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ABSTRACT. A two stage linear model with constraints on parameters is under
consideration. These constraints occurs in the second stage, however parameters
of the both stages are involved in them. The problem is to construct a linear
estimator in the second stage under a condition that the estimator of the first
stage parameter must not be changed.

Introduction

In the multistage linear model [1], [2], [4], (6], [7] a linear system of con-
straints on parameters of the ith and the preceding stages may occur. The pa-
rameters of the preceding stages are not known and in the ith stage estimators
of them are at our disposal only. A linear estimator in the ¢th stage respecting
the mentioned system of constraints belongs to a subclass of the class of all
linear unbiased estimators. In this subclass there does not exist the jointly
efficient estimator (cf. [3, p. 58 and 156)); it is reasonable to seek an estima-
tor optimal with respect to some risk function ([3, p. 267]).

The aim of the paper is to contribute to a solution of the estimation problem
in the two stage linear model, where the mentioned constraints occur in the
second stage.

1. A motivation example

Let él, 92, Y1, Y2 be stochastically independent random variables with
mean values 0, 0y, B, B2 and with the variances 72, 72, o2, o2. This will

AMS Subject Classification (1991): Primary 62J05. Secondary 62F10.
Key words: Two stage linear model, Best linear unbiased estimator, Model with
constraints.
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LUBOMIR KUBACEK

be denoted as

él 01 7'12, 0, 0, O
éZ ~ 02 O, ’7'22, 0, 0
Y Br]’l o, 0 o O
Y, B2 0, 0, 0, o2

The parametric space of this model is © = {(01,02,,61,,62)’ : (1,-1,1,1) -
-(01,02,081,82) = 0} . Let 0y, 05 be parameters of the first stage and §;, 02
parameters of the second stage; 8; + 2 = 6; — 0;. E.g., an experiment the
aim of which is to determine a height difference (3; between points A and P
and a height difference (2 between points P and B if the height of the point
A is 0; and the height of the point B is 0. The estimators él and éz of
the heights 6, and 6, are given from the first stage, the measurement Y7,
Y2 of the parameters (3, (2 is performed in the second stage. The estimates
of the first stage must not be changed in the second stage, i.e., the estimators

B = anYi+aYatai30, +a140y and By = ag1 Vi +agYs+agsf +agsf, have
to fulfil the condition (3; + B2 = 0, — 0;. As the estimators are to be unbiased
they must fulfil the following conditions

(i) V{(61,02,81,8) : B1+Pa+01—0y=0} E(Bi|0:,65,01,062) = B,
i=1,2,
(i) Br+ B2 =0.—10;.
The condition (i) is fulfilled for such a system of coefficients a;;, @ = 1,2;
j=1,...,4, that

/
app —1 Q12 a3, Q14 ,
M ) ) ) cM((1, 1, 1, -1 ,
(( 21, Q2 — l, Qa23, a24) ) (( ) ) y )) ;

where M denotes the columns space of the matrix in the parenthesis ().

The unbiased estimators of the parameters 3; and (3, are

Br=Y1+ki(Yi+ Yo+ 0, —6y), ki € R,
ﬁ2=Y2+k2(Y1+Y2+é1—é2), ky, € R,

where a symbol R? denotes the p-dimensional Euclidean space. The class of
such estimators is denoted Ug .

If the unbiased linear estimators fulfil the condition (ii), then k; + ko = —1.

644



TWO STAGE LINEAR MODEL WITH CONSTRAINTS

In the class of linear unbiased estimators (the condition (i) is fulfilled, the
condition (ii) need not be fulfilled) the jointly efficient estimator of the param-
eters By, B is

(/?f)z Yi— [o}/(o} + 03 + 72+ 7)) (Y1 + Yo + 0, — 62)
Gs Yz—[ /(01+02+T1+T2](Y1+Y2+91 02) )

The estimator obviously does not fulfil the condition (ii) because of
(—of —o3)/(of + 03 +7{ +73) # 1.

An estimator fulfilling both of the conditions (i) and (ii) is denoted by a
tilde:

B = Y‘|"<_1k_k>(YI+Y2+él_é2)'

The class of such estimators is denoted Z:{g.

The problem is how to choose the number %k in order to attain an estimator
3 optimal with respect to a given criterion of optimality. In the following an
estimator 3 will be considered as the optimal one if it minimizes the risk function

R(B3,8) =Tr [H Varg(,@)] , Be I:IB .

The matrix H is chosen by a statistician and it is usually positively definite.
For a given matrix H the optimal estimator 3 is characterized by a number

——[Hua'% - H12(20'% +T12 +T22) +H22(0'f +7'12 +7'22)]

k=
[((Hi1 — 2H12 + Ha2)(0? + 02 + 77 + 73)]

b

where

H=<H11’ le), Hyy + Hyy —2Hy12 #0.

If H=ee, (e =(1,0)), then §; = 3r, if H = e;e} (e; = (0,1)"), then
B2 = B3, etc.

This example demonstrates an unpleasant consequence of the condition (ii)
which prevents us to find the jointly efficient unbiased linear estimator in the

class Z:{ﬁ .
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LUBOMIR KUBACEK

2. Two stage linear model with constraints

In the following (cf. [1]) let

)~ )G o =) ey
©={(0,8): BB+CO+a=0};

X;, D, X, are known n; X ky, ng X k1, no X kg matrices, @, 3 are kj-
and k;-dimensional unknown vectors and X;;, X,; are known matrices, B,
C are known ¢ x k2, ¢ X k; matrices and a is a given vector. It must hold:
M(D") ¢ M(X'y), M(C) C M(B) and a € M(C). The vector 0 is the
parameter of the first stage, the vector 3 is the parameter of the second stage.
From the first stage the unbiased estimator 8 = (X{X7}!X;)"!X,2;}'Y: and
its covariance matrix Xz = (X{X['X;)"! are at our disposal only.

The aim is to determine an estimator of the parameter 3 on the basis of the
random vector Y, — Dé, where Y5 is the observation vector of the second stage
and on the basis of the estimator 6.

DEFINITION 2.1. The model (2.1) is regular if the rank of the matriz X; is
R(X;) = k1, R(X2) = ko, 311, X9 are positively definite matrices, R(B) = ¢,
R(CZ4C') = q, where T4 = Var(§) = (X; S X)L,

LEMMA 2.2. The class Ug of unbiased estimators of the parameter 3 in the
reqular model (2.1) is

Up = {[X7 +Z(1 - X5X7) + EBX; (Y, — D) + ECO + Ea :

Z an arbitrary ko X ny matriz, E an arbitrary ko X q matrim},

where X5 is an arbitrary but fired matriz from the class X, of the g-inverses
X, of the matriz X3 (a matriz X3 is a solution of the equation XoX5 Xg = Xg ;
in detail cf. [5]).

Proof. Alinearestimator 8 = Tl(Yz—Dé)+T2é+d is unbiased estimator

of 3 if and only if T{X28 + T20 +d = 3 for each vector ('3) € {(u’, v

Bu+Cv+a=0}=6.
Thus

v{(3,0") € ©} [(T1Xz—1),T,] (g) +d=0
< 3{E: ky x ¢ matrix} X,T} —1=B'E' A T) =C'E' A d =Ea.
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TWO STAGE LINEAR MODEL WITH CONSTRAINTS

The equation T;Xy — | = EB has a solution T; for any k; X ¢ matrix E,
because of (I + EB)X; Xy = | + EB (cf. [5, Lemma 2.2.4]; the implications
M(B') € M(X'y) = BX;Xy =B and R(X2) = k; = X;X; =1 are
utilized). Thus the class of all solutions for a given E is

{T1 : Ti =X, +EBX; + Z(1 — XX ) : Z an arbitrary k; x ng matrix} ,
where X, is any fixed element of A . It is obvious how to finish the proof.

LEMMA 2.3. The class of all linear unbiased estimators B of the parameter 8
based on the vectors Yo—DOy and 6, and fulfilling the condition B3+CO+a =

0 is
Us = {(1 - B™B)[X; + Wi (I — X5X5) + W;BX; ] (Y, — D)
+[-B +(1-B"B)W;]CH+(1-B " B)W.a—B~a:

W, an arbitrary ky X ny matriz, Wy an arbitrary kg X q matriz},

where X; and B~ are arbitrary but fized matrices from X; and B~ , respec-
tively.

Proof. An estimator 3 (Lemma 2.2) fulfils the condition
BG+CO+a=0
if and only if
B[X3 + Z(I — X;X3) + EBX; | X3 + (C + BEC)6 + BEa
+B[X7 4+ Z(1 - X3X5) + EBX; |e + (C+ BEC)e; = 0

for each (3',0’) € © and for each (or almost each) realization of the random
vectors € = Y, — DO — X8 and €5 = 6 — 0. The expression

B[X; + Z(I - X2X;) + EBX; ]X28 + (C + BEC)0 + BEa

equals zero vector for each (B',0')' € © since B € Ug. As Ple e M[XT =
3y + D(X{Z'X1)7ID]} =1 and P{ez; € M[Z; = (X{ 21X} =1
and the matrices ¥ and X4 are regular with respect to our assumption, i.e.,

M(Z) =R, M(E;) = R*, we obtain the following equations for unknown
matrices Z and E:

BX; + BZ(I - X;X; ) + BEBX; =0,
C+BEC=0.
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This can be written as follows:

0, I-XX;5 -
B(Z,E ’ 2 ) =(-C,—-BXj3).
28 (') - (c-exy)
A particular solution is Z = X; and E = —B~ thus the system is consistent

(the implications M(B’) C M(Xy') = BX;X; =B and M(C) C M(B)
— BB C=C and [5, Lemma 2.2.4] are utilized). Then with respect to [5,
Theorem 2.3.2] the class of all solutions of this system is

CRel e _my— [0, 1—XoX5

- O, 1-X2X;\ /0, 1—XX;\
-B B(wl,w2)<c BX2‘2)<C sz22)
) 2 Y

)_+(W1,W2)

W, any ks X ny matrix, Wy any k; X ¢ matrix}.

The matrices X; and B~ are arbitrary but fixed g-inverses of the matrices X,
and B, respectively. If the g-inverse

0, 1-XX7\  _ o, o
C, BX; T 1= XoX5, XoB-

is used (a reader can easily verify that it is a g-inverse), we obtain general
solution in the form

Z=W, -B"BW; (I - X2X3),
E=W,-B"BB” -B"BW,BB".

After substituting Z and E into Lemma 2.2 we obtain the sought estimator
either in the form

B ={X5 +(1-B~B)[W;(l - X;X;) + W;BX; ] — B"BX; }(Y; — D)
+[-B~ +(1-B"B)W,|Cl + (1 - B"B)W,a — B~ a,
or in the form
B =(1-B;B)[X; +W,(I - X;X;) + W2BX;]Y
+(1-B~B)[ - X; D — W, (I - X,X;)D — W,BX; D +W,C|]§ - B~Co
+(1-B"B)W,a—B~a.

In the following the notation A;(N) means a matrix with the properties
AA| A=A, and NAD A = A’(A;(N))’N; here A is an arbitrary m x n

matrix and N is a p.s.d. n x n matrix (cf. [5]).
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TWO STAGE LINEAR MODEL WITH CONSTRAINTS

THEOREM 2.4. In the class Ug from Lemma 2.2 there exists the jointly effi-
cient estimator ﬁ* of the vector 3,

, :
A* / I\— YQ"DB
g = (X Bngs)) (_cé_a),

Su 512)
S = ’ :
(521, S22
S11= 32 + D(X{Z'X,)7'D’,  S1; =D(X{='X) 7T,
So1 = C(X{Z'Xy) 7D, S = C(X)\ X))~

where

Proof. Let usconsider any linear function f(3) = p'3, B € {(l, 0) (’g) :

B3 +CO+a= 0}, and its unbiased linear estimator p’([X5 + Z(I — X2X3)

+EBX;] Y2 + {—[X; + Z(1 - X2X3) + EBX; |D + EC}9) + p'Ea from Lem-
ma 2.2. Its variance is

¢(E,Z)
=P/ [X5 + Z(1 - XoX;) + EBX; | Saa{(X5 ) + [1 - (X3)'X5)Z' + (X7 )'B'E'}p
+ p'{[Xz_ +Z(1 - X2 X35 ) + EBX;]D - EC}-
-25(D{(X5) + [1 - (X7)'X5]Z' + (X;)'B'E'} = C'E')p.
Its extremal value is attained for matrices E, Z fulfilling the equations
dp(E,Z)/0E =0,
0p(E,Z)/0Z =0.
These equations can be written in the form:
pp'{ [X; +Z(1—X2X5) + EBX;] [Sll(X;)'B' — 512] — ESgl(Xz_)'B' + E522} =0,
PP/ {[X5 +Z(1— XaX;) + EBX; ]Su1[1 = (X5 )'X}] — ESz[1 — (X3)'X4]} = ?2- .

Now it is necessary to find the considered g-inverse of the matrix (X}, B’),
to express it in the form

/
((xg, B’)m(s)) = (X5 +Z(1 — XX; ) + EBX;, —E)
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and to prove that the proper choice of the matrices X5, E, Z from the right-
hand side fulfil the equations (2.2) for any p.

Let us take into account the relations

s (3) (s (3)

-1 _— <511, 512)_1
S21, Sa2

_ <51—11 +87,'S12(S22 — S2157'S12) "1821S7;', —S7;'S12(S22 — $21517'S12) ! )

—(S22 — $2157;'S12) ' S2157}, " (S22 — S2157;'S12) 7!
(2.3)
_ (S11 — S1255,'S21) "1, —(S11 — S1255,821) 181255,
—85,821(S11 — S12555 S21) 71, S5, +S5;'S21(S11 — S1255, S21) 181255,

then we obtain

(%5,8);s))

= ([X3S7 X2 + (B — $2187'X3) (S22 — $2157!S12) (B — 215! Xz)] -
- [X5811 — (B — S21571' X2) (S22 — S21871 S12) 721577,
[X5S11Xs + (B — S21S711X2)' (S22 — S215711S12) " (B — S21511'X2)] T
(B —Sg157' X2)" (S22 — 52151—11512)_1)

= (X3 + Z(1 - X2X3) + EBX;, —E)

where

X5 = (X581, X2) "1 X5S5,
E = —[X,S1; X2+ (B — $2151,'S12)' (S22 — $21571'512) "1 (B — 52151 Xz)] -
-(B— 52151_11)(2)/(522 - 52151_11512)_1 ,

Z = ES,; ST}
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It is easy to verify that these matrices X5 , E, Z fulfil the equations (2.2).
The following relationships must be taken into account:

[X5STi' X2 + (B — 52157/ X2)' (S22 — S2157S12) ! (B — S5 X2)] XS]
= (X587 X2) T 1X58T) — (X581 X2) (B — S21S1X5) -
- [S22 — $2187,'S12 + (B — S21511 X2) (X581 X2) "1 (B — $2187, X)] -
- (B — S21S7, X2) (X587, X2) T X587,

EBX; — ZX;X; = E(B — S2,57'X2)X5
= — [X4871 Xy + (B — S2;5711X5) (S22 — S215711S12) (B — S2:S11X,)] -
- (B — 52157 X2) (S22 — S2157;'S12) (B — S21S77 X2) (X551 X2) T X587
= — (X587 X2) 7' (B — S2157,' X2)'[S22 — S2151;'S12 + (B — S21511' X2) -
- (X5STX2) TH(B — S21S111X2)"] T (B — S21S1 X2) (X581 Xa) TIX5S T

(cf. (2.3)). As the equations (2.2) are solved for any vector p, the choice of the
matrices X5 , E and Z leads to the joint efficient estimator.

COROLLARY 2.5. If the two stage models (frequently occurring)

()~[(5 ) () (o )] oo,

©={(0',8"): BB+ CO+a=0}, is under consideration, then

/
- Y,
o= |oer s o | (Lar).
m(zo,’ czéc') —Co-a

where
!
(X%,B) /5. o = (X3 +Z(1 - X2X3) + EBX;, —E),
’"( 0, C):éC'>
and
X5 = (X525 X2) T X525,
E = — (X557 X;) B [CZ¢ C + B(X, 252 X,) "B 7,
Z=0.
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The proof is analogous to the preceding one.

Remark 2.6. The estimator B* from Theorem 2.4 does not fulfil the con-

dition B,é* +CO+a= 0; after some simple but tedious calculation the follow-
ing result can be obtained:

- A ' an- 1 (Y.—D8 .

= [1 - M{]M;} (BB + CO + a) — M;M; 'S, S
[V = X2 (X581 X2) TIX5S 1] (Y2 — D),
where
M, = B(xlzsl_ll)(?)_l(B - 52151_11)(2),,
M2 = Saz — S21577'S12 + (B — S2:S1'X2) (X551 X2) (B — S2:S11' X2)',
B = (X4S71X5) " 1X5S (Y, — DO) (an unbiased but not efficient

estimator of 3).

Remark 2.7. If the two stage model from Corollary 2.5 is considered, then
B3*+COH+a
=B(X,E7 X)) 1 X,E5 Y, +CO+ a
~ B(X,35!X2) 1B/ [C(X| 51! X1) 71T + B(X, 51 Xz) 1B
ABXLE X)X E5) Y, 4 CO + a)
= C(X{ 35 X)) T C[C(XL 1 X1) 71 C + B(X, 1, X,) 1B
AB(X,EMX2) XL 25 Y, + CO + a) .

If C(X{2!X;)7!C' = 0, ie., the vector CO + a is known, then B* is the

jointly efﬁc1ent estimator and at the same t1me it fulfils the condition BB* +
CO + a=0. In this case we obtain

/

g = [(XQ’B/);(zéz,g)jl (—C(;,—a)

= {1 - (X;=;1X;) B/ [B(X, 211 X,) "B/ 'B}3
- (x;za X2)7'B'[B(X; ! X2)"'B'] T (CO + a)
(cf. [3, p. 152]).

652



TWO STAGE LINEAR MODEL WITH CONSTRAINTS

THEOREM 2.8. Let H be a given ky X ky p.s.d. matriz and let an estima-
tor B from Z:{B be optimal (H -optimal) if it minimizes the function ¢(B8) =
Tr [H Var(B)], B € Z;{g. Then the matrices X~, B™, W; and Wy from
Lemma 2.3 are solutions of the following equations

Vi, T
biwaw) (2 T ) = (PP 25)

where
U, =[I-B'(B”)]H[I-B"B],
Vi = (1= XoX3) [B22 + D(X|E1X;) 7ID'] [1 = (X37)'X5]
V2 = BX; [S22 + DX 21 X1) D] [1 = (X3)'X3)]
— C(X1 =0 X)) 71D [1 = (X5)'X5]
P, =—[1-B'(B)]H[l - B™B]X; [Z2; + D(X{Z}'Xy) ' D] [I - (X5)'X5]
— [1 =B/ (B7)JHB™C(X| ' X1) 'D'[I - (X3)'X5]
T = [1 = (X3) X5 {[Z22 + D(X{ B X1) ' D] (X5 )'B’ = D(X{ 27 X1) 7' C'},
T, =BX; [222 +D(X{ S X)) TID](X5)'B’ + C(X,{B11X,)~IC

—-C(X|Z ID'(X;)'B' — BX; D(X | X))~ i,
P, [I—B’ (B7)']H[I - B™B]X; [Z22 + D(X{ 27 X;) " 'D'](X5)'B’
+[1-B(B~

X1)~
)]
[1 - B'(B7)JHB™C(X| 3 Xy)~'C’
— [1- B/(B7)]HB~C(X|=1;!X,)~!D'(X;)'B’
[1-8'(B7)]

+ [1 = B/(B7)'|H[l - B"B]X; D(X; = X;)~!C’.

Proof. Let
B =[[1 - B B|X; + [ - BTB]W,(I - X;X;) + [| - B"B]W;BX;] Y,
+{-B~C—[1-B B|X;D - [l - BB][l - B~B]W; (I — X;X;)D
—[1 - B™B]W,(BX,;D ~ C)}6 + [| - B"B]W,a— B~a
= (A1 + AW A; + A;WA,) Y2 + (As — AW Ag — A;W2A7)0 + ¢,

where
A, =[1-B"B]X;, A;=[I-B7B], Az = [I—(X;)’X'Z],
A, =BX; , A; =B C-[1-B™B]X;D, As=(I-X;X;)D,
A, =BX;D-C, c=[1-B™B|W;a—B™a.
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In the following let vec(A) = (ai,...,a})’, where A = (ay,...,a,) is an ar-
bitrary m X nm matrix; the symbol ® will denote the tensor multiplication of
matrices.

Thus

$(W1, W) = Tr [H Var(B)]
= Tr (H (A1 + Ax(Wy, W) (ﬁj)) B2 (AQ + (A3, A}) (W1> Aé))
4T <H <A5 — Ay (W, W,) <ﬁj)) =, (A’ (A4, A}) ( ) ))
- (vec(Egg (Afl + (Aé,,AQ)(W) A’2> H))Ivec<A’1 (A3, AY) ( ) )
o~ () e~ ()
- ([vec(A'l)],(H ® Ba2) + (vec( )) <(A’H) ® ( I ))
(ot + 1 e ()

+( vec(A H®29)—(vec( 1)) ( ((::)2")»
(vec(Ar)—— Az ® (AG, A7) VGC( ))

and

(W1, W) /0 vec (“1 )
=2 ((A' HA;) ® <( ) Soo(Af, AL) + (2‘;) zé(Ag,Aé))) vec (z\,\';)
+2((A' ((2 ) ))vec(Al)
s () ) i
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The equation

( %3¢(W1,W2)/3 vec (“i) =>

((A’ZHAZ) ® ((22) Saa(A}, AL) + (ﬁj) zé(As,m))) vec (“;)

, A3 Ag ) vec(A])) _
+ ((AzH)® <<A4 Yoo + A, 29 —vec(A’s) =0
!
1
W
attains its minimum; the last equation can be rewritten in the form

has obviously solution for vec( ) and in this solution the function ¢(-)

VvV, T
UI(WI)W2) (V; T;) = (PI,P2)

given in the assertion of the theorem.

Remark 2.9. Let Wk, n, and Wy, 4, respectively, be spaces of matri-
ces of the size k; x ny and kg x ¢, respectively. Let (Wy,V;) = Tr(W;V,),
W1,V1 € sz,nz and let (Wz,Vz) = Tr(W’2V2), W2,V2 € sz,q . Let Sk2 be a
space of kyx ks symmetric matrices with the inner product (S;,S2) = Tr(S;S2),
S1,S2 € Sk, . The image Cy of the cartesian product Wi, n, X Wk, 4, when the
function (cf. Lemma 2.3)

#(W1,W3)

- Var((l — B7B)[X; +W;(l - XoX7) + W;BX;] Y,
+{-B~C+(1-B™B)[— X; D — W;(l — X;X;)D — W,BX; D + W,C] }6
+(1— B-B)Waa — B-a)

is used, is a set included in the convex cone C of the positive semidefinite
matrices in Sk, . Let ko =min{k: k€ R, Vi NCy # 0}, where

Vi =kK+ Ky ={kH+K: Ke Ky},
Ky={S: S€S&,, Tr(SH) =0}.

Then there exist matrices W9, W3 with property ¢(W9,W3) € Vx, NCy and
these matrices are a solution of the equation (2.5).
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By Theorem 2.8 the problem of a numerical determination of the H-optimal
estimator ,5 is solved. Nevertheless a structure of such an estimator is not trans-
parent. It would be useful sometimes to know an explicit expression of matrices
X5, B7, W;, W, for a given H. Another problem can be formulated in such
a way that the matrices X5 , B™, W;, Wy are chosen and a matrix H is to be
found with respect to which the estimator given by the matrices X; , B™, Wy,
W, is H-optimal. A partial answer to these questions is given by the following
corollary.

COROLLARY 2.10.

a) Let H=BTB’, where T is any symmetric ko X ky matriz. Then any
estimator B € Ug s H -optimal.

b) Let D = O (a model from Corollary 2.5) and let

H = X, 35! X, (= {Var [(X;35,'X2) !X, 251 2]} )
Then
B = {1- (X35 X2) 7' B/ [B(X, 5 X2) 1B’ T B} (X555 X2) TIXE B Vs
— (X535 X2) 1B/ [B(X, 25 X,) " B'] TH(CO + a)
=(1- Br_n(xgzg;xz)B) [(X,z):n(zn)]’YQ - B;(x;z;;xz)(Cé +a)e L?,@
ts H-optimal. This assertion is proved by verifying that the choice

X; = [(xl2)7_,,,(222)],a W; =0,

B™ = Bm(x;z:;;xz) ’ W = —Bm(x;z;;x2)

satisfy (2.5). : :
c) Let D=0 and X485 X, = 0. Then the estimator 3 from b) mini-
mizes a value of the quantity Tr (Var(ﬁ)) , Be 1;13 .

Remark 2.11. In the case b) from Cox"ollary 2.10 let the spectral de-
composition of the matrix (X4X5,Xs)"! be Q;D:Q}, Q:Q} =1, D, =
Diag(di,11,.--,d1,ks,k,) and the spectral decomposition of the matrix V =
Var(8) be V = Q:D,Q}, Q.Q, = 1, D, = Diag(da11,---,d24k,k,)- Then
Tr [X} %55 X2V] = Tr[D7'Q}Q2D2(Q}Q2)’] . The matrix QjQ; = F is orthog-
onal, F = (f,f,...,f) and

k2 k2

TI’(X/222_21X2V) = Z Z fiz,jd2,ii/d1,jj )

i=1 j=1 .
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where f; ; = {f};..

Remark 2.12. Since Var(8) is a singular matrix for each 3 € Uz, the
image ¢(Wh,.j» X Wi,,q) from Remark 2.9 is included into the boundary of the
convex cone C (the boundary consists of positive semidefinite matrices which

are not regular). If for a given ﬁ~ € ¢(Why,np X Wh,,q) a supporting hyperplane

H of C at the point 3 is constructed, then B is H-optimal with respect to
any HL(H —3). Thus (2.5) can be solved with respect to H for any given X5 ,
B, W;, W,; in this case (2.4) can be rewritten as

[ - B'(B7)']H(K1,Kz) = (0,0),
where

Ky =(1-B™B)[X5 + Wi(l — X2X3) + W3BX; | [£22 + D(X, 21! X,)7!D'] -
1= (X3)'X3] + [B™ = (1 - BTB)W] C(X; Z1'X1) ' D'[1 - (X3)'X,]

Kz =(1 - B™B)[X5 + Wy(l — X2X3) + W;BX; ][22 + D(X| 27! X,)7'D'] -
-(X3)'B’' — [B™ — (1 - B"B)W,|C(X{ 37;'X,)~'C’
+ [B™ — (1 - BTB)W,|C(X{Z1}'X;)"!'D'(X;)'B’
—(1-B7B)[X5 + W (I — X5X5) + W2BX; |D(X|='X;)"'C’.
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