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ISOMORPHIC FACTORISATIONS OF COMPLETE
GRAPHS INTO FACTORS WITH A GIVEN DIAMETER

PAVOL HiC — DANIEL PALUMBINY
1. Introduction

F. Harary, R. W. Robinson and N. C. Wormald have proved that
the complete graph K, is decomposable into m isomorphic factors if and only
if m divides n(n — 1)/2. See [5, Divisibility Theorem]. The papers [6], [8] and [10]
deal with the same problem, but the factors are required to have a prescribed
diameter d. Just this additional requirement is of interest to us. Using the results
in [2], [5] and [7] we give the answer for d = 2 and m sufficiently large and for
35d=<2m—1,mz 3, too.

We give some definitions, remarks and previous results. Let G be a graph and
V(G) (E(G)) its vertex (edge) set. The subgraph F of G is called a factor of G if
V(F) = V(G). The system {F,, E, ..., F,} of factors of G forms a factorisation (a
decomposition into factors) if

v E(F) = E(G) and E(F)n E(F) =0for i#j.

J. Bosak, A. Rosa and §. Znam [4] initiated the studies of decom-
positions of complete graphs into factors with given diameters. Many papers
deal with the problem of [4] or with various modifications of this one. The
papers [1], [2], [3], [7], [9] and [12] are devoted to the case when all factors have
the same diameter. Note that the isomorphism of factors is not required. It is
convenient (cf. [4]) to denote by F,(d) the smallest integer n such that the
complete graph K, can be decomposed into m factors with diameter d; if such
an integer does not exist, then we put F,(d) = oo. The significance of the
function F,(d) resides in the validity of the following assertion (proved in [4]) : K,
is decomposable into m factors with equal diameter d if and only if n = F,(d).

An interesting case is d = 2. The results £(2) = 5 and £(2) = 12 or 13 were
proved already in [4], In [3], [9], [2] and [1] there were found lower and upper
bounds for E,(2) if m = 4. The best upper bound was stated by J. Bosak
who in [2] proved that for every integer m = 2 there holds F,(2) £ 6m. Let us
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remark that the factors of his construction of the decomposition of K, are
isomorphic. B. Bollobas in [1] proved that for m = 6 we have

(1) E(2)=6m—9.

A significant reslut on E,(2) was achieved by 8. Znam (see [12]) who proved
that E,(2) = 6m if m is sufficiently large (m > 10").

The second author of the present paper proved in [7] that F,(d) = 2m for
m =3 and 3 < d < 2m — 1. Proving this assertion a construction was used in
which the factors are isomorphic for d odd. This fact was noticed by P.
Tomasta who began to study the problem of decompositions of complete
graphs and hypergraphs into isomorphic factors with a given diameter systemat-
ically (see [10] and [11]). Indepedently, the same problem was studied by the
authors of [6]. Clearly, K, can be decomposed into m isomorphic factors only
if n(n — 1)/2 is divisible by m. (In this case we shall say that » is admissible with
respect to m.) As we noted above, in [5] it was proved that this necessary
condition is also sufficient. Denote by G,(d) the smallest integer n such that the
complete graph K,(n > 1) has an isomorphic factorisation into factors of dia-
meter d; if such an integer does not exist, then put G,(d) = co. Because an
isomorphic factorisation of K, does not exist for an integer N > G,(d), which is
not admissible with respect to m, it is convenient to define a function H,(d) to
be the smallest admissible integer » such that for all admissible N = n the
complete graph K, has an isomorphic factorisation into factors of diameter d.
If such an integer does not exist, put H,(d) = co. It is obvious that

(2 E(d) £ G,(d) = H,(d).
In [6] it is conjectured that
3 G,(d) = H,(d)

forany m = 2 and d = 2. (The cases m = 1 and d = 1 are trivial.) Clearly, if we
find the value H,(d) and prove the conjecture (3), then the problem of decom-
position of K, into m isomorphic factors of diameter d will be solved (cf. [6]). The
truth of the conjecture (3) has been verified in some special cases. Namely, in [6]
form =2 and any d, and form =3 ifd = 3,4, 5, 6. For d = oo there has been
proved that if m is a power of an odd prime, then G,(o0) = H,,(c0) = m. This
result was improved in [8], where the following assertion was proved: Let m > 1
be an integer. Let r > 1 be the smallest integer which satisfies the congruence
n(n = 1) = 0(mod m) if m is odd or the congruence n(n — 1) = 0(mod 2m) if m
is even. Then G,,(0) = H,,(0) =r.

Note that the assertion solves the problem of the existence of an isomorphic
factorisation of K, into factors of diameter co completely.
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2. Results
Theorem 1. Let m = 3 be an integer. Then

G.(2) = H,(2) < 6m,
G,(2)=H,(2)=6mifm = 46.

Proof. Let n = 6m be any integer which is admissible with respect to m.
To prove the first assertion, it is sufficient to prove that there exists an isomor-
phic factorisation of K, into factors of diameter two. If n = 6m, we use
Bosak’s construction from [2]. As we note above, all factors of this con-
struction are isomorphic. Thus, we can suppose n > 6m. We choose an arbitrary
complete subgraph of K, with 6m vertices and denote it by K;,. The complete
subgraph of K, generated by the set V(K,) — V(K,) will be denoted by K, _,.
It is easy to see that also » — 6m is admissible with respect to m. Hence,
according to the Divisibility Theorem (see [5]) there exists an isomorphic fac-
torisation of K, _,, into m factors. We denote them by G,, G,, ..., G,,. Now, we
use a simple extension of Bosak’s construction (cf. [2, p. 60]). We define the
sets:

AI:BZ={]’3a4}’ A2=Bl={2s3s4}3 A3=B4={395’6}’
A4=B3={4>5,6}s A5=B6={5’192}s A6=BS={6,132}‘

The vertices of K, will be denoted by a;,, where 1 < i< m, 1 <5 <6 and the
vertices of K, _,, by v,, vy, ..., U, _¢.- We decompose K, into factors F(i = 1,
2, ..., m) as follows: Factor F contains the edges g, ;a; , where 1 £ 5 <t < 6, the
edges a;,a;, where 1 <s<6, i<j<m, ted, the edges a,,a;, where
1 =5s<6.1=j<i te B, the edges of G; and the edges g; ,v;, where 1 £ 5 <6,
1<k<n-—o6m.

It is easy to check that the factors F, form an isomorphic factorisation of K,
into factors of diameter two. The proof of the inequality H,,(2) < 6m is finished.

To prove the second assertion of the theorem we suppose that
G,(2) = 6m — x for m = 46, where x is a positive integer. Because 6m — x is
admissible with respect to m, we have (6m — x)(6m — x — 1)/2 = my, where y is
an integer. Therefore (as we can easily verify) x> + x = 2mz, where z is a positive
integer. From this we have x = (y/1 + 8mz — 1)/2. According to the inequality
(1) which holds for m = 6, we can write 6m — 9 < F,(2) £ G,(2) = 6m — x i.e.
x £ 9 which implies m < 45, a contradiction. Thus G,(2) = H,(2) = 6m for
m = 46.%)

*) R. Nedéla has recently proved (oral communication) that £, (2) = 6m — 6 if m = 22. Using
this result it can be proved that the equality holds already for m = 22.
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Remark 1. It is easy to check (examining the equality x* + x = 2mz,
where 1 < x £9) that the equality H,(2) = 6m holds also for 3 <m £ 45 if
m#3,4,5.6,7,9,10, 12, 14, 15, 18, 21, 28, 36, 45. In particular Hy(2) = 48.
It is known that H,(2) <13 < 18 =63 (see [6]). From this the following
problem arises.

Problem 1. Which is the smallest integer m for which H,(2) = 6m?
We can see that such m is equal to one of the numbers 4, 5, 6, 7, 8.

Theorem 2. Let m, d be integers such thatm = 3 and3 < d < 2m — 1. We have
(I) 2"1 = En(d) § Gm(d) = Hm(d) é 2"1 + l *
Moreover,

(i) E(d) = G,(d) = H,(d) =2m if at least one of m, d is odd.
(iti) F,(4) =G, (4) = H,4) =2m,
(iv) F(6) = G4(6) = H,(6) = 8 .

Proof. (i) The equality F,(d) = 2m (proved in [7]) together with the con-
dition (2) imply 2m = F,(d) £ G,(d) £ H,(d). Let m, d be integers under the
conditions of the theorem and n = 2m + 1 be an admissible integer with respect
to m. To show H,(d) £ 2m + 1 it is sufficient to decompose K, into m isomor-
phic factors of diameter d. We choose an arbitrary complete subgraph of K,
having 2m vertices and denote it by K,,. The vertices of K,,, will be denoted by
Uy, Uy ...y Uy FOT j>2m we define v;=v, with s=; (mod2m), where
1 < s £ 2m. The complete subgraph generated by the set of the remaining
vertices will be denoted by K, _,,, and its vertices by u,, u,, ..., 4, _,,. Clearly,
n — 2m is also admissible with respect to m. Thus, according to the Divisibility
Theorem (see [5]). there exists an isomorphic factorisation of K, _,, into m
factors (we denote them G,, G,, ..., G,). To decompose K, we use a certain
extension of the construction from [7]. Let us consider two cases:

(I) The diameter d is odd, i.e. d = 2k — 1. We decompose K, into isomor-
phic factors F(i =1, 2, ..., m) as follows:

E(F) = E(G)u 4;v B;,

where the set A4; is formed by the edges vy; and v, ,u;, where 1 <j < n —2m.
For the set B; we have two posibilities:
(a) If k is odd, we consider the path

“4) DO 4 10 -4V 20 —2Ui 4 3 00e Uik = 3)2Vip (k= 12

and the path
(5 VismVicme VismeVisms2Visme2Viemese Viem—tk=32Vit+m+k-1)2-
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The set B, consists of the edges of the paths (4) and (5), of the edge vy, ,,. of
the edges v;, 4 _ 1y, Where s =i —(k—1)/2, i —(k+ 1)/2, i — (k + 3)/2,...
ceyi = (2m — k — 1)/2, and of the edges v;, ,, ; « - 1,20, Where t = i + (k + 1)/2.
i+Gk+3)2,i+k+5)2,...,i+02m—k—1)2.

(b) If k is even, we consider the path

6) VUi Ui mVig 2V 2 e Uiy o= 22Vi -k — 22
and the path

(7 ViewVisms WVismVismeViem—2Vismed-Vitms-22Vitm—k—22-

The set B, consists of the edges of the paths (6) and (7), of the edge vy, ,,, of
the edges v, _ 4 _ 0, Where s =i+ k/2, i+ (k+2)/2, i+ (k+4)/2, ..., i+ -
+ (2m — k)/2, and of the edges v, _w_2pvs Where t=i+m+k/2,
i+m+(k+2)2,i+m+(k+4)2,..,i+m+ (2m—k)/2.

(IT) The diameter d(4 £ d £ 2m — 2) is even. In order to define the fac-
tor F¥of a decompositon of K, into m isomorphic factors of diameter
2k — 2(k = 3) we take the factor F of an isomorphic factorisation of K, into
factors of diameter 2k — 1 defined in (I) and replace the set 4; by the set A%
which is formed by the edges v, 4, und v, ,,, ,u;, where 1 £ j < n—2m.

In all these cases we can check that the factors of the systems {F, B, ...,E,}
or {F}, F¥, ..., F¥}, respectively, form an isomorphic factorisation of K, and that
all the factors have the required diameter. For instance in the case (I) (a) the
distance d = 2k — 1 in the factor F is realized by an arbitrary path of the
greatest length (having 2k vertices) of the tree generated by the set B,. See Fig. 1,
where the factor F (without edges of G)) is drawn.

Violk-1)12
Vizlk+1)/2

k

— .- Vi, (2m-k-11/2
Vislk-1)/12 Viel Vi Viem Viemel  Viomi-2

Vi-(2m-k-1)12 =

Fig. 1.

(ii) To prove (ii) we must show that K,,, is decomposable into m isomorphic
factors if at least one of m, d is odd. If d is odd, then we use the construction
of [7], i.e. the factors F(i = 1, 2, ..., m) are defined by E(F) = B,, where B; is the
set defined in (I). It remains to decompose K,,, into m isomorphic factors of
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diameter d if m <3 is odd and d is even. First we suppose d = 6. We decompose
K., into m isomorphic factors F}, F3, ..., F¥ of diameter d as follows. In the case
d = 2k — 2, where k is odd, we take the set B, from (I) (a). If i = 1, 3, ..., m, we
add to it the edge v, , 4 _ 1)V 4 & 4+ 12 @and remove from it the edge vp;, ;. If i = -
=2.4,....m—1, we add to it the edge v; _ 2y _x - 1)2Vi + m +  — 12 and remove
from it the edge t; . ,,t;, .. 1- In the case d = 2k — 2, where k is even, we take the
set B, from (I) (b). If i = 1, 3, ..., m, we add to it the edge v, _ 4 _ 220i + m+ 2m— 2
and remove from it the edge v; , ;s my1- Ifi=2,4, ..., m — 1, we add to it the
edge Ui, (am— k) 2+ m -« - 2 » and remove from it the edge v, , ;. In both cases we
get from the set B; a set B. Put E(F) = B/fori =1, 2, ..., m. It is easy to verify
that the system F, forms an isomorphic factorisation of K, into m factors of
diameter d. It remains to decompose K, into m isomorphic factors of diameter
four. We shall do it in

3 4 5 5 6 1.2 3
Fig. 2.

6 92 ¢7 7 ¢4 98 2 9, 98 3 ¢ ¢5
digiigiigat
4 3 1 3 1 5 2 6

Fig. 3.

(iii). An isomorphic factorisation of K (Ky) into 3 (4) factors of diameter four
can be seen in Fig. 2 (Fig. 3). Hence, we may suppose m = 5. As above, we
denote the vertices of K,,, by v, vs, ..., ;,- We decompose K,, as follows. The
factor F, contains the edge v,v,, , |, the edges vjv, where 2 < s < m — 1, the edge
Ul - 1» the edges v, , v, where m + 2 < t < 2m. The factor E contains the
edge vy, , », the edges v, where 3 < s < m + 1, the edge vv,, and the edges
U 42U Where m + 3 <t < 2m. The factor F(i = 3, 4, ..., m — 1) containts the
edge vy, ,, the edges vp,, where i+ 1 = r < i+ m — 1, the edge v, ,,_ v, the
edges v;,,v, where i+m+1=<s<2m and the edges v, ,v, where
2<t<i—1. The factor F, contains the edge v,v,,, the edges v,v,, where
“m+ 1< s<2m — 2, the edge v,,,_ v, and the edges v,,v,, where ] St < m — 1.
One can verify that F form a desired factorisation.

(iv) To prove F(6) = 8 we decompose K; into 4 isomorphic factors of dia-
meter 6, which is done in Fig. 4.
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Remark 2. From Theorem 2 it follows that the problem of decom-
position of K, into m isomorphic factors of diameter d is completely solved for
m =3 and 3 < d =< 2m — 1 with the only exception when both m, d (= 6) are
even. In this case the value of H,,(d) is equal to 2m or 2m + 1. To obtain the
exact value of H,,(d) it is necessary to solve the following

8
(ITT PLIT PLEIT LT
3 ' 6 8

6 1 3 2 8 2 4 3 6 3 7 &4 5 4

Fig. 4.

Problem 2. Let m, d be even integers such thatm 2 6 and 6 £ d <2m — 2. Is
it possible to decompose K,,, into m isomorphic factors of diameter d?

Remark 3. It would by very interesting to find exact values or at least
lower and upper bounds of H,(d) if m = 3 and d = 2m. The only known value
is Hy(6) = 9 (see [4] and [6]). If m is a power of an odd prime, then H,,(d) <-
< md — 2mfor d = 5. These upper bounds were found in [10]. From results of
[7] it follows that H,(2m) = 2m + 3.
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B cTaThe paccMaTpHBAETCsl BONPOC Pa3IoKeHUs MOJHOro rpada Ha m u3oMopdHbIX GakTOpoB

C JaHHBIM AMAMETPOM d. 3aJla4a MOJHOCTBIO pelleHa Mis cayyaeB: 1.d = 2ecnum = 46,2. m = 3,
ecan 3 < d < 2m — wu, no kpaiiHeit Mepe, OHO U3 YHCeN M, d HEYETHOE.
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