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THE TWO PARAMETER ELLIPSE PROBLEM 

GERALD KUBA 

(Commun icated by Stanislav Jakubec ) 

A B S T R A C T . The error term of the number of lattice points of an ellipse is 
stud ied. 

1. Introduction 

xz V 
Consider an ellipse —-5- + -̂ V = 1 in the Euclidian x, y-plane with a > b > 1, 

az bz 

and let R(a, b) be the number of lattice points (of the standard lattice Z2 ) inside 
or on the ellipse. 

It is well known (see F r i c k e r [2] or K r a t z e l [5]) that 

7t(a,6) = ab7r + A ( a , 6 ) 

with 

|A(a,6)| <C(a6 )3 for a>b> 1, 
(where C is an absolute constant), provided that the quotient -7- is constant. 

Actually, the classical ellipse problem is a one parameter lattice point problem, 
where a fixed planar domain is "blown up". 

In contrast, in this paper we consider the more general case where the major 
and minor axis of the ellipse are completely independent. In particular, we divide 
the "parameter domain" a > b > 1 in two subdomains in such a way that in 
the first subdomain (where -7- is not too far away from a constant) the error 

b 
term A(a, 6) is qualitatively that of the circle problem (with the sharpest known 
exponent); in the second subdomain A(a,6) can be given in its true order of 
magnitude. 

Thus, the objective of the present paper is a proof of the following results. 

A M S S u b j e c t C l a s s i f i c a t i o n (1991): Pr imary 11H56. 
K e y w o r d s : Ellipse, Lattice point, Error term. 
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T H E O R E M . For a > b > 1 let 

2 ,,2 
Я(a,ò) = #{(x,y)єZ 2 | ^2- + ^ - < l } -

Furthermore, let C > 0 be an absolute constant. 

Then we have 
R(a, b) = abTr + A(a, b), 

where the error term A(a, b) can be estimated as follows: 

(i) There exists a constant C\ such that 

|A(a,b) | < c i ( a b ) ^ ( l o g a b ) ^ 

/or a// a, b in tbe region 

119 315 

a < Cb ioo (log a b ) 1 ^ . 

(ii) There exists a constant c<i such that 

| A ( a , 6 ) | < c 2 - - ^ 

for all a, b m tbe region 

119 315 

a > Cbioo (log ab)"~~ . 

(iii) There exists a constant c% > 0 and a constant C such that 

c 3 - ^ < | A ( a , 6 ) | 

/or a// sufficiently large b E N and ail a G 1 wi/A 

a > Cfb~™ (log a b ) ^ . 

2. P r e p a r a t i o n of the est imate 

Let a > b > 1 throughout the paper, and let II (a J)) be defined by 

oc oc 

If (a, b) == 1= y n~ 2 sinf 27rna ) H ^=- > n " s in( 27rnb — ~r 
TTV^ ^ V A ) ^ Z-j V 4 

v n = l v n = l 

In order to prove the Theorem it is sufficient to verify the following two 

propositions: 
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P R O P O S I T I O N l . For a > 6 > 1, we have 

it(a, b) = abir + H{a, b) + ^ ( f ) + 0((a&)*) , 

with absolute constants. 
13 

PROPOSITION 2. If a, 6 satisfy the condition 1 < K a « f)io , Hie eUen /lave 

fi(a, 6) = abvr + FJ(a, 6) + o(j) + 0({ab)™ (logab)^) , 

where the constants only depend on the ^-constant of the assumption. 

Note that 

for (a, 6) G 1R+ x N, where a >> b and 6 is sufficiently large. 

Thus the expression H{a, b) + Oi ~r-I in Propositions 1 and 2 can be replaced 

. i • * l°\f a \ 
bv a second mam term < > » » ."J VvV 

Furthermore, note that 

and 

q 

-_<^ >(ab)3 <=-> a< 
VM»J \» 

>(a6)7:j(logab)-46 <=4> a< >6100 (logab) i°° 

Therefore we may use Proposition 2 to prove clause (i) of the Theorem. 

We then combine Proposition 1 and Proposition 2 to prove clause (ii) and 

(iii) . Proposition 1 provides the results in the parameter domain a >> b^ and 

Proposition 2 in the domain 6To?) (logab)too « a « bfe . 

In order to establish Proposition 2 we make use of an essential tool from 
Huxley's "Discrete Hardy-Littlewood Method" in the shape presented in 
H u x l e y [3] and [4]. The following lemma is a combination of H u x l e y 
[4; Theorem 3 and Theorem 4]: 

Let V-(-) be defined by 

throughout the paper. 
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LEMMA 1. Let M , M', T be positive real parameters satisfying M < M' 

< 2M and M < C\T~^^(logT)~292 with a constant C\ . Furthermore, let F(t) 

be a four times continuously differentiable function on 1 < t < 2 satisfying 

F'(t), F"(t), F^(t), F'(t)F^(t)-3(F"(t))2, F"(t)F^(t) -3(F^3)(t))2 ^ 0 

for all 1 < t < 2 . Then it follows that 

£ *(&*•(&)) «r*<k*r>'8-
M<k<M' 

The O-constant depends on C\ and on the range of values taken by the deriva­
tives of the function F . 

In order to verify Proposition 1 we use van der Corput's classical estimate of 
^-sums: 

LEMMA 2. (see v a n d e r C o r p u t [1]) Let f be a real valued function, 
twice continuously differ entiable on [a, b] C K. Furthermore, let f" be monoto­
nous and nonzero on [a, b] . Then it follows that 

0 

£ Ф(f(k)) < / IГWI* dŕ + |Г (a)Г - + IГWГ * 
a<k<b 

where the O-constant is absolute. 

The calculation of the main term in Propositions 1 and 2 is along the lines 
of the preparation of the classical ellipse problem. Clearly, 

R(a, b) = 1 + 2[a] + 2[6] + 4S(a, b), 

with 

S(a,b) = a 

ІV2J 
ò E 

-%<x<a 

ЪJl- £ 
V2<У<<> 

a\ \-

Eliminating the Gauss brackets via the rounding error function T/>, using the 
Euler summation formula, and adding areas in an obvious way, we obtain 

R(a, b) = abn + /(a, b) + 7(6, a) + # ( a , b) + #(&, a) + O ( l ) , 
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with 
a 

I(a, ß) = -lŁ í *^ ф(x) dx 
a J yaz — xz 

V2 

and 

Ф(a,/3) = -4 J ] ф(ßJ^IлĹ\ 
V2<П<(X 

for 
{a,/3} = {a,b}. 

3. Evaluat ion of t h e integrals I(a,b) a n d I(b,a) 

We substitute the lower limit of I (a, j3) by 0 and obtain an error term 

O 
\ a 
After an obvious substitution and insertion of the Fourier expansion of the 

function ip we get 

I(a,ß) = 2ß^^-Jг(2ҡna) + 0 
n=i 

n ~v ' \ a 

where J\ is the Bessel function of first order, since 

i 

J\ (z) — — / —, sin zu áu . 

o 

From the well known formula 

Ш = \lJv™+-f)+0(z-ï) (*-oo 7TZ \ 4 

we obtain 

I(a, (3) = -2@= J T n~ 5 sin hima ~ f ) + ° ( ~ ) f o r ÍQ> l3) = ía> b} • 
VTл/O, 

71=1 

Therefore we derive 

R(a, b) = abn + # ( a , b) + * ( 6 , a) + H(a, b) + o(j) . 

In order to complete the proof of Proposition 1 and Proposition 2, respec­
tively, we have to estimate the ^-sums. 
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4. Est imat ion of the sums Sfr(a,b) and ^>(b, a) 

The estimation of \I>(a,/3) with the help of van der Corput's method 
(Lemma 2) is straightforward. This proves Proposition 1. 

To execute Proposition 2 it is sufficient to verify the following proposition: 

P R O P O S I T I O N 3. For 1 < a < /3i§ f we have 

#(a, /3) < (a/3) ^ (log a/3) T ^ . 

P r o o f . We can write 

-±-V(a,f3) = S(a,!3;M1) + 0(M1) 

with 

S(a,0;M1) = S= ]T (̂_/(n)) , 

where Mi > 2 is to be exactly defined later, and 

ß 

We note that 

g(t) = Ü V V - Í 2
 foг ť є 

^( í ) = - ^ ( - 2 - * 2 ) " ł ^ 

."(-) = -!(-2--Гf~2 

a ~ , a - M І 
л/2 

a 
a 

,(3)ř ,0 (ť) = - 3 ^ ( a 2 - ť 2 Г 5 a 2 ť , w av y 

(4)(Í) _ - 3 ^ ( a 2 - ť 2 ) " " a 2 ( 4 ť 2 + a 2 ) , 

and observe that for t E - £ r , a - Mi 
^ 2 

аnd г Є {1,2,3,4}, 

/3 (r)| X A ( a 2 _ ŕ2) ł - V x J> { a _ ť ) I _ r _ 
1 a v y ,/a 

Furthermore, we see that for t £ a , a - M І 
л/2 

g'(t),g"(t),g{3Чt)ЃO, 
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9'(t)g^(t) - 3(g"(t))2 = - з ( ^ ) V " t2)'2*2 ф 0, 

g"(t)g^(t) - 3(g^(t))2 = з ( f ) (*2 ~ í2)"5a4(3í2 + c2) ф 0. 

Now let T = 1 -=-, and define 

/(«) •= 9([a] -u) • 

Then the new function / is certainly defined for u € [M\,ra[, and for all 
such u , 

ß f ' ( U ) | ж - ^ U 5 - (г = 1,2,3,4). 
a 

Of course, the " ^ 0-conditions" which hold for g also hold for / . The sum 5 
may now be written 

5 = 5 + 0 ( 1 ) , 

with 

5= £ Ф(f(m)). 
Mi<m<ra 

We split up the interval of summation by a geometric sequence Mj = 2J M\, for 
23 

j = 1, . . . , J , with J such that Mj = Ta and Mi x (a/3)73 . 

Note that for /3 too large (i.e. 0 ^> a23+£) , a 

V2 
a - Mл = 0 and 5 = 0 

for sufficiently large a , and in this case the statement of Proposition 3 is trivially 
true. 

We have 
J-i 

S = Ј > 
. 7 = 1 

with 
SJ= E ^(/м) ( І < Ј < Ј ) . 

Л Í ;<Г7?<Л' í j + l 

Now we apply Lemma 1 to each of these sums Sj: 

Put AI = Mj, M' = - [ - 2 M ] - 1, T = -7-" A / = < a n d F ( u ) = Mrf(Mu?) 

y a 1 
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Then F(u) satisfies all conditions of Lemma 1. In addition we have \F^(u) 

x 1 for 1 <u < 2 and r = 1,2,3,4. 

To verify 

M < C±T^ (log(T))' 

it is sufficient to show that 
M < C2T^ , 

13 ^ 83 
since 7---- < 

63 
292 

23 146 ' 
According to the assumption of Proposition 3 there exists a constant C3 with 

13 

& < C3/310 for all a,/3 to be considered. 

This implies 
26 

a<C4\ & ^ 
ja 

Since M < Mj < a, we get 

м <c2\ -Ą=м% 

The constant C± only depends on C3. 

Thus, all conditions of Lemma 1 are satisfied and we obtain 

23 315 23 315 

for all 1 < j < J. Summing all up, we get 

s«l^jľ(ьЄ(-|jM]))-м)«, 

since a finite geometric series is <C its largest term. 

This completes the proof of Proposition 3, since Mj < a. 
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