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TRANSCENDENTAL SEQUENCES!

JArosLAV HANCL

(Communicated by Stanislav Jakubec )

ABSTRACT. We introduce the so called transcendental sequence and prove a
criterion for a sequence to be transcendental.

There are a lot of papers concerning the irrationality (see, e.g., [2], [3], [4],
[5]), or the transcendency (see, e.g., [1]) of infinite series. In a previous paper [5],
the author proved a criterion for irrational sequences. In this paper, we prove
a theorem concerning the transcendental sequences. A similar method was used
by Kostra in [6].

DEFINITION. Let {a,}" , be asequence of positive real numbers. If for every

o0

o0
o0, of positive integers the number ) 1/(a,c,) is transcenden-

n=1
| is called transcendental.

sequence {c, }

oo

tal, then the sequence {a, }°°

THEOREM. Let a, 3 be positive real numbers such that o > 8 and {a, /b, }5°,
be a sequence, where a, and b, are positive integers. If

(l” Z 2(3+a)n (1)

and . .
b” < 9(3+8) (2)

hold for every large positive integer n, then the sequence {a, /b }°° | is tran-
scendental.

Proof. It is sufficient to prove the transcendency of the series H =

o0
3> b,/a, . (If we take a sequence {c, }o>, of positive integers and put A, =
n=1

AMS Subject Classification (1991): Primary 11J81.
Key words: positive real number, positive integer, transcendental number, transcendental
sequence.

1 Supported by the grant no. GA 201/93/2122 of the Czech Grant Agency.

177



JAROSLAV HANCL

€, 0, , then the sequence {4, /b, }22 ; will fulfill (1) and (2) for every large n.)
(1) implies that there is a positive real number v, 8 < v < o such that

a, > 20+" (3)

holds for every large n. Let ¢ be a positive integer such that for every n > ¢
(1) and (2) hold. Then we take a positive integer B such that for every n < c,
a, < 26+7” | Let the number of a, such that a, < 2(3+7)" be equal to s.
The inequality (1) then implies, that there is a positive integer N such that the
number of a,, satisfying a,, € <2(3+7)B, 2(3+7)N> is less then or equal to N —B—
s — 1. The number of intervals <2(3+’V)B, 2(3*"7)3“), o <2(3+7)(N_1), 2(3+’V)N>
is N — B. Thus there is a smallest positive integer M, B < M < N, such that
the number of a, satisfying a,, € <2(3+’Y)B, 2(3+'Y)M> is less then M — B — s.
Because the number M is the smallest number fulfilling the above assumption,
for every positive integer K (B < K < M), the number of integers a, such
that a, € <2(3+7)K, 2(3+‘7)M> is less then or equal to M — K — 1. Thus, there

is no a,, contained in <2(3+’Y)M_1, 2(3+'7)M>. These conditions imply

Mo = T[] I o
ane<0,2(3+v)M_1> an€(0,2(3+'r)5> an€<2(3+‘7)3,2(3+7)M_1>

M-1

(4)

T R ST
< 2sb

S 23(3+‘y)32]’=§+5 S 2(3+'Y)M/(2+'Y) .

On the other hand, if B is large enough, then

Y obja, < > bja,+ Y b/a,

an>2@+mM-1 an>2@+NM! n>M
n<M

o0
< MAEHM =@M 3 g A= (ora)” 5)

n=M
< 22B+8)M -3+

holds. If 4
p/q = Z bn/a’n )

an <2(3+y)M-1

then, from (4) and (5), it follows
H-plal= Y b,/a, < 22+0M-G0M o g-2-

b
an>23+1)M-1

where 0 < € < . If we now apply Roth’s theorem (see, e.g., [7]), we obtain
the transcendency of the number H. O
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COROLLARY. The sequence {2*"}%° | is transcendental.

Remark. The problem remains open whether {23"1% s a transcendental
sequence.

n=1
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