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k k
Tyl = (A4 D aiTn_g Bi%n—i
= (A4 Do)/ 2
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Abstract. The main objective of this paper is to study the boundedness character, the
periodic character, the convergence and the global stability of positive solutions of the
difference equation

k k
Tp41 = (A + Zaixnfi)/Zﬁixnfiv n=20,1,2,...
i=0 i=0

where the coefficients A, «;, §; and the initial conditions x_j,z_g41,...,2_1, %o are pos-
itive real numbers, while £ is a positive integer number.

Keywords: difference equations, boundedness character, period two solution, conver-
gence, global stability
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1. INTRODUCTION

Our goal in this paper is to investigate the boundedness character, the periodic
character, the convergence and the global stability of positive solutions of the differ-

ence equation

k k
(1) In+1 = <A+Zazxnz>/261xn'w n=0,1,2,...
=0 =0

where the coefficients A, «;, §; and the initial conditions z_g, _g41,...,2—1, T are
positive real numbers, while k is a positive integer number. The case when any of
A, «;, 3; is allowed to be zero gives different special cases of the equation (1) which
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have been studied by many authors (see for example [1]-[14]). For related work see
[15]-[27]. The study of these equations is challenging and rewarding and is still in
its infancy. We believe that nonlinear rational difference equations are of paramount
importance in their own right. Furthermore, the results about such equations offer
prototypes for the development of the basic theory of the global behavior of nonlinear
difference equations.

Definition 1. A difference equation of order (k + 1) is of the form
xn—i—l:F(xvuxn—l;---,xn—k); 71:0,1,2,...

where F is a continuous function which maps some set J**! into J and J is a set
of real numbers. An equilibrium point Z of this equation is a point that satisfies the
condition = F(Z,Z,...,Z). That is, the constant sequence {z,}7° _, with z,, =
for all n > —k is a solution of that equation.

Definition 2. Let € (0,00) be an equilibrium point of the difference equa-
tion (1). Then

(i) An equilibrium point Z of the difference equation (1) is called locally stable
if for every € > 0 there exists § > 0 such that, if x_g,...,z_1, zo € (0,00) with
|z — 2|+ ...+ |zo1 — & + |zo — T| < 9, then |z, — Z| < e for all n > —k.

(ii) An equilibrium point Z of the difference equation (1) is called locally asymptoti-
cally stable if it is locally stable and there exists v > 0 such that, if z_g,...,z_1, 29 €
(0,00) with |[z_ —Z| + ...+ |z—1 — Z| + |¥o — &| < 7, then

lim z, = 2.
n—oo

(iii) An equilibrium point Z of the difference equation (1) is called a global attractor
if for every z_g,...,z_1,29 € (0,00) we have

lim z, = 2.
n—oo

(iv) An equilibrium point & of the equation (1) is called globally asymptotically
stable if it is locally stable and a global attractor.

(v) An equilibrium point Z of the difference equation (1) is called unstable if it is
not locally stable.

Definition 3. We say that a sequence {x,,}>° _, is bounded and persists if there
exist positive constants m and M such that

m<z, <M foralln> —k.

Definition 4. A sequence {z,}7° , is said to be periodic with period p if
Tntp = Ty, for all m > —k. A sequence {x,}° _, is said to be periodic with prime
period p if p is the smallest positive integer having this property.
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k k )
Assume that a = Z o, @ = S (=i, b = Z Bi and b = > (—1)'3;. Since

= =0 =0 =0

the coefficients A, o, ﬂz are positive, a positive equilibrium point Z of Eq. (1) is a
solution of the equation

A+ ax
2) F—Atar

bx

Consequently, the positive equilibrium point Z of the difference equation (1) is given
by

. a4+ Va2 + 4Ab
IT=T10=—"—9—"———.
’ 2b

Let F': (0,00)k*! — (0,00) be a continuous function defined by

k k
(3) F(uo,ul,...,uk) = (A—I—Zozzuz)/z:@uz
1=0 1=0

We have

k -
Ynt1 = Z # Yn—js
=0 /
and then the linearized equation is

k
(4) Yn+1 = ijyn—j;
=0
where
(5) b = (a; — 3;#) /b &.

The characteristic equation of the linearized equation (4) is given by

(6) ATt = Zb A

which can be rewritten in the form

k
(7) > hia It =1
§=0

2. MAIN RESULTS

In this section we establish some results which show that the positive equilibrium
point & of the difference equation (1) is globally asymptotically stable and every
positive solution of the difference equation (1) is bounded and has prime period two.
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Theorem 1 ([13] The linearized stability theorem).
Suppose F' is a continuously differentiable function defined on an open neighbour-
hood of the equilibrium %. Then the following statements are true.

(i) If all roots of the characteristic equation (6) of the linearized equation (4) have
absolute value less than one, then the equilibrium point & is locally asymptoti-
cally stable.

(if) If at least one root of Eq. (6) has absolute value greater than one, then the
equilibrium point ¥ is unstable.

(iii) If all roots of Eq. (6) have absolute value greater than one, then the equilibrium

point T is a source.

Theorem 2 (See [4], [10], [13], [17]). Assume that a,b € R and k € {0,1,2,...}.
Then

(8) la + b <1
is a sufficient condition for the asymptotic stability of the difference equation

(9) Tpr1+axy, + b2, =0, n=0,1,...

Remark 1 (See [13]). Theorem 1 can be easily extended to a general linear
difference equation of the form

(10) Ttk +P1Tntk—1 + ... +0k2n =0, n=0,1,2,...

where p1,pa2,...,pr € R and k € {1,2,...}. We can see that the equation (10) is
asymptotically stable provided that

k
(11) > lpil < 1.
i=1

Theorem 3 (See [13]). Consider the difference equation
Tn+1 = F(l‘nvxn—la cee ;l‘n—k)

where ' € C(I**1 R) where I is an open interval of real numbers and R is the set
of real numbers. Let & € I be an equilibrium of this equation. Suppose also that
(i) F is a nondecreasing function in each of its arguments.

228



(ii) F satisfies the negative feedback property
(x —Z)[F(z,x,...,x) —x] <0 forallxel—{Z}.

Then the equilibrium point ¥ is a global attractor.

The following lemma is an extension of that obtained in [16], [22] which is needed
here.

k
Lemma 4. Suppose that b; (j =0,1,...,k) are real numbers such that ) |b;| #
§=0

k
0 ando; (j =0,1,...,k) are positive integers. Then the equation ) |bjlz~% =1
=0
has a unique solution in x € (0, 00).

Theorem 5. If all roots of the polynomial equation (6) lie in the open unit disk
|A| <1, then

k
(12) > bl < 1.
j=0

Proof. Assume that p is a nonzero root of the equation (6) satisfying |u| < 1.
Let us write p = rexp(if), i = v/—1 and then write (7) in the form

k
(13) > bir i eos(j+1)0 =1
=0
and
k .
(14) > by sin(j 4+ 1)0 = 0.
j=0

Let us now discuss the following cases:
Case 1. If b; > 0 (j = 0,1,...,k), then by virtue of Lemma 4 we see that the
k ,
equation bjg;Fl = 1 has a unique solution g1 € (0,00). Thus, (r,6) = (01, nn)
§=0
where n = 0,2,4,... is a solution of the equations (13), (14). This implies that
01 =1 = |u| < 1. But then we get

k k
i
L=Y bjo," 7" > Ibjl-
i=0 i=0
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Case 2. If b; <0 (j =0,2,4,...) andb >O(j:1,3,5,...), then by virtue

of Lemma 4 we see that the equation E ;05 = 1 has a unique solution g2 €

j_
(0,00). Thus, (r,0) = (02,nn) where n = 1,3,5,... is a solution of the equations

(13), (14). This implies that g2 = r = || < 1. But then we get

k k
= Ibjlo? T > Il
=0 =0

Thus, the proof of Theorem 5 is completed. O

Theorem 6. Let {x,}° ;. be a positive solution of the difference equation (1)
such that for some ng > 0,

(15) either
(16) or

Z1 for all n > nyg

> 2
< 2

Z1 for all n > ny.

Then {z,} converges to the equilibrium point &1 as n — oo.

Proof. Assume that (15) holds. The case when (16) holds is similar and will
be omitted. Then for n > ng + k we deduce that

Tnt1 = <A + iaixni> / Ek: Bitn;
[ [0 ) e ]

k -~
1+ (A (A
< [Zaixn_z} +b7/axl [Zazxn } Ljﬂ
i=0 x

abzy

With the aid of (2) the last inequality becomes

s1 < [an Z]f(m) an /a,

by
and so
(17) Tnt1 < Orgfmgxk{xn,i} for n > ng + k.
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Set

(18) Yn = Olgézxk{xn i} formn >=mng+k.

Then clearly

(19) Yn = Tpt1 = T1 forn = no+ k.
Next we claim that

(20) Ynt1 < Yn forn>=no+k.
We have

Yn+1 = OIEaX {14} = max{xn+1,0<m<al§( 1{5571 it} < max{x,41, Yn} = Yn.

From (19) and (20) it follows that the sequence {yy} is convergent and that
(21) y= lim y, > &1
n—oo
To complete the proof, it suffices to prove that y < x;. To this end, we note that

k
Tyl < (A + Z aiﬂ?n—i) /biy < (A+a yn) /b1

=0

From this and by using (20) we obtain

Tn+4i g (A_’_dyn-i-i—l)/?)-il g (A—F&yn)/i)i‘l for i = 1, .. .,k} + 1.

Then
(22) Yntkt1 = 1<m<alz(+1{xn+z} < (A + ayn) /i,
and letting n — oo, we have

A+ ay

ST

Consequently, we obtain

a A
) (o)< A

biCl b(El

From (2) and (23) we deduce that

%(baﬁlg—d> < (bilg—d)-

Since #; > @/b, the term in the two brackets is positive. Thus, we have y < Z;.

Therefore, we have lim y, = #; and with help of (19) we obtain hm T, = Z1. The

n—oo

proof of Theorem 6 is completed. 0

231



Theorem 7. If {z,}>° , is a positive solution of Eq. (1) which is monotonic
increasing, then it is bounded and persists.

Proof. Let {z,}7° . be a positive solution of the difference equation (1). It
follows from Eq. (1) that

Tpg1 = (A4 aoxy + 012p—1 + ... + Zpk)/(Boxn + Brn—1+ ...+ BrTn_k).
Since GBoxy, < Boxn + B1Tpn—1+ ...+ Bpxn_k, we have

A/(Boxn + Bron—1+ -+ Brrn_i) < A/(Bozn),

and also we note that

@
(aown)/(Boxn + B1Zn—1+ ... + Brn_k) < B_s
Similarly, we can show that
o
(Oélxnfl)/(ﬂoxn + ﬂlxnfl +...+ ﬂkxnfk) < ﬁ_i’

and so on. Now, we deduce that

A i
(24) Tni1 < +3 % nxo.

Since the sequence {z,}>° _, is positive and monotonic increasing, we have x, 1 >
x, and hence (24) can be rewritten in the form

(25) T, <
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where M is a positive constant. On the other hand, the change of variables z,, = 1/z,
transforms the equation (1) to

e

k
«

(26) zn1+1 - <A " z(; Z":)/

= i=

Bi
0 Zn—i

Consequently, we get

Zn41 = Bozn—1-.-2Zn—k +B12Znzn_2.. . Zn_k + ...+ BrZnin_1... Zn_ky1

X (AzpZn—1-. Zn—k + Q0Zn—1 ... Zn—k

-1
+a1znzn-—92.. Zn—k+ ...t QZnZn_1.. Zn—k+1)

from which we deduce that
QOZn—1 2k < AZnZn-1. 2k + Q0Zn—1++. Zn—k + ... + QrZnZn_1..  Zn—k4+1,
and hence

Bozn—1---Zn—k

1 _ Bo

X (Aznzn—1.. Zn—k + Q02n—1-+ Zn—k + ..+ QZnzn-1.. . 2n—kt1) < o

0

Similarly, we see that
B1znZn—2 .. Zn—k

A —1 ﬁl
X (Aznzn—1.. Zn—k + Q02n-1-+ Zn—k + ..+ QZnzn-1.. . 2n—kt1) < o

1

and so on. Now, we deduce that
k 3
2 —
Znt1l S an—i—H, for all n > 0.
1=

Thus, we obtain

2 n:—)—: ,
(27) x e m

where H and m are positive constants. From (25) and (27) we get
m < x, <M.

Therefore, the solution of the difference equation (1) is bounded and persists. The
proof of Theorem 7 is completed. O
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Theorem 8. The positive equilibrium points %1 2 of the difference equation (1)
are globally asymptotically stable.

Proof. The linearized equation (4) with the equation (5) can be written in the
form

k N

Bid; — o _

Yn+1 + E 2 £~ jyn—j =0 (Z: 172)a
j=0 i

and its characteristic equation is

Now, we discuss the following cases:
Case 1. Since 1 > a/b, we have

by

i‘@‘_iﬂfé—%_ﬁ —i_Va@ridi-a

-
S =
S
[l
IS
(V)
_|_
N
s
S
_|_
Q

Jj=0

Case 2. Since &y < a/b, we have

i‘m‘_ioﬁ_ﬁﬁ% a—biy a— a2+ 4Ab
Jj=0 =0 bz

= = < 1.
bz

Applying Theorem 1 we deduce that the equilibrium points #; » are locally asymp-
totically stable. It remains to prove that Z; o are global attractors. To this end, we
apply Theorem 3 to the function F(ug,u1, ..., ux) given by the formula (3) as follows:
The function F': (0,00)kT! — (0, 00) given by (3) is continuous and nondecreasing
in each of its arguments. In addition, we deduce for z € (0, 00) that

A+ ax
bz
br? —azx — A - (v — 1) (2 — )
= (T )e-a)=- "

for all > Z3. Thus, the conditions of Theorem 3 are satisfied. This proves that the

[F(x,x,...,x)—x](x—:zl):[ —x](x—:zl)

<0

equilibrium point Z; is a global attractor. Similarly, we can show that

(z = 71)(z — 3)*

[F(z,z,...,2) —z|(x — T2) = — <0

for all x > ;1. This proves that the equilibrium point %, is a global attractor. Now,
we have shown that the equilibrium points Z = Z; 5 are global attractors. The proof
of Theorem 8 is completed. O
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Theorem 9. A necessary and sufficient condition for the difference equation (1)
to have a positive prime period two solution is that the inequality

(28) A(b—b)? —a(a+a)(b—b) < ba
is valid, provided a < 0 and b > 0.
Proof. First, suppose that there exists a positive prime period two solution
.., PQ,PQ,...

of the difference equation (1). We shall prove that the condition (28) holds. It follows
from the difference equation (1) that if k is even, then z, = x,_; and we have

P:A+a0Q+a1P+a2Q+a3P+...—|—0sz
BoQ + 51 P+ B2Q + B3P+ ...+ Br@Q

and
A+ oagP +01Q +asP +a3Q + ...+ apP

BoP + 1Q+ BoP + (3Q + ...+ B3P~
while if k is odd, then z,4+1 =z, and we have

Q=

p_ A+ apQ+ a1 P+ a@Q +asP+...+apP
BoQ + 1P+ 32Q + B3P + ... + B P

and
A+ P +01Q + asP +a3Q + ...+ apQ

BoP + 51Q + BoP + B3Q + ... + 5@

Now, we discuss the case when k is even (and in a similar way we can discuss the

Q=

case when k is odd which is omitted here). Consequently, we obtain
(29) A+ 0@+ 1P+ Q+...+ Q= BoPQ + B1P* + B2PQ + ... + B PQ

and
(30) A+ agP +a1Q+asP +...+apP = BoPQ + /1Q? + o PQ + ... + B PQ.

By subtracting, we deduce after some reduction that

a

(B81) Py Q= T T hy

while by adding we obtain

i+ 03+...+Bk—1) —alawg+ a2+ ...+ ak)
b(Br+ B3+ ...+ Br_1) ’

(32) pg = Al
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where 3; > 0, @ < 0 and b > 0. Assume that P and @ are two positive distinct real
roots of the quadratic equation

(33) t* — (P+Q)t+ PQ = 0.

We deduce that

—a 2
(34) (51+ﬁ3+---+ﬁk—1)
AB1+ B3+ ...+ Pr—1) —alao +az + ...+ ag)

74 b(Br+ B+ ...+ Br_1)

From (34), we obtain

and hence the condition (28) is valid. Conversely, suppose that the condition (28)
is valid. Then we deduce immediately from (28) that the inequality (34) holds.
Consequently, there exist two positive distinct real numbers P and ) such that

—a 1
(35) Pi2(51-|-ﬁ3—|—...—f—ﬁk—1)_5\/?1

and

—a 1
(36) Q:2(51+ﬁ3+...+ﬁk—1)+§\/ﬁ’

where T7 > 0 is given by the formula

—a 2
(87) Tl:(51+53+...+5k—1)

ABr+ B3+ ...+ Br—1) —alao + az + ... + ag)
b(B1+ B+ ...+ Br-1)

—4

Thus, P and @ represent two positive distinct real roots of the quadratic equation
(33). Now, we are going to prove that P and @ are positive solutions of prime period
two for the difference equation (1). To this end, we assume that

=P z_441=Q, ..., 21 =, and x9=P.

We wish to show that
r1=0Q and 1x9=0P
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To this end, we deduce from the difference equation (1) that

(38) o = A+ ooz +a1z_1+ ...+ arr_p
Boxo + Pro—1+ ...+ Brr—k
A+ Plagtaz+...+ap)+Qar +az+ ... +arp 1)
 PBo+Pet .+ Bk)+ QB+ P+ .+ Br1)

Multiplying the denominator and numerator of (38) by v = —(81+03+...+0k-1)/a
and using (35)—(37) we obtain

24v+ 1+ VEi)(owp + a2 + ... + ag)

(39)xl_[1+\/71](50+52+-~+5k)+[1—\/E](ﬂ1+ﬂ3+...+ﬂk71)
N [1-VEi](o1 +as+...+ap1)
1+ VEL](Bo+ P+ ...+ Be) + 1 = VE1|(Br + B3+ ... + Br—1)
[(ap+ag+...+ar)+ (a1 +as+...+ar1)+ 24y
CBo+Bet o Br)+ B+ By + o+ Br)] + VKL
(g +a2+ ... +ar) — (1 +ag+ ...+ ap_1) VK1
[(Bo+ B+ 4 B)+ B+ B3+ ...+ Br1)] + VKL
_la+24Ay]+avKy
RN
where
A(b—b)?2 —a(a+a)b—b
w0 PO 155 R ]

and from the condition (28) we deduce that K7 > 0. Multiplying the denominator
and numerator of (39) by

b—b\/Ky,
we have ~ B - B B
o bla + 2A~] — baK; N [ba — ab + —2Abvy]V K,
' b2 — B2K, b2 — B2K, '
After some reduction, we deduce that
oy = (1+\/K1)TQ _ —d(l-}—\/Kl)
2T, 2081+ B3+ -+ Br-1)
—a 1
= + — T = s
2t Bot o) 2V =Y
where

To=2(cn+as+...+p_1)(Bo+ Pa+...+ Or)

2+ as+...+ar)(Bi+ B+ ...+ Pro1) — 2Ab(51 +ﬁ§ié..+ﬁk,_l).
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Similarly, we can show that

By

o — A+ aory +1mo + ..+ T (1)
Bor1 + Brxo + ... + BeT_(k—1)
A+ Qg taz+...tag)+Plog+az+... +ag1)
 QBoH Bt A B)+FPBL B3t + Bro1)

=P

using the mathematical induction, we have

Tz, =P and z,41=0Q foralln> —k.

Thus the difference eqution (1) has a positive prime period two solution

...,P,Q, P Q,...

The proof of Theorem 9 is completed. O
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