant. From (H2) we get
S(u) - + o0 as y— + 0.

For the proof of (iv) we use (HS), from which we obtain the existence of
1, > r, with &r) <0 for refr, u,) and &r) > 0 for r > p, (r@(r) = @(r)). If
1> i, then O(p) > 6(s) for 0 < s < p, hence S” (1) > 0 for p > u,. Therefore S’
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has at least one zero in [ry ;] In the same way as in [1] we could derive the

inequality

1 f PO = 50() iy,
207 Jo (F(u) — F(5))

for 4 which are roots of S’. (HS) implies that u@'(u) — s@(s) =0 if u=>r,,

s€[0, u] and on a set of positive measure this inequality is strong. Since S"(1) = 0

implies S”(u) > 0, there can be at most one zero of S”. Hence this completes the

proof.
Set Ly = T(y,) and L, = T(a). We distinguish four cases:
(1) T(u) = L has no solutions for 0 < L < L,, hence there are no positive
solutions of Problem (1.1) if 0 < L < L.

(i) T(u) = L has one solution for L = L,, therefore there is one positive
solution v(-, y).

(iii) T(u) = L has two solutions for L, < L < L,, there are two positive solu-
tions p(-, L), g(-, L) with p < g on (—L, L).

(iv) T(u) = L has one solution g, for L > L,, hence there is one positive
solution ¢(-, L) (of Problem (1.1)) which corresponds to y;. In addition,
there are families of nonnegative solutions of Problem (1.1) on (—L, L).
They are generated by p(-, L,) because F(a) = 0,s0 (p™)' (£ L,,L,) = 0 and
it follows that p(x, L,) extended as 0 for L > |x| > L, is a solution for
L > L,. More generally, let N be a positive integer and L > NL,. For each
N-vector z = (z,, ..., zy) which satisfies

—L<z—L,z;+ L <z,,—L,i=1,..,N=1,zy+L,<L, (1.7

S"(u) =

the function
_px—z,L) for |x —z| < L),
o2 {0 ifx—z|>L,i=1,..,N

is a nonnegative solution of Problem (1.1). We denote the collection of
functions o(x, z) where ze R" satisfies (1.7) as Pp(L).
The complete description of the set of the stationary solutions (this set will
be denoted by E(L)) is as follows:

Theorem 1.3. Let the hypotheses H hold. Then

{0} for 0 <L <L,
{O’ U(' uu())} for L= LO’
E(L) = {Osp(’L)’ q(’L)} for 10 <L < Lla

{0,9(-, L)} P(L)yU...uPWL) for L, <L,
N is the maximal positive integer for which NL, < L.
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In what follows the next lemma plays an important role.

Lemma 1.4, Let uje L°(—L,L), 0 < L < co. Then there exists L’ > L, such
that uy < q(-,L").

Proof. Denote g,=g¢(-,L,), where L, >L, n=1,2,..., L,— o as
n—oo,n,= [if_l{” q.(x) = q(x L), u,=4q,0). We show by contradiction that

M, — o0 asn — 0. Let there exist K > 0 such that 1, < K for all positive integers
n. From (1.6) we obtain

\/E Jﬂ" s,m 1 d
—_— s =
w VFR,) — Fs)

further

2 J”" §M 1
L> ds > (e ) A — K, 1.8)
f f(p,, > (Cﬂ' N, ) (

since F(u,) — F(s) < F(u,) < ¢ * 7 for K large enough. The last expression in
(1.8) tends to infinity as # — oo, which is the contradiction and we obtain the
conclusion.

2. Existence theorem for smooth initial data

We shall write D=(—L,L), Q;=D x (0,7), Q =D x R*. The function
spaces we use are almost familiar and we omit the definitions.

Theorem 2.1. Let T > 0 be arbitrarily fixed. Suppose that f is locally Lipschitz
continuous and satisfies (H2). If u, > 0, uye Hy(D), then Problem (0.1) admits a
nonnegative solution u(x,t) such that

@+ ") (e L0, T]: LA(D)),
w'(1)e L*([0, o0); Hy(D)) n H'([0, T1; LX(D)).
u(f) e C([0, c0); LA(D))

and the equation is satisfied in the sense that

J u()e(r)dx + JL (—up, + W").p, — flwe)dxds = L up(0)dx, (2.1)
D t

0<t<T,forall pe C*(Q,) such that p=0at x = +L,0 <t < T. Moreover
the following estimate holds:

———;f 1™+ 02 () 72y ds + V(D)) < V) (2.2)
(m+1)
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for 0 <t < T, where

r

V(e = L (é(é’")ﬁ - mF(§)> dx, F(r) = L "~ f(s)ds.

Remark 2.2. In the proof we proceed similarly as Nakao proceeds in [3], but
we essentially employ the fact that we consider only one space-variable

1/2
(D = (—L, L)), hence [|v]l.xpy < 2L (J |v_t|2dx> )
D

Proof of Theorem 2.1. We extend first f as 0 in R~. Setting
v = |u|" sgn (u), fv) = |v|'""sgn (v), w(v) = f(B(v)) we rewrite Problem (0.1):

(B©)), — v — y(v) =0 in D x R",
v(x,0) = vy(x) (= uJ(x)) in D, 2.3)
o4 L,f) =0 in RY.

It is easy to see that for nonnegative v Problems (2.3) and (0.1) are equivalent.
In what follows it is more convenient for us to consider Problem (2.3). We use
the Galerkin method, for which we regularize the equation in (2.3) because the
leading term (B(v)), = f'(v)v, has singularities at v = 0, v = 00 and y(v) need not
be locally Lipschitz continuous at v = 0. Thus we first consider the modified
problem

(ﬁc(v) + 8[7), — Uy — We(v) = 0’ £> 0’ (2 4)
v(x,0) = vy(x), v(+L,1) =0, )
where f(v) = j Bi(s)ds, Bi(s) = m~'(Is| + &)~
0
_Jyv+¢) —we) for v=0,
V(o) = {o for v <0.

Take a basis {w}>, in HyD) (it can be chosen arbitrarily smooth since
D = (— L, L)) and construct approximate solutions

v, () = _Zl yiow,n=1,2, ...
j=
through the system of ordinary differential equations

(B, D) + &) (U, D) W)y + (0, D)) (W) o —
— (W, D), W =0 (=12, ..,n), (2.5)
vn,e(o) = UO‘nE[WI’ AR ] Wn],

where the initial data are chosen in such a way that
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Vg n = Up in Hy(D) as n — o0, (2.6)

and (-, -), denotes the inner product in L} D). _

The above system (2.5) with respect to y/() has a solution (which is unique)
on some interval, say, [0, 7, ], because no singularity appears in (2.5) and y, is
locally Lipschitz continuous.

Now we derive a priori estimates for v, (7). Multiplying (2.5) by (3/(2)),
summing up over j and integrating we get

L L(ﬁi(vn.c) + O, I dxds + V (v, (0) = V(v,.,) (2.7)

for 0 <t <7T,, where we set V,(v) = —;—J v |*dx —f G (v)dx and G/ v) =
D D

= J v (s)ds. From the assumption (H2) it follows that we can estimate
0
ram
r+m 2m 1
f G (v)dx < cj [o] " dx < C|<f |v|2dx> < —J o dx + G,
D D D 4 Jp

for ¢ sufficiently small, where the constants C,, C, do not depend on n. ¢
Therefore we have

V) >t f oL dx — €,
4 Jo

which (together with (2.7)) gives

f f (Blv,.) + I, ) dxds + i j @, (D) Sdx<C<oo  (28)
0 JD D

for 0 <t < T, ,, which implies that we can take T, , = 7, since the constant C
does not depend on n, &. Moreover (2.8) yields the following estimates

JJ {(J VB dS),}ded’ <G (2.9)

I U,.,e”l_m([o, T3: Hi(D)) < C¥, (2.10)

which implies
10s,oll Lo,y < (QL)*C*. Q.11)

By a simple calculation we obtain from (2.9) and (2.11)
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m-—1

[ (vn,s)tlliz([O,H;Lz(D)) < m(|| vn,s"L““(QT) +& " C (2.12)

We remark that C, C* do not depend on T.
From (2.10)—(2.12) we get using the standard arguments

v,.— v, weakly* in L=([0, T1; Hy(D)), (2.13)
v,.— v, weakly in H'([0, T); L*(D)), (2.14)
v, .= v, strongly in L*(Q7), (2.15)
VeV, ae.inQp (2.16)

b= v, in C(0, T); LYD)), 2.17)

along a subsequence as n — c0. From (2.10)—(2.17) we also have

BLv,.) = Bv)) strongly in L(Q7), 1 Sp < 0,
Bv,.) > B(v) in C(0, T]; LA(D)).

Now from (2.5) it easily follows that

J; J (=B, + (V)@ — Vv)p)dxdr + J BD)AT)dx =
i ° (2.18)

- L Bv)e(0)dx  for pe C*(Q).

Since the estimates (2.9)—(2.11) do not depend on ¢, they hold for v, as well.
Taking € —» 0, we obtain (2.13)—(2.17) for v,, v instead of v, ., v, respectively.
Using the obvious inequality |(a) — B.(b)| < B.(la — b|) for a,be R, ab > 0,
one can show that

Bv) - Bv)  in C([0, T]; LX(D)).
From the definition of y, we have |y (v) — W(0)lwme, < WV, + &) —
- W(U)HU(QT) + l[f(gllm)"mgr), thus

y{v) = y)in L(Q7), 1 <p < oo.

The identity (2.1) now follows from (2.18) and we conclude that v is the desired
solution. A comparison theorem in the next section implies its nonnegativity.

In order to derive the inequality (2.2) from (2.7) we apply standard argu-
ments. From (2.9) we get

(ge(vn. s))r = <J; | vV ﬂs(s) dS) > Xe Weakly in LZ(Q T)'
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S?nce Uns ™ Vg A.€. ((2.16)) and v, , is L*-bounded ((2.11)), Lebesgue’s theorem
gives

8{v, )~ gv)  inL(Qp. 1 <p <o,
hence y, = (g(v,)), a.e.. Similarly, one can show that

m+ 1

‘ » o+
ge(vs) - g(v) = J \/—EQ ds=v ™ and (gr(vg))r - <l7 o ) .
0 '

3. Existence, continuous dependence, comparison, regularization
and stabilization of solutions with bounded initial data

Definition 3.1. [1] 4 solution u of Problem (0.1) on [0, T] is a function u with
the following properties:
(i) ue C([0, T; L'(D)) n L™(Q), )

(i1) J u(t)ep(t)dx — jf (up, + "o, + flwyp)dxds = J uye(0)dv, 0 <t < T
D 2, D

for all pe C>(Q) such that >0, p=0at x= +Land0 <t < T. A solution
on [0, 00) means a solution on each [0, T|, a subsolution (supersolution) is defined
by (i) and (i1) with equality replaced by < (=).

Remark 3.2. Clearly, the solution from Theorem 2.1. is also a solution in the
sense of the above definition.

Theorem 3.3. Let f be locally Lipschitz continuous.
(1) Let u, @t be solutions of Problem (0.1) on [0, T] with imitial data u, and i,
respectively. Let K be a Lipschitz constant for f on [— M, M], where
M =max(|ul L, [ll.2g,). Then

lu(t) — @(D) p1p) < eMluy — Uollpipy 0 <1< T.

(i1) Let u be a subsolution and it a supersolution of Problem (0.1) with initial data
uy and ty. Then if uy < i, it follows that u < 1.

Theorem 3.3. has been proved in [1]. In what follows we shall assume that f
satisfies the hypotheses H.

Corollary 3.4 Problem (0.1) has a nonnegative global solution u if u,e L (D),
uy, = 0.

Proof. Lemma 1.4. yields that there is ¢(-,L’), L’ > L such that
0 <uy<q(-,L")in D. Take a sequence {u,,} = HyD) such that 0 < 1, < g and
|l — tonll L1y = 0 @as n > co. Let u, be the solution of Problem (0.1) (in the sense
of Definition 3.1.) with the initial function u,,. From Theorem 3.3. we have
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021’127_”“,(0 — (Dl oy < gy — Ul Li(ys
hence there is ue C([0, T]; L'(D)), 0 < u < q such that u, — u in C([0, T]; L'(D))
and u is the solution of Problem (0.1) with the initial function u,, hence the
conclusion.

In order to show the regularization and the stabilization of solutions we need
the notion of sub- and supersolutions of Problem (1.1). A subsolution of
Problem (1.1) is a function veC(—L,L]), v(+L)<O0 for which

f (¢"v" + @f(v))dx = 0 for all pe C(D), 9= 0, p(+ L) = 0.
D
A supersolution is defined by reversing the inequality and requiring v(+ L) = 0.

Theorem 3.5. For each t > 0 and each supersolution v (of Problem (1.1)) there
is a constant M(7, 0) such that for the solution u with u, < v the following assertions
hold:

(i) ™) ()eL*(D) fort > 1,
(@) ") Lx(py < M(7,0) and

essential variation (u™) (1) < M(z,0) for t > .

This regularizing property of the equation and all other results in this section
can be shown in a similar way as the analogous results in [1], with the only
difference that we have no universal supersolution (of Problem (1.1)) like 7 = 1
in [1]. But according to Lemma 1.4. for every u,e L*(D) there is a number L’
such that u, < ¢g(-, L’).

Let uy =0, uye L*(D) and u = u(t,u,) be the solution of Problem (0.1)
emanating from u, For each 7>0 define the semiorbit
y{uo) = {u(t,uy): t = t}. The theorem above yields that y(u,) = X(7,7) if u, < 7,
where X(r,7) is the complete metric space consisting of those we L*(D) such
that 0 < w < 0, W"), € L®(D), |(W")llpxpy < M(7,0), ess var (W), < M(1,0),
equipped with the metric

d(u, v) = ||lu — v"Ll(D) + @™ — vm)x“Lz(D)'

We also set X(9) = {ue L*(D): 0 < u < 0, (W), € L*(D)}
equipped with the same metric. The compactness of X(z, ©) follows from the fact
that a set which is bounded in L* and in variation is precompact in L'.

To study the asymptotic behaviour of u(¢, u,) we introduce its @-limit set:

o(uy) = {we X(0): u(t,,u,) > w in X(9) for some sequence
{t,} with t, - 00 as n — o0}.

The basic observations are collected in the next lemma.
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Lemma 3.6. Let uy, < 0. Then
(1) v{uy) is a precompact subset of X(¥) for T> 0.
(i) u(-, up) e C((0, c0); X(0)).
(ii1) au,) is nonempty and connected in X(0).
@iv) If we auy), then u(t, w)e w(uy) for t = 0.

Theorem 3.7. Let the hypotheses H hold. Then au,) = E(L). This result can
be derived from the inequality (2.2) in a similar way as in [1].

Lemma 3.8. Let uye[v,0] = {we L*(D):v < w < va.e.on D, v, vare sub- and
supersolution of Problem (1.1)}. Then

(1) u(t, up)e(v, o] for t = 0,
(ii) @) < [0, 5) N X(5).

Corollary 3.9. If uye L*(D), uye[v, 0] and [v,0] n E = {g}, then u(t,uy) - g in
X(@) as t - 0. - -

This Corollary can be used to determine domains of attraction of 0 and
q(-,L). These equilibria are stable and all the other elements of E(L) are
unstable. As an example we will construct a domain of attraction of ¢(-, L) for
Le(Ly, L,). Choose le[Ly, L) and ye(—L,L)suchthat —L<y— 1L y+I<L.
Set

_Jp(x =y, for xely—1 y+1],
9(")_{0 it xély—14y+ 1.

\\\\ |_-af-.L)
P(--y,[}\ \\/ 41
™ — ST > | LPlL)
/ TS
\ N
-L y o L

Fig. 2. Domain of attraction for ¢(-, L) where Le(L,, L,].

Then v is a subsolution of Problem (1.1). Since /€[L,, L), we have

v() = p©, h > pQ, L) = p(y, L)
If uy > v a.e. in D, then u(t, u,) = q(-, L) in X(q(-, L") for some L’ because
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[v, (-, L)~ E(L) = {q(-, L)}.

We remark that o= r,is always a supersolution and [0, ry] » E(L) = {0}, hence
u(t,ug) = 0 if uy < ry.
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