
Mathematica Slovaca

Kazuhiro Sakai
On positively expansive differentiable maps

Mathematica Slovaca, Vol. 47 (1997), No. 4, 479--482

Persistent URL: http://dml.cz/dmlcz/136709

Terms of use:
© Mathematical Institute of the Slovak Academy of Sciences, 1997

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz

http://dml.cz/dmlcz/136709
http://project.dml.cz


Mathemctfica 
Slovaca 

©1997 
Mathematical Institute 

Math. Slovaca, 47 (1997), NO. 4, 479-482 Slovák Academy of Sciences 

ON POSITIVELY EXPANSIVE 
DIFFERENTIABLE MAPS 

KAZUHIRO S A K A I 

(Communicated by Milan Medvěd!) 

ABSTRACT. We obtain a necessary and sufficient condition for a positively ex
pansive differentiable map to be expanding. 

Let M be a C°° closed manifold, and let CX(M) be the space of C1 maps 
of M endowed with C1 topology. We denote by d a Riemannian distance of 
M , and let / € C1(M). We say that / is positively expansive if there exists a 
constant c > 0 such that for x,y 6 M , d(fn(x), fn(y)) < c (n > 0) implies 
x = y. It is well known that the set of all periodic points of the positively expan
sive map / , -P( / ) , is dense in M (see [5; Lemma 2]). If there is a Riemannian 
metric || • || on TM and A > 1 such that || D / n ( v ) | | > A n |H | for v E TM and 
n > 0, then / is called expanding. 

Every expanding C1 map is positively expansive (see [3; Theorem 2]), but 
the converse is not true. Indeed, there is an example of a positively expansive 
C1 map / on the unit circle which has a fixed point p such that D / = id (see 
[1]). In this note, by using Mane's technique stated in [2], we prove the following 
theorem. 

THEOREM. Let f e CX(M) be positively expansive. Then the following two 
conditions are equivalent: 

(i) / is expanding, 
(ii) there is a Riemannian metric || • || on TM and 7 > 1 such that 

inf 
pЄP(f) 

ҡ(p)-l 

П ІD/ҶP)/І 
ż=0 

1 
T(P) 

> 7 , 

where | D^ / | = min || D ^ / ( u ) | | , and 7t(p) is the minimum period of 
| |v|| = l 

peP(f). 
AMS S u b j e c t C l a s s i f i c a t i o n (1991): Primary 54H20, 58F15. 
Key w o r d s : positively expansive map, expanding map, shadowing property. 
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Let M and d be as before, and let / : M —> M be a continuous map. A 
sequence {xk}^L0 of points is called a 8-pseudo-orbit of / if d(f(xk), ~cfc+1) < 8 
for fc > 0. Given £ > 0, {xk}^LQ is said to be e-shadowed by x G M if 
d(fk(x),xk) < e for k > 0. We say that / has the shadowing property if for 
e > 0 there is <5 > 0 such that every 8-pseudo-orbit of / can be e -shadowed by 
some point of M. If / is positively expansive, then it is an open map (and so 
f(M) — M) since / is locally one-to-one. Thus / has the shadowing property 
(see [4]). 

Denote by M(M) the set of all probabilities on the Borel a -algebra of M 
endowed with its usual topology such that 

/ídW; 
Mn -* M <=> / £ d/xn -> / £ dix 

for every continuous function £: M —> R. For a continuous map f: M —> M, 
we denote by M(f) the set of all /-invariant elements of M(M). Take x £ M 
and define a probability /In(x) 6 A^l(M) (n > 0) by 

n - l 

Then it is easy to see that if /i is an accumulation point of \V>n(
x)} = 1 , then 

neMtf). 
To prove our theorem, we need the following two lemmas. The first one is 

well known. 

LEMMA 1. Let f be a continuous map of M onto itself Then there is a Borel 
set c(f) C {x e M : x E cO(x)} such that /x(c(/)) = 1 for every // 6 M(f). 

LEMMA 2. If f is positively expansive and ji 6 M(f) is ergodic, then 
for every neighbourhood U(^) C M(M) of / i , there is p € P(f) such that 
^(p)(p)eU(fi). 

P r o o f . For any neighbourhood U(/i) of an ergodic measure fi} there are 
an a > 0 and a finite sequence of continuous functions { c ^ } ^ from M to R 
such that if 

max Ad*-A åu <a (veM(M)), 

then v 6 U(n). By Birkhoff's ergodic theorem, there is a Borel set A (JJL(A) = 1) 
such that for all x £ A, there is N(x) > 0 satisfying 

max 
i<i<^ 

n - l 

< - foг n > N(x) 
~ 2 ~

 v
 ' 
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Fix x G c(f) fl A, and let c > 0 be an expansive constant for / . Then there 
is 0 < e < c/2 such that d(x,y) < e (x,y G M) implies max \£Ax) — £ ( y ) | 

i < j < ^ ^ •* 

< a / 2 . Let 0 < 8 = 5(e) < e be as in the definition of the shadowing property 
of / . Then, since x G cO(x), there is n > N(x) such that {x, f(x),f2(x),... 

• • • >/ n _ 1 ( x )> x> /C^)? • • •} is a c y c h c 5-pseudo-orbit of / . Thus we can find 
p G P(f) (fn(p) = p) such that d(fi(x)Ji(p)) < e for 0 < i < n - 1. 
Therefore we have 

max 
i < J < ^ 

'-"fíÁf^-iEíÁfM) 
i=0 i=0 

< a 
2 ' 

and so 

max 
i < j < ^ yW / Í І Ф * „ ( P ) < a . 

D 

P r o o f o f T h e o r e m . Let / G Cl(M) be positively expansive. Then, to 
get the conclusion, it is enough to show that if there exist a Riemannian metric 
|| • || on TM and 7 > 1 such that 

тr(p)-: 

П 
i=0 

D/ҶP) /l -î І 
7Г(P) 

(peP(f)), 

then / is expanding. P u t <p(x) — loglD^/l = log inf || D^,/(tt)|| (x G M). 
V = 1 

Then <p: M —> R is continuous. Thus we have / (/? d/i > 0 for every /J, G M(f). 
Indeed, if there is \i G M(f) such that f <p dfi <Q, then by using the ergodic 
decomposition theorem we can find an ergodic measure fl G M,(f) such that 
J V d/2 < 0. Fix 0 < e < log 7 . Then, by Lemma 2, there are p G -P(/) 
(n = 7r(p)) and ,un(P) G A1(/) such that /<£ dfin(p) < e. Thus 

n - 1 

т n < П l D / ҷ P ) / l < e Г 

?;=o 

Therefore we have log 7 < e, which is a contradiction. 
We claim that for every x G M there is m(x) > 0 such that | D^ fm(x) | > 1. 

If this is established, then it can be checked that there are constants m > 0 and 
A > 1 such that || D fm(v)\\ > X\\v\\ (v G TM). Thus, if we put A' = A1/ҷ > 1 
and 

m — 1 1 

^ir=ET^ID />)U (vETM), 
i=0 A 

then / is expanding with respect to || • ||' and A7. 
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To prove the claim, we suppose that there exists x E M such that | Dx f
n\ < 1 

for all n > 0 . Then 

l~ £ ¥>(/(*)) = \ £ log | Dfi(x) / | < 0 for n > 0. 
i = 0 i=0 

Pu t fJ<n(x) = ^ ]C bfi(x)'> an<^ ft* a n accumulation point /i £ M(f) of 
i=o 

{^nC2-)} - i • Then we have J (p d/i < 0 and this is a contradiction. • 
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