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A NOTE ON EXPONENT OF CONVERGENCE 
OF ZEROS OF ENTIRE FUNCTIONS 

B . K . LAHIRI* — DlBYENDU B A N E R J E E * * 

(Communicated by Pavel Kostyrko) 

A B S T R A C T . If f(z) is an entire function with p\ > 0 as its exponent of conver
gence of zeros and if 0 < a < p\, then we prove the existence of entire functions 
each having a as its exponent of convergence of zeros. 

©2007 
Mathematical Insti tute 

Slovak Academy of Sciences 

If f(z) is an entire function having infinite number of zeros zi,z2> • • • with 
0 < \zi\ < |z2| < • • • a n d rn = \zn\ —» oo as n —> oo, then it is well-known that 
the exponent of convergence of zeros of f(z), p\ is given by the formula 

v logn 
p\ = lim sup . 

n^oo log rn 

If Pi > 0 and 0 < a < pi, we enquire in this note if there exists an entire 
function whose exponent of convergence of zeros is precisely a. We prove in the 
following theorem that the answer to our enquiry is affirmative. To prove the 
theorem we need a lemma from [1] which is vital in the sense that as soon as the 
lemma is known, the proof of the theorem is not difficult. However, to author's 
information, this problem has not been considered so far and so this note. 

THEOREM. Let f(z) be an entire function, with zeros zi, z2> • • • where 0 < \z\\ < 
|z2| < ••• and \zn\ = rn —> oo as n —> oo. Let pi > 0 be the exponent of 
convergence of the zeros of f(z). If0<a<pi, then there exists a continuum 
number of entire functions each having a as the exponent of convergence of its 
zeros. 

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n : Primary 30D20. 
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To prove the theorem we shal require the following lemma. 

LEMMA. ([1]) Let {gn} be a non-decreasing sequence of real numbers withgn —> +00 
as n —> 00. Let 

log n 
b — limsup > 0 (b may be +00) 

n—-> gn 

and let 0 < t < b. Then there exists a subsequence {gJn} of {gn} such that 

y l0g™ , 
limsup t. 

?i->oo gjn 

P r o o f of T h e o r e m . We first prove that there exists an entire function hav
ing the desired property. Suppose that a 0. Since rn —> 00 as n —> 00, theie 
exists a sequence fci < k2 < . . . of positive integers such that 

rkn > n n , n - 1,2 , .w, , 

and then limsup l o ^ n 0. 
n—>-oo n 

Let wkn be a point in the complex plane (wkn may be zkn also) with 
\wkn\ rkn, n 1,2, By the Weierstrass theorem there exists an entire 
function 0(z), say having zeros only at the points wkn, n — 1,2, . . . and so the 
function (p(z) serves the purpose. 

Let now 0 < a < p\. Let gn = logrn . Then the sequence {gn} satisfies the 
conditions of the lemma. So there exists a subsequence {gkn} of {gn} such that 

logn logn 
a — hm sup — 11m sup 9kn n-> log rkn 

As in the preceding case, there exists an entire function g(z), say having the 
desired property. 

It is clear that the choice of wkn with \wj,n\ = rkn is infinite, having the 
cardinality c. Moreover, if an entire function f(z) has zeros at the points z , 
n 1, 2 , . . . ; rn \zn\ —>• 00 as n —> 00, then any function of the form e^z^f(z), 
where (p(z) is an entire function, also has zeros at the same set of points. We 
therefore obtain a family of entire functions having cardinality c, where each 
member of the family has a as exponent of convergence of its eros. This proves 
the theorem. 
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