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(Communicated by Stanislav Jakubec )

ABSTRACT. A new algorithm, the ezplicit digital inversive method, for gener-
ating uniform pseudorandom numbers is introduced. This method can be viewed
as an analog of the explicit inversive method and as a variant of digital inversive
method for pseudorandom number generation. We study, in particular, the statis-
tical independence properties of pseudorandom sequence generated over part of a
period. The method of the proof rests on the classical Weil bound for exponential
sums.

1. Introduction

1.1. Several nonlinear methods for generating uniform pseudorandom numbers
in the interval [0,1) have been proposed in the literature. Reviews and the
bibliography of the development of this area can be found in [DrTi], [Ei], [HeLa)],
[LEq], [Ni1], [Ni2], [NHLZ], and [Te]. In this paper we propose an explicit variant
of the digital inversive method of Eichenauer-Herrmann and Niederreiter [EiNi].
First a detailed description of this method is given.

1.2. Let p be a prime, and put ¢ = p* for some integer & > 1. Denote by F,
the finite field with ¢ elements, and by Fy = F, \ {0} the multiplicative group
of nonzero elements of F,. Identify the set Z, = {0,1,...,p — 1} of integers
with a finite field Fp = Z/pZ with p elements. For v € F; let v = 7 te Fq* be
the multiplicative inverse of « in Fq and define 0 = 0. For initial value k; € Fq
and parameters o € 7 and B e F, an inversive sequence (f~cn)nZO of elements
of F, is defined by the recursion

Kpy1 = R, + 8, n>0. (1)
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MORDECHAY B. LEVIN

In the following the finite field F is viewed as a k-dimensional vector space
over Z,,. Let (B,,---,5) be abasis of F, over F, (w;,...,w,) the dual basis

of (B,,...,08,) (see [LN; Definition 2.30]), and Tr denotes the trace function
from F , to Fp.

For n=0,1,... let ¢, = (cn,l’ .. .,cn’k) be the coordinate vector of 7, € F,
relative to (B,,...,0;)- As in [LN; p. 58]
Cpi = Tr(w;k,), n=0,1,..., i=1,...,k. (2)

Now a sequence (y,,),>o Of digital inversive pseudorandom numbers in the in-
terval [0, 1) is defined by

k
Y=
=1

C

i p=0,1,.... (3)
pl

1.3. Every integer n > 0 has a unique digit expansion

n= Z a; (n)PJ (4)
j20
in base p, where a;(n) € {0,1,...,p — 1} for all j > 0 and a;(n) = 0 for
all sufficiently large j. For initial value v, € F, and parameters a € F; and
B € F,, a sequence (z,,) >0 Of explicit digital inversive pseudorandom numbers
in the interval [0, 1) is defined by

T .

k-1
T, = Z mi T, ;= Tr(wi(a"yn+ﬁ)) and Y, = Z /Hi+1ai(n)+7o .
i=0

o P
(5)
Obviously, a sequence (z,,),,¢ is purely periodic with period length equal to q.

1.4. Equidistribution, as well as statistical independence properties of uniform
pseudorandom numbers in the interval [0,1) can be analyzed by the discrepancy
of certain point sets in [0,1)* with s > 1. For N arbitrary points t,...,ty_, €
[0,1)° with s > 1, their star discrepancy is defined by

D*((t,)n=)) = sup
v=[0,71)x-x[0,75)C[0,1)*

%#{nG[O,N)‘ t,ev}—v 0,

In accord with [EiNi; Theorem 1]

D* ((yn’ tee 7yn+s—]);11,::}:)) = O([)_R/ka)

for digital inversive method.

082



EXPLICIT DIGITAL INVERSIVE PSEUDORANDOM NUMBERS

For explicit digital inversive pseudorandom numbers we obtain here a slightly
worse estimate

D~ ((zn’ e "'En+s—1)(71l;})) = O(p—k/2ks+l) :
But using this method we obtain a discrepancy estimate over part of the period

D*((Tpy-- s Tpys1)hd) = O(NIP*2k%2), N=1,2,....

n=0

Using the approach proposed in [Le] we show that there exists a € F, o Wwith the
following discrepancy

D*((Zpy -+ Ty )nsg) = O(N~?10g°*3 N), N=1,2...,p%,

n=0

for part of the period of the digital inversive method and the explicit digital
inversive method.

2. Auxiliary results

First, some further notation is necessary. C(l) = ZN(—1/2,1/2]. For real u,
the abbreviation e(u) = e2™V=1* s used.
Define
gsin(n|h|/q) for he C(q), h#0,
)= { TSR (

6
1 for h=0. (6)

Subsequently, five known results are stated, which follow from [Ko; Lemma 2],
[Nil; Lemma 2.3], [Ko; p. 13], and [Ni2; p. 35], [Ni2; Theorem 3.12, Lemma 3.13],
and [LN; p. 188-190] respectively.

LEMMA 2.1. Let
1 ifa=0 modp,

) =
p(a) {0 otherwise.

Then
1

e(an/p) .
0

P
d,(a) =

SR

n

LEMMA 2.2. Let q > 2 be an integer. Then

1 2 7
E < =logg+ +=.
5
ooy "D T
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LEMMA 2.3. Let T > N > 1 be integers. Then

N-1 1 T-1 nh
’ge(un) Sheg O T) Ze(un+T)l.

Y. e(nh/T)| <r~Y(h,T). Now
n€ef0,N—1]
repeating the proof of [Ko; p. 13] we obtain the assertion of Lemma, 2.3. O

Proof. According to [Ni2; p. 35], 1/T

Let b > 2 be integer,
wnz(wfll),...,wfl’))E[O,l)’ for n=0,1,...,N -1,

where for an integer m; > 1, we have

my i .
wd =Y Wb for 0<n<N-1,i=1,..,s, (7)
w1thw(')e{0 b—=1} for 0<n<N-1,1<i<s,1<j<m,.

Let C’(b)""ml be the set of all s x m; matrices with entries in C(b), H =
(hy;) € C(b)oxms,

LEMMA 2.4. Let s,m; > 1 and b > 2 be integers. If ((w )n 0) is the point
set (7), then

D*((w,)i%)
<Il—(1-b"™)+ Y Wbml(H),N ( Zzh,, f.})

HeC(b)**™1 i=1 j=1
H#0

where the weight W, ., (H) > 0 satisfies the jollowing inequality

Z Wy, (H ( mllogb+gm1 lb—l) )
Hec(b)™*™
H#0
Remark. Let‘, X, = (xn,l""’ ns {X }k ({zn,l}k"“ {xn s} ) {zn z}k -
[P 0, e LS B2 Lm0 v = [0y) % X [0, v =

H[O {vihil.

=1
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It is easy to see, that

IN#{0<n<N-1] {x,}€v}—m--7,
SUYN#{O0<n <N -1] {x,}, €v} =7 7,

<D* (% })nso )

and
IN#{0<n<N-1] {x,} €v} -7,
_>_1/N#{()<n<N—1| {x }kE'u'}—'yl---'ys
A ((EN AT H% H{%}k
Hence
* N-1
D*((x,)N-1) - (({x I )n_ )S% ?,2[01 H”r, H{’Y,h
<1- (1‘%) <5

This yields
* * N-1
D*(x)N) < 3+ D (I h)isy ) -
Now from Lemma 2.4 we obtain for all m € [1,m,] that

D (w,)N0) < 254 + ZWbmw)lN S (13 nuld)].

HGC(b)"X"' i=1 j=1
H#0

Applying Lemma 2.3 we have:
COROLLARY 2.1. Let 1< N LT, 1<m<m,. Then

D*((w )Ny <2spm+ LB (w,),

N ~“Tm
where
5 (H) — h. (1)
T,m(wn) T Z Z h q) Z ZZ ij Wnj +
HeC(b)**™ heC(q) n=0 i=1 j=1
H;éO
Let )
x(v) = e(; Tr(v)) for yeF, (8)

define a nontrivial additive character x over F 7
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LEMMA 2.5. Let B€ F,
1 if =0,
s ={, "

0 otherwise.

Then 1
JORS > x(aB).

a€F,

The following lemma is a convenient form of the Bombieri-Weil bound of

exponential sums (see [Mo; Theorem 2]). .
We denote by Fq the algebraic closure of the field F, and by F q(z) the field

of rational functions over Fq.

LEMMA 2.6. Let Q/R be a rational function over F, which is not of the form
AP—A with A € Fq(x) . Let s be the number of the distinct root of the polynomial

R in Fq. Then we have

> X(%) , s (maX(deg(Q), deg(R)) + 5" — 2) ¢?+A,

YEF,
R(v)#0

where s* = s and A =1 if deg(Q) < deg(R), and s* = s+ 1 and A =0
otherwise.

LEMMA 2.7. Let 1<d<gq; n,b,,...,0, € F,. Then

d
SO <det 4y vt 0= 3 x(LaaFo+m).

YEF, i=1
where 0, #0; for i #j, and ay,...,a, are not all zero.
Proof. The case n # 0 see [Ni3; p. 205]. Let n = 0. We follow [Ni4; p. 164].
Clearly
Q(v) )'
S| <d+ (—— ,
15(6)] > x 70)
YEF,
R(v)#0

where (/R is the rational function over F, given by
d

Qz) _ ! @; : —

") = ; P ) with R(z) = [[(z+9,).

We claim that @/R is not of the form AP— A with a rational function 4 € Fq(x),
because if we had @Q/R = (K/L)? — K/L with polynomials I, L over F‘p and
ged(K, L) =1, then

i=1

LPQ = (KP~' - L"")KR. (9)
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From ged(K, L) =1 it follows that LP divides R, but since R has only simple
roots, this divisibility relation can only hold if L is a nonzero constant poly-
nomial. Since at least one a; is nonzero, the uniqueness of the partial fraction
decomposition for rational functions implies that @ # 0. Then a comparison of
degrees in (9) yields deg(Q) > deg(R) and this contradiction proves the claim.
Thus we can apply Lemma 2.6. O

For reals u,, n=0,1,...,and V =0 we pose, as usual, > u, =0.

nev
Let m,d,r; > 1 be integers with p~1 <d < pn <p™,d, =p™ —d-1.
Put
Ad,m(rl - 1) = {0) 1,... ,di}a

Agm(r) ={ne0,p™) | n=l+(@-1)T p' + v

r1 <i<r

with v € [0,p—2], l€[d, +1,p™ —1]}, ré€r,m-1],

Ad,m(m) = {n € [0’pm) | n=1[1+ (P— 1) E Pi ’ le [dl + laprl - l]} .

r<i<m
(10)
It is easy to see that
n, +i<pt! for i€(l,d], n; €A, . (r) with r € [r, —1,m —1];
#Ad,m(m) =d, #Agm(m—1)=(p—1)d. (11)

LEMMA 2.8. Let m,d,r; > 1 be integers, p~! < d < p™ < p™~'. Then we
have a decomposition of the interval [0,p™) in the following union of disjunct
subsets:

[0,p™)\ (A4 (M) U A, ,(m—1))

m-—2
= U U {ne [0,prn) | h:nl +-vr+1pr+l+...+vm_1pm—1’
r=r;—1 ”1€Ad,m(r)
vr+1"' 'avm_l € ZP} .
Proof. It is easy to verify that
[0,p™) =G, UG, UG, UG,, (12)
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where
G,={n€f0,p™) | n=1 (modp™), l€[0,d,]},

Gy =Ay,(m)= {n €[0,p™)| n=1 (mod p™), 1 €[d; +1,p" —1]

and n=1+(p-1) >, p’},

Gy = Ay (m—1)

i <i<m

= {n €[0,p™)| n=1 (mod p™), l€[d; +1,p™ —1] and

n=l+(p-1) ¥ p+opm, velo,p-2},

r<i<m-—1

G, = {n €[0,p™)| n=1! (mod p™), l€[d +1.p" —1] and

(3rer,m-2) (nEl+ (p—1) 3 p*+vp" (mod pt1)

r<ilr

&ve[O,p—2])}

forry, <m-2,and G, =0 for r, =m —1.
Using (10), we obtain

Gy ={nel0,p™) | n=l+v, "+ +v, p""

with 1 € [0,d,], and v, €Z,, i=71,...
= U {n € [prm) | n=mn; + vnpr] +--+ ,Um—lpm

n1€Ag,m(r1—1)

and v; €Z,, 1 =Ty,..

and for r; <m,

G, = U G4,1- )

r€(r1,m—2]

where

,m—1}

-1

)

.,m~1},

(13)

G,,= {n €™ n=l+@-)Xp +vp" +v, o+ 4v,_p" 7,

r1<ilr

with I € [d, +1,p™ —1], v€[0,p—~2], and v, €Z,,

i=r+1,...,m—1}

= U {Tl € [Ozpm) 1 n=mn, + ’U,',.l_lpH'l +. 4 vm—lpm_l ,

n1€Ad,m(T)

where v, €7, i=r+1,...,m— L},
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Now from (12) and (13) we obtain the assertion of the lemma. m]

LEMMA 2.9. Let 1<s<g=p*, ap,0y,...,a, €F,, (ay,...,0,) #0,

pF—1 3
S(a) = Z e(%Tt(ZannH + ao%)) .
n=0 =1

Then

1S(a)| < ps?k(2p*/2 +1).
Proof. It is easy to see, that the assertion of the lemma is trivial for
k € [1,2], and for k > 3 with s > p¥=2 > p(k-1)/2,
Now let k£ >3 and s € [1,p*~2).
This yields that r; = [log,s] +1 <k —2.
Using (5), (11), and Lemma, 2.8 we have, for n, € A, (r), r € [r; =1,k—2],

and n=n; + Y vp' that
r+1<i<k

Tnti = Tny4i T Z”j j+1s 1= 1s. (14)
r+1<j<k

From (11) and Lemma, 2.8 we obtain that

k-2
IS@I<ps+ Y. > lo(r,ny)] (15)

r=r1—1 n; €A, x(r)

8
o(rn)= e(i Tr(zai('ynﬁi U Byt 1By )

Ur4lyeees ‘Uk_IEZP i=1
Ty (7111 + Zvjﬂj+1))) ’

r41<j<k
(16)
Put

k-1
n= Z ;B2 -
3=0
According to [LN; p. 58],

Uj—l :TI'('I’]UJj), ] = 1)"'7k) (17)

where (w;,...,w;) be the dual basis of By B)-
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From (16)—(17) we deduce that

s r+1
o(r,n) =Y e(_l_ Tr( Y (Vi T 1) + (1, +n)>) I 5P(Tr(nwj)) )
nefF, \P i=1 j=1
Applying Lemma 2.1, we obtain, that
U(T’nq) =
LSy (A ST ) + gl b+ X ;)
= e —Tr( (Vi M) +g(Yn, £ 1) F 1% )
P by b €C, neF, NP i=1 1+ 0t im =7
This yields
|0‘(r,n1)| S
S S QA h
. (ot ot +1(o0+ S|
P by b1 €C, ngﬁq = tm 0m =T
Hence
S
IO’(T,nl)l < max Z X(Zai7n1+i+n+aon+ﬂ0> .
QOMBOGFq L
neF, =1
By (5)y Yny4i # Tny4; for @ # j, and n; € A, (r) (r € [r, — 1,k = 2],
i,7=1,...,8). From Lemma 2.7 we obtain that

lo(r,n,)] < s(2¢12 +1). (18)
Let s, =p™ — s — 1. From (10) and (11), we have for r € [r}, k — 2]
s;+1<ps—s, #A ,(r;—1)=s+1<ps—s, and #As’k(r)=8(p—1)-

(19)
Hence
Y #ALE) S (k=r)s(p—1) < (k= 1)s(p—1). (20)
r1—1<r<k-2
Substituting (18) and (20) into (15), we obtain that
1S()] < sp+ s(k = 1)(p — 1)s(2¢/% + 1) < ps*k(2¢"/ +1).
O

Let ny,m,---,n, be elements in F, with (n,,.--,mg) # 0, and define a
hyperplane E in F{ by

E = {(513-.-,€d)€F:] n1£]-+“.+77d6_d:n0}‘
Put

B(m,n,m) = #{n €[0,p™) | nTmy + - +0Vnga =" (21
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LEMMA 2.10. For 1 <m <k, d> 2 and every sequence (X,),>, defined by
the explicit digital inversive method, any hyperplane E in Fj contains at most
2d%*pm points (T 3 Tpygy) wWith 0<n <p™ —1<gq:

B(m,n,n,) < 2d*pm.

Proof. Let r; = [logpd]+1 and d;, =p™ —d—1.If r, > m, then
B(m,n,m,) < p™ < p*™ ! <p 7l < dPp < 2d%pm.

This is the assertion of the lemma.
Now let r; <m —1.
Using (11), (14), Lemma 2.8 and (21), we get, that

B(m7n7770) S
S#A, (M) +#A,,,(m—1) x

m—2
x X > #{n =Ny + VP v, p™ T

r=ri—1n,€Agm(r)
(NP EZP, n1m+-~+ndm=no}.
From (4), (5) and (11) we deduce, that
B(m,n,ny) <
<dp+ S #{01 0 €207

r1—1<r<m—2 n;€Aq,m(r)

2 MVpytitVrg1Brga o F V1 By = 770} :
1<i<d

Hence

B(mﬂlﬂlo)ﬁ
<dp+ )] > (#{rer, 1<12<dnnm+i+7=no})

r1—1<r<m—2 n;€A4,m(r)

<dp+ Y. 3 (d+#{7€Fql'ynl+i+75£0,z'=1,...,d,

r1—1<r<m—2 n; €Aq,m(r)

> (Vi TN = 770}) .

1<i<d
Applying (20), we obtain that
Blm,n,n) < dp+ (m=1d(p-1) _max (d+#{yeF,| Py)=0}),

re(ri—1,m-2]
n1€EAG m(r)

(22)
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where the polynomial P over F, is given by

d
P(y) =16 [ [ (rays +7) - Zm IT (s + -
=1 =1 1<.;]£<'d
I#1

If P were the zero polynomial, then, by looking at the coefficient of 4%, one
would obtain 7, = 0. Furthermore, for 1 < i < d, it follows that

0 = P( 7n1+|) _n| H (7n1+] 7n1+|)

1<i<d
£

Hence n; =0, a contradiction to (n,,...,n,) # 0. Thus deg P € [1,d].
Now from (22) we have

B(m,n,m,) < dp + 2d(m — 1)d(p — 1) < 2md®p.
O

LEMMA 2.11. Let Nym 2 1, b > 2 be integers, N € [1,b™], (f,)n>0 be
sequence of reals. Then

bﬂ‘l

N-1
< min(b, 2 logb
Eoe(fn)|_mm( og +5),§h,,’,’%ec<b> z (f+ ZhJam_J(n))’
(23)
Proof. Let u = u(N) = N/p™ = Y u bJW1thu € {0,...,b—1}
1<J<m
(1 <j<m=-1), u, € {0,...,b}; w, = ¥ w, ;b7 = n/pt™ =
1<j<m

> g j(n)b” J (see (4)); c(u, z) is the characteristic function of the inter-

c(u(N),w,) = igl; Z ( Zh,wn,] b Zhlul) uil (—};rv) '

=1 " hy,...,h, €C(b) v=0

of) = 3 elf)e( P i)
n=0 n=0
m 1 b™ —1 1 r r-1 —h v
£ 5 St b (155n) £
T T = =t el
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Put
13 —hv
T.(h,N) = e(—EZhjuj) _ Z e( b" ) .
Jj=1 vE[0,ur)
Then |
N-1 m 1 b™ -1 1
> elf) szb—,. Z ( -+ ZZ i m_J(n)) h./\/)'
n=0 r=1" h;,..,h.€C(b)' n=0 j=1
(24)
Clearly
|T.(h, N)| < min(u,, 1/sin(z|h,|/b)) <b.
Applying (6) and Lemma 2.2 we get, that
1 Z |T,.(h, N)| < min(b, 2logb+ ).
h.€C(b)
Now from (24) we obtain the assertion of the lemma. a

LEMMA 2.12. Let k,N > 1 be integers, N <pF =¢q,1<s5<q, a€ Fq‘,
) =H #0. Then

N-1 sk NI ‘
1 _— . 2 T\ o212 (9., k/2
el =Tr|a h,.v, ,.w.))’ <min(p, =logp+ 5)ps°k*(2p™/* +1).
. (p ( ;; ij In+i%j ( = 108 5) ( )
(25)

n=

k
Proof. Put a '21 hjjw; = ;, 1 =1,...,s. Since (wy,...,w,) is the basis
J:
of F, over F,, a # 0 and H # 0, it follows that (ay,...,,) # (0,...,0).
From (4), (5), and (17) we have, that

ak"j(n) = Tr((’)/n - 70)wk—j+1) ) J=1...,k, n=0,1,... 1pk - 1.
Applying Lemma 2.11, we obtain that the left sidc of (25) is less than

k

min(p, 2 logp+1) Zl max
r= yeeeylle

<C(p)

p*—1 1 s 7
> e(ETr(iga Frgi t (0, “/0 /1 Wy ]+1))"

n=0

Now from Lemma 2.9 we obtain the assertion of the Jommui. 0
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3. Discrepancy bounds
3.1. Upper bounds.

THEOREM 1. Let (mn)nzo be a sequence of the explicit digital inversive pseu-
dorandom numbers (5). Then

D*((xm"- n+s 1 p —01)
_ s
Sz%+p32(2p_k/2 +p ) (%klogp+%k—%) , 5=1,2,,.,226)
D*((zp-- -, Tpys—1 71:/—01)

] - k 2 7 k—-1\° k
S;,;+P232N (2p /2+1)k2(%klogp+5k—T) , N=1,...,p

Proof. Substituting b = p, m; = k, and w!’ ] = Tr((a¥,3; + Bw;) in

Lemma 2.4, we obtain the assertion (27) from Lemma 2.12. Similarly, applymg
Lemma 2.9 instead Lemma 2.12 we get (26).

0O
3.2. Lower bounds.
LEMMA 3.1. Let (Wn)1120 be a sequence defined in (7). Then
1 *
> ekl )))l <AND* (W, )ocnen) - (28)

0<n<N

Proof. We apply [Ni3; Lemma 3] with M =p, d =35, y, = ( (1)

nlse
Sw)), and h = (1,0,...,0). This yields that the left side of (28) is less
than 4NE}, | where Is a discrete star discrepancy of the points p~'y,, €[0,1)%,

0<n<N- 1. Now, repeating the final proof of [EiNi; Lemma 2. 3] we obtain
the desired result. O

THEOREM 2. Let (), be a sequence of the explicit digital inversive pseudo-
random numbers (5), 1 <N < q. Then there exist values of o € F; such that

N-1

D*((xna.~-7xn+s—-l)n:()) Z 4\/]\_{\/ (]_1 ’
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Proof. Using (5) and Lemma 2.5, we have that

Y Y S e Tr(a(T; - T ) - NP

aEFq‘ n,m=0 a€F,

N-1

Z e(xn,l)

n=0

2

N-1

= > (7 —7,) - N?
n,m=0

N-1
= Y (7, -7,) - N*=gN - N2

n=m=0

This shows that there exist values a € Fq* with

N-1
N(g —
Z e(z, )| 2 ‘—((L_TN) .
n=0 q
Finally, an application of Lemma 3.1 yields the desired result. W]

3.3. The choice of parameters.

For 1= (Myyeeesmy) # 0, & = (Enyeesbng) € FE (i = 1,...,d, n =
0,1,...) define

B(m)= max B(m,n,7), (29)
neFY, n#0
n'€F,
where _
B(m,n,n)=#{0<n<p™| n-&, =7'}.

LEMMA 3.2. Let 1<T <p™<q,n€Fy, n#0. Then

) Z: x(a(n-&,)) ( )rSTqB(m)- (30)

aEFy =

Proof. Changing the order of the summation and bearing in mind
Lemma 2.5, we obtain that the left side of (30) is less than

T-1

h _ T-1
> | X et - )M = T abn-6, -n-¢,)
ny,n2=0 aEFq ni,ne=0

<q> B(mnn-g,)

n2:0
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In the following we use the abbreviation (see (7) and Corollary 2.1):
bg’y)m(T) = ET,m (w, () with w, (o) = (WM (a),...,w (),
k
w(a) = Z wil’,)jp"j and .' = Tr(af, w;), (31)
—

1<i<s, 1<j<k, n=0,1,....
LEMMA 3.3. Let 1 <T <p™ <gq. Then

B ¢Bm) N2\ 7 m—1)* 2 | oy
—Z ("“—(q_l)T) (Fmiogp+Lm- ) (F1087+5).

aEF‘ P

Proof. Applying the Cauchy-Schwarz inequality we find from Corollary 2.1,
(8) and (31) that

1
— D(s) ) (T)
q-— laez;'*
T—l K] 2 1/2
Wpm(H) [ 1 hn
S% Z r(h,T) <q—1 E (az Zhljé’n’lw]) (T) ) :
HeC(p)**™ heC(T) €Fy i=1j=1
H#0
Put Z hijjw; =m;, i=1,...,s. Since (wy,...,w;) is the basis of F, over F,

Jj=1
and H 7& 0, it follows that (n,,...,n,) # 0. From Lemma 3.2 and (29) we have

. TgB(m)\'"?
> D&, T)<T >y hT)< > :

a€F; HeO) heC(T) q—1
H#0

(q—l)

Now from Lemma 2.2 and Lemma 2.4 we deduce the desired result. O
LEMMA 3.4. With the notation defined above we have:
V/p™/[2B(m)

aEF" 1<m<k (m + 3) log3/2(m + 3)

X (%mlogp—i— %m— —p_—l) ( mlogp + ;)—1 <2.

Proof. Bearing in mind that

00 o0

1 dz - o0
Z( - </ 35— = —2log 1/2:5’3 <2,
J_

=1 7+ 3)1og®%(j + 3) J zlog®? ¢

we get the desired result from Lemma 3.3. a

Now we obtain the following discrepancy estimate for the distribution of the
sequence w, (a) € [0,1)°, n=0,1,... (31):
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THEOREM 3. Let 0 <& < 1. Then there ezist more than (1—¢€)(g—1) values
of a € F; such that

. 2sp 1 [8pB(m) /2 7 m—1\°
D*((w, (a))n_o) < = N +E N ( mlogp+ =m — - ) X
x ( mlogp + )(m+3)log3/2(m+3) (32)

N = 1,2,...,p ,
], where [z] = [z] for integer z; otherwise [z] = [z + 1].

with m = [log, N
Proof. It follows from Lemma 3.4 that there exist more (1 —¢)(qg — 1)

values of a € Fq‘ with
v/p™/2B(m) (2mlogp+ T —1)*'><

> DY) o™ e 5
1<m<k (m + 3)log®/*(m +3) p

Hence there exist more than (1 —¢)(g — 1) values of a € F; such that

1 [8B(m) (2 7 —1)\°(2 7
L0715 1) (2 +)
(P )_6 e ( logp+5m > 7rmlogp+5 X
x (m+3)log*?(m+3), m=1,...,k.
For N = 1 the inequality (32) is trivial. Now let N € (p™~1,p™] for any
m € [1,k]. Applying Corollary 2.1 with T' = p™ and b = p we obtain the
assertion of Theorem 3. O
Let w (o) = x,(a) = (24, +1Tpy,—y) € [0,1)°, where (z,),5 is the
sequence of ezplicit digital inversive pseudorandom numbers (see (5) and (31)).
Using (21), (29) and Lemma 2.10 we have that B(m) < 2s?pm, m = 1,2,.
This yields:
COROLLARY 3.1. For any parameters 3,7, € F, and any dimension s > 1
there ezist parameters o € Fy such that

D*((x,(a))N-1) = O(N~Y210g®**® Nlog**log N), N =1,2,.
Let w,(a) = y,(@) = (Yn-++Ynys—1) € [0,1)°, Where (y,),50 (1) ©)
is the sequence of digital inversive pseudorandom numbers with period length

equal to ¢ ([EiNi]). According to [Em; Lemma 4], B(m) < 2s. This yields:

COROLLARY 3.2. For any parameters ,k, € F, and any dimension s > 1

there exist parameters o € Fq* such that
D*((y,(a)) N-1) = O(N_l/2 log"”]\/'log;*/2 logN), N = 1,_2,...,pk.

n—-O
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