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Abstract. In the paper by Hilout and Piétrus (2006) a semilocal convergence analysis was
given for the secant-like method to solve generalized equations using Holder-type conditions
introduced by the first author (for nonlinear equations). Here, we show that this convergence
analysis can be refined under weaker hypothesis, and less computational cost. Moreover finer
error estimates on the distances involved and a larger radius of convergence are obtained.
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1. INTRODUCTION

In this study we are concerned with the problem of approximating a locally unique
solution z* of the generalized equation

(1.1) 0€ f(z) + G(x),

where f is a continuous function from a Banach space X into a Banach space Y
and G is a set-valued map from X into the subsets of X with closed graph. Many
problems from applied sciences can be formulated like equation (1.1), see [4], [11]-
[21]. A survey on results concerning solution of the generalized equation (1.1) can
be found in [1], [4], [5]-[21], and the references there.

As in the work [12] we use the secant-like method

(1.2) 0 € f(wr) + [yr, vr; fl(Trr1 — 2x) + G(Tr11),

where for g and 1 being given initial guesses, y, = axr+ (1 —a)zr—1 and a € [0,1)
is fixed.
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A local convergence analysis was provided for method (1.2) under the following
Holder-type conditions introduced by us in [1], [4], [5] to solve nonlinear equations:

(1.3) 12,y 1 = [w, v; ]Il < v(llz —ull” + lly — o)
for all z,y,u,v € X, ¢ #y, u # v, some v > 0 and p € [0, 1],

where [z,y; f] € L(X,Y), the space of bounded linear operators from X into Y, is
called a divided difference of order one at the points z and y, satisfying

(L4) [,y [y — @) = f(y) - f(a) for all 2,y in X with « # .

Note that if f is Fréchet-differentiable, then [z, z; f] = Vf (see [2]-[4]).
In general, v and p in (1.3) are not easy to compute. This is our motivation for
introducing weaker hypotheses

(1.5) Iz, y; f1 = [z y; Il < il — 2|
and
(16) lla*, @3 £ = [y 23 f1]| < volly — 2*|IP

forall z, y, zin X, x # vy, z # y, ¢ # 2* and some v; > 0, vy > 0.
Note that in general

(1.7) vo <vi < v

holds, and v/vy, v/v1, v1/vo can be arbitrarily large [2]-[4]. Note that parameters
vy and vy are easier to determine than v. Moreover, as it turns out, conditions (1.5)
and (1.6) are actually needed in the proof of semilocal convergence of the secant-like
method (1.2). Using the above observations we provide under weaker hypotheses and
at less computational cost a local convergence analysis with the following advantages:
finer error estimates on the distances ||z, — 2*|| (n > 0), and a larger radius of
convergence which allows a larger choice of initial guesses zg and x7.

These observations are very important in computational mathematics [2], [4].

314



2. PRELIMINARIES AND ASSUMPTIONS

In order to make the paper as self-contained as possible, we recall some definitions
that can also be found in [5], [6], [10]-[12], [15], [21].

Definition 2.1. The distance from a point x to a set A in a metric space (Z, p) is
defined by dist(z, A) = inf{o(z,y), y € A} and the excess e from the set A to a set C
is given by e(C, A) = sup{dist (z, A), z € C}. Let A: X =Y be a set-valued map;
we denote gph A = {(z,y) € X xY, y € A(z)} and A~ (y) = {z € X, y € A(z)}.
We denote by B, (x) the closed ball centered at x with radius r.

Definition 2.2. A set-valued A is pseudo-Lipschitz around (zo,y0) € gph A
with modulus M if there exist constants a and b such that

(2.1) sup dist(z,A(y")) < M|y’ —"|| for all ¥ and y" in By(xo).
z€A(y")NBa(yo)

Using the excess, we have an equivalent definition replacing the inequality (2.1)
by

(2.2)  e(A(y) N Balyo), Aly")) < Mlly’ —y"|| for all y" and y" in By(o).

This property is also called “Aubin continuity” [6]. Characterizations of the pseudo-
Lipschitz property were also obtained by Rockafellar using the Lipschitz continuity
of the distance function dist(y, A(x)) around (zg,yo) in [20] and by Mordukhovich
in [16] via the concept of coderivative of multifunctions.

We need a lemma on fixed points whose proof can be found in [9], [15].

Lemma 2.3. Let (Z, 0) be a complete metric space, ¢ a set-valued map from Z
into the closed subsets of Z, let ny € Z and let r and A be such that 0 < A < 1 and
(a) dist(no, p(m0)) < 7(1—A),
(b) e(e(z1) N Br(m), p(x2)) < Ao(x1,22), Va1, 2 € Br(no).

Then ¢ has a fixed point in B,(no). That is, there exists x € By.(no) such that
x € p(x). If  is single-valued, then x is the unique fixed point of v in B, (np).

Throughout this work, the distance ¢ in Lemma 2.3 is replaced by the norm.
We make the following assumptions:
(H1) The set-valued map (f(z*) + G)~! is pseudo-Lipschitz with modulus M
around (0, z*).
(H2) For all z,y € V we have ||[z,y; f]|| < d, ||f(z) — f(z*)] < do|lx — «*|| and
Md < 1.
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3. LOCAL CONVERGENCE ANALYSIS FOR THE SECANT-LIKE METHOD (1.2)

We need to introduce some notation. First, define a set-valued map Q: X =Y
by

(3.1) Qr) = f(z") + G(x).

For k € N* and xy, vy, defined in (1.2), we consider the quantity
(3.2) Zi(x) = f(2") = flax) = [y, 2i; (@ — @)
Finally, define a set-valued map ¢;: X = X by

(3.3) Ur(x) == Q™ (Zi(x)).

We will show the following main local result for the method (1.2):

Theorem 3.1. Let z* be a solution of (1.1). Suppose that assumptions (1.5),
(1.6), (H1) and (H2) are satisfied. For every C' > (1—Md)~'Mvy[(1—a)P+aP] = Cy,
one can find 6 > 0 such that for every distinct starting points xo and x1 in Bs(z*)
there exists a sequence (xy,) defined by (1.2) which satisfies

(3.4) [2r41 = 2| < Cllaw — ™ || max{|[zy, — 27", [zx—1 — 27"}

To prove Theorem 3.1, we first prove the following proposition:

Proposition 3.2. Under the assumptions of Theorem 3.1, one can find § > 0 such
that for every distinct starting points x¢ and x1 in Bs(x*) (xo, x1 and «* distinct),
the set-valued map 1 has a fixed point x2 in Bs(z*) satisfying

(3-5) [z = 2™|| < Cllzy — 27| max{||z1 — ™%, [|zo — ™[}

Note that the point x5 is a fixed point of v if and only if
(3.6) 0€ f(z1) + [y1, z1; fl(z2 — 1) + G(22).

Once z is computed, we will show that the function v, has a fixed point xp 1 in
X. This process is useful for proving existence of a sequence (z}) satisfying (1.2).
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Proof of Proposition 3.2. Since the iterate y; in (1.2) is defined by y; =
azy + (1 — a)xo, it is clear that y; € Bs(x™).
By hypothesis (H1) there exist positive numbers M, a and b such that

(3.7) e(@'(Y) N Ba(z*),Q ' (") < Mly' = y"||, V', y" € By(0).

Fix § > 0 such that

b 1 b b
_ . . p+1 . . A R
(3.8) 5<60m1n{a, \/yo((l—a)p—l—ap)’ C 2do “2”"’21/1}'

To prove Proposition 3.2 we intend to show that both the assertions (a) and (b) of
Lemma 2.3 hold, where 79 := z*, ¢ is the function v defined by (3.3) and r and A
are numbers to be set. According to the definition of the excess e, we have

(3.9) dist(z*, ¥1(2*)) < e(Q™1(0) N Bs(z*), ¥y (z*)).
Moreover, for all points xo and z7 in Bs(x*) (zo, 1 and x* distinct) we have
[Z1 (@) = [If(=") = f(21) = [y1, 215 f](2" — z1)]]-

By assumption (1.6) we deduce

(3.10) 120 (@)l = (=", 215 £] = [yr, 225 fD) (2" — 21|
<" 205 ] = [yn, e fll[l|l27 — 24|
Swlla” —yPlla” — 2]
<

vo((1 = a)la” = ol + afla™ — 21 [)"[la" — a1 .

Thus
(3.11) [Z1(z)] < wol(1 = )Plla” = wol|” + aP[la” — 21 [|P}|2™ — 1.
Then (3.8) yields Z;1(z*) € By(0). Hence from (3.7) one has

(3.12)  e(Q71(0) N Bs(x*),v1(2")) = e(Q7H(0) N Bs(a*), Q™ [Z1(2™))

< Myp[(1 = a)?||z* = zo|” + a”[2™ — a1 [[P][J2” — 1 ].
By (3.9) we get

(3.13) dist(z", ¢1(27)) < Mwo[(1 — )P |[a™ — wo|” + aP[la” — 1 |[P]]|2" — 21|

< Mwp[(1 = a)” + of]ja” — an || max{[lar — 27||", [Jzo — 27|}
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Since C(1—Md) > Muy[(1—a)? +aP], there exists A € [Md, 1] such that C(1—-)\) >
Muo[(1 — a)? 4+ aP] and

(3.14)  dist(z", 91 (27)) < C(1 = A)ja” — @ || max{jzy — 27", w0 — ™[}
By setting r := 1 = C||z* — 21| max{||z1 — «*||?, ||zo — 2*||P} we can deduce from
the inequality (3.14) that the assertion (a) in Lemma 2.3 is satisfied.

Now, we show that condition (b) of Lemma 2.3 is satisfied.
By (3.8) we have r; < ¢ < a and, moreover, for x € B;(z*) we have

(3.15) 1Z0(@)] = [[f(&") = f(21) = [yr, 205 fl(& — 21
< &) = F@I s z1; f] = [y, 21 Al — -
Using the assumptions (1.5) and (H2) we obtain

(3.16) [Z1(2)]| < dolla” = || + willz — w[[Pl|lz — 21

Sdollz™ = zf| +va(lle — 2™ + [l = s l))?l|lz — 2]

< dob + v1(28)P26 = dod + 11 2P TP

Then by (3.8) we deduce that for all z € Bs(z*) we have Z;(z) € By(0). Then it
follows that for all #’, 2" € B,,(x*) we have

e(¥1(2) N By, (%), ¢1(2")) < e(¥r(2’) N Bs ("), ¢1(2")),
which yields by (3.7)

(3.17) e(¥1(2") N By, (27), 1 (z")) < M| Z1(2") = Zy(a")||
< M|[yr, x5 (2" — o)
< M| |[yr, z1; fll]]=" — ']

Using (H2) and the fact that A > Md, we obtain
(3.18) e(eo(2’) N By, (%), ¢1(2")) < Md|la” — 2’| < A|2" — 2|

and thus condition (b) of Lemma 2.3 is satisfied. Since both conditions of Lemma
2.3 are fulfilled, we can deduce existence of a fixed point x2 € B, (z*) for the map
11. Thus the proof of Proposition 3.2 is complete. O

Proof Theorem 3.1. Proceeding by induction, keeping 19 = * and setting
ri=rp = Cllz" — zpf| max{||zr — 2", [|r—1 — ™[]},

the application of Proposition 3.2 to the map ¥, gives the existence of a fixed point
Zp41 for ¢ which is an element of B,, (x*). This last fact gives the inequality (3.4)
and the proof of Theorem 3.1 is complete. 0
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4. CONCLUDING REMARKS

When o = 1, our method is no longer applicable, but if we suppose that f is
Fréchet-differentiable then (1.2) is equivalent to a Newton-type method for solving
(1.1). In this case conditions on V f give quadratic convergence (see [8]) and super-
linear convergence (see [18]) and in both cases the convergence is uniform (see [8]
and [19]). These results were further improved in [5].

When o = 0 the sequence (1.2) is reduced to the method introduced by M. Geoffroy
and A.Piétrus in [11]. Let us note that the problem studied in [11] can be seen as a
perturbation of (1.1) by a Fréchet differentiable function. In both cases, we obtain
a superlinear convergence using different assumptions, but in the present paper the
existence of second order divided differences is not required.

Finally, in order to compare our results with the corresponding ones in [12], under
hypotheses (1.3), (H1) and (H2)’ given by

(H2)' for all z,y € V we have ||[z,y; f]|| < d and Md < 1,
let us define

b 1 b b
1 " — mi . pHl . . .opil
(3.19) %0 = min {a’ \/u((l —a)y tar) Yo 2d’ 2p+21/}

and

Mv[(1 - a)? + aP]

r_
(3.20) Ch = i

In view of (1.7), (3.8), (3.19), (3.20) and the definitions of Cy and C’ (C" > C) we
have

(3.21) Co < Gy
and
(3.22) 56 < do.

Note also that if strict inequality holds on the right hand side of inequality (1.7),
then so it does in (3.21) and (3.22). Hence, the claims made in the introduction
about the advantages of our approach over the corresponding ones in [12] have been
justified.
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