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Abstract. Biological systems are able to switch their neural systems into inhibitory
states and it is therefore important to build mathematical models that can explain such
phenomena. If we interpret such inhibitory modes as ‘positive’ or ‘negative’ steady states
of neural networks, then we will need to find the corresponding fixed points. This paper
shows positive fixed point theorems for a particular class of cellular neural networks whose
neuron units are placed at the vertices of a regular polygon. The derivation is based on
elementary analysis. However, it is hoped that our easy fixed point theorems have potential
applications in exploring stationary states of similar biological network models.

Keywords: positive fixed point, neural network, periodic solution, difference equation,
discrete boundary condition, critical point theory
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1. INTRODUCTION
In [1], several fixed point theorems for the problem
(1) u=f(u), ueR®,

arising from seeking steady states of a special class of cellular neural networks that
admit potentials are established. These results deal with the existence of nontrivial
fixed points. Since steady states of cellular neural networks may represent mem-
ory data, transient neural activities, etc., they are important in understanding the
dynamics of such networks.

The research has been supported by the Natural Science Foundation of Guang Dong of
P. R. China under grant number 9151008002000012.
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There are now numerous studies related to nonlinear systems of the form (1) but
when such a system admits a potential, a useful approach is by means of the critical
point theory. For general information on critical point theory, we refer to [2] and [5].
For studies that approach (1) by the critical point theory, we refer to [1], [6]-[10]).
For studies that approach (1) by other methods, we refer to [11]-[13] and the book
by Cheng [13].

In applications, it is also of interest to seek fixed points with specific properties.
In this paper, we continue our investigations in [1] and seek fixed points that are
‘positive’ and ‘negative’.

For the sake of convenience, we quickly recall the neural networks mentioned in [1].
We consider w neuron units z1,...,xz, that are placed at the vertices of a regular
w-polygon. Let xsf ) denote the state value of the n-th neuron unit during the time
period ¢t € {0,1,2,...}. Assume that each neuron unit is activated in the following

manner:
$5Lt+1)=fn($gt)a---ama(j))7 ne{l""’w}’

where f = (f1,...,f.,)! € C(R¥,R¥) admits a ‘primitive’ or potential function
F € CY(R¥, R) satisfying

0
a—F(ul,ug, cooty) = fr(ur,ug, .. uw), K=1,2,.. . w.

ug,
If we seek steady state solutions {(mgt), . ,xﬁf))“}{’io such that 2\ = z, for n €
{1,...,w} and ¢t > 0, then we are led to finding solutions of the steady state system
of the form (1). Two specific examples of (1) are

8 5
(2) x = 5(5—sinm)x5 — 23 cosz,
and

T4 = —x3 — To + 4a:i’,
(3) Ty = —x1 — a3 + 473,

XT3 = —To —T1 + 41,%

Steady state solutions can be interpreted as transient neural activities [3], [4]. In
applications, it is of interest to seek steady state solutions that are situated in specific
regions of the state space R“. Here we consider the existence of a solution u of (1)
such that all its components are positive (or all are negative)!.

1 One reason for doing so is the fact that some biological systems are able to switch
their neural systems into inhibitory transient states (such as those found in animal
hibernation).
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To be more precise, a column vector u = (uq,us, ... ,uw)T € RY¥ is said to be
a solution of (1) if substitution of u into (1) renders an identity. A vector u =
(u1,uz, ... ,un)T is said to be positive if uy > 0 for k € {1,...,n}, negative if ux <0
for k € {1,...,n}, and zero-free if up, # 0 for all k € {1,...,n}. For the sake of

convenience, we also let
Q:g:{u:(ul,...,uw)Jr ERY: up>0forke{l,...,w}},
O :{u:(ul,...,uw)T € RY: —uy >Ofork€{1,...,w}}.

As in [1], we will employ the concept of critical points for approaching our goal [2].
To this end, we let the functional I: R¥ — R be defined by

1 w
(4) I(u):§Zui—F(u1,ugﬁ...,uw),ue[R“.
k=1
Since
oI
(5) &E:) = up — fi (ur s, ), ke {1, W),

we see that I'(u) = 0 if, and only if,
(6) up — fr (u1,u2, ..., u,) =0, ke {1,...,w}.

That is, u € R¥ is a critical point of I (i.e. I’(u) = 0) if, and only if, u is a solution

of (1).

2. MAIN RESULTS
We first provide two results for the positive or negative fixed points.

Theorem 1. Suppose that F (0) = 0. Suppose further that
(G1) there are constants 6 > 0 and o € (0, 3) such that for any u € Qf (u € Q, or
u e OF UQS) satisfying |u| < 6, it follows that F (u) < o |ul®;
(Go) there are constants o > 0, v > 0 and 3 € (%,oo) such that for any u € QF
(ueQ, orue Qb UQy) satisfying |u| > o, it follows that F (u) > f |ul® — 7;
(Gs) for any u = (ur,ug,...,uy,) € Qf (v = (ur,ug,...,uy) € Q, or u =

(ur,u2, ... uy) € QL UQY) and any i € {1,2,...,w},

F(ul,ul...,uw) <F(ul,...,ui_LO,ui_L...,uw)+F(O,...,O7ui,O

,0).

Then (1) possesses at least one positive solution (one negative solution, or one
positive and one negative solution).
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Theorem 2. Suppose that F' (0) = 0. Suppose further that
(G4) there are constants § > 0 and « € (,00) such that for any u € QY (u € Q,
or u € OF U ) satisfying |u| < 8, we have F (u) > o |ul’;
(Gs) there are constants 0 > 0, v > 0 and 3 € (0,1) such that for any u € Qf
(ue g, orue Qb UQy) satisfying |u| > o, we have F (u) < 3 |ul® + 7;

(Gg) for any u = (ur,ug,...,uy,) € Qf (u = (ur,ug,...,u,) € Q, or u =
(ur,u2, ... uy) € QL UQY) and any i € {1,2,...,w},
F(ul,ul...,uw)2F(ul,...,ui_LO,ui_L...,uw)+F(O,...,O7ui,O7...,O).

Then (1) possesses at least one positive solution (one negative, or one positive and
one negative solution).

Before proving our results, let us first show that they are not vacuous. Indeed,
the system (3) is of the form (1) where w = 3. Here

filx) = —wicy — w1 + 42}, i=1,2,3,

by taking xo = x5 and x4 = x1. It is easy to see that F(z1, 29, 23) = —z123 — 2122 —
Tox3 + xf + x5 + x5 satisfies (0/0ur)F(u1,u,u3) = fr(u1,u,u3) for k = 1,2,3 and
F(0,0,0) = 0. Note that for any = = (v1, 2, 73) € QF,

4 4 4 4 4 4
F(J?l,l‘g,l‘g) < —X1x3 — X1T2 — T2X3 +.T31 +J32 +J33 < Ty +-T32 +-T33-

Then we have
) F(x) R e
limsup ——5= < lim —5——75——75 =
zEQ;,z—»O |(E| r—=0 Ty + 3 + 3

and

4 4 4
F(x1,29,73) = —2123 — T1T2 — ToX3 + ] + T5 + X3

2
>{max xf} — 3 max x?
1<i<3 1<i<3

{3 (a1 + a3 +23)) = 3 (af + a3 + 23)
{5 (a1 +a3 +a3) = 3} (aF + 23 +25) — 1
6

|£L'|2—]_7

A\ARR\VARR\V]

for || > 9. Thus the conditions (G1) and (Gz) are satisfied. Further, it is also easy
to check the condition (Gs).
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Proof of Theorem 1. Let I be defined by (4). According to (Gz), if we let
1 = max{|F (u) = Bluf* +9|: u] < o,u € 2}
and 7' = v + 71, then for any u € Q) we have
(7) F(u) 2 Bluf =+,
By (4) and (7), we see that for any u € Q,

2

1
I(u) = ui = Flur,ua, . uw) < 5 Juf” = (Bul® =)

[\3|Hx-
”ME

1
2
Since 3 > 1 by (Gg), for any u € Qf we have I (u) <.

Let ¢o = sup I (u). We claim that ¢y > 0. Indeed, by the assumption (G1), we

uth

see that there are constants § > 0 and o € (0, 5) such that for any u € QF satisfying

)|u| +.

|u| < § we have

(8) F(u) < alul?.
Then for any constant vector u = (c,¢c, ..., c)t € QF satisfying |u| = 6,

1 w

I(u) = 52Ui — F(u1,ug, ..., uy,)
k=1
1
> Slul? — alul? = (5 = a)lul? =0,

2 2

where 0 = (3 — @) 6 > 0. Thus ¢y = sup I(u) > o > 0. We know that there is a
weQd
sequence {u()} € QF such that co = lim I(u(?). Tt is easy to see that there exists a
11— 00

positive constant M such that

M <I(u®), i=1,2,....
Then ]

~M <I®) < (5= 8) D2+,
which implies that
A 1\ -1
WOR<(6-3) (M +7).
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That is, {u(i)} is a bounded sequence in Qf C R“. Hence {u(i)} has a convergent
subsequence {u(ii)}. Let {u(iﬂ)} tend to u(® = (ugo),uéo), e ,u£?>)f. Then u(® €
QF and I (u®) = co. Note that 1(0) = 0 and ¢g > 0. Thus, there must exist
ko € {1,...,n} such that ug;) > 0. Now we assert that u(?) is a positive critical
point of the functional I. Assume that there exist ig € {1,...,n} and iy # ko such
that ugg) = 0. Then

w

1 0 0 0 0
(9) T(u®) = 5 ST - F”, L ul L 0,u L u).

kio

Choose 0 < w;, < ¢ and let

1
(10) Io (i) = 5 (Ui,)*> = F(0,...,0,%;,,0,...,0),
—_ 0 0 . 0
7= (ul”, .l T, wl L u O

(11) Io(mo)—%(mo)Q—F(O, ,0,T4y,0, ..., 0)
> 5 @)~ a@,)’ = (5 - o) @) >0

Thus, from (Gs), (9), (10) and (11) we have

_ 1 < 0 1, 0 0) _ 0
1@) = 5 > @ + 5 @) = P, uld ) T, ufl )
k+£io
L, oy, 1o o ) 0) ) ©)
>§Z(uk ) +§(uio) = F(uy”, oyl 0,0 g Uy,)
k+io
— F(0,...,0,q,,0,...,0)
= IT(u) + In(T;,) > I(u'?) = ¢,

which is contrary to the definition of co. Thus u(®) belongs to the interior of QF
and [ (u(O)) = sup I (u). It follows that 19 is a critical point of I, that is, u(®) =

weQd
(u(lo), u(QO), e ,u;(’))f is a positive solution of (1).

In case the condition u € Q7 is replaced by u € Q, in (G1), (G2) and (G3), then
to find a negative solution of (1), we let the functional I:  — R be defined by

1 w
I(v):§sz—F(v1,v27...,vw), veN,,
k=1
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and let v = —u. Then it suffices to find positive critical points of the functional

J(u) =

N~

w

2
E up — F(—u1,—ua, ..., —uy), u€Q}.
k=1

The rest of the reasoning is similar to that described above and may be skipped.
Finally, if the condition u € Q) is replaced by v € Q UQ} in (G1), (G2) and (G3),
then we may infer from the facts obtained that there are two zero free solutions of
(1), one is positive and the other is negative. The proof is complete. O

Proof of Theorem 2. According to (Gs), if we let
1o = wax{lF () — BJul? — o] Jul < o0 € 03}
and ’y” = 7 + 72, then for any u € Q we have
(12) F(u) < Blul* +9".

By (4) and (12), we see that for any u € Q)

1 w
I(u) = §Zui—F(u1,u27...,uW)
k=1
1 2 2 " _ 1 2 "
> S = Blul’ =+ = (5 - 8) lul* ="

Since 8 < 3 by (Ga), for any u € Q) we have I (u) > —+".

Let ¢; = ianr I (u). We claim that ¢; < 0. Indeed, by the assumption (G4), there
ueNy

are constants § > 0 and « € (4,00) such that for any u € Q} satisfying |u| < J, we

have
(13) F(u)>aluf.
Then for any constant vector u = (c,c, ..., c)| € QF satisfying |u| = 6,

1 w

I(u) :§Zui—F(u1,uQ, ) U)
k=1
1 1
<5l —aful® = (5-a) [uf* =X

where A = (4 — ) 6% < 0. Thus ¢; = inf+I(u) < A < 0. We know that there is
ueN

a sequence {u(i)} € Qf such that ¢; = lim I (u(i)). Hence there exists a positive

1— 00
constant M such that
Ty <M, i=1,2,....
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Thus 1
(5-8) P =" < 1) < M,
which implies that
W2 < (% - 5) T4,

That is, {u(i)} is a bounded sequence in Q} C R“. Hence {u(i)} has a convergent
subsequence {u(ii) } Let {u(iﬂ')} tend to u(® = (ugo), uéo), e ,uslo))T. Then u® € QF
and I (u(¥) = ¢;. Note that 1(0) = 0 and ¢; < 0. Clearly, there exists ko €
{1,...,n} such that ug{)}) > 0. Now we assert that u(?) is a positive critical point
of the functional I . Assume that there exist ig € {1,...,n} and iy # ko such that
ul(.g) = 0. Then
(14) I(®) = 1 zw: (w2 — P, .. a1, 0,4l ul?)

5 5 1 e W s 0y Ny ).

ktio

Choose 0 < w;, < ¢ and let

1
(15) Io (ﬂ’io) = 5 (ﬂ’io)2 - F(Ov"'707ﬂi070a' "7O)a
— 0 0) 0
u= (ug ),...,ugo)_l,uio,ugo)_l,...,uslo))T.
By (13) and (15) we have
(16) Iy (Wi,) = = (W,)> = F(0,...,0,T4,0,...,0)

Thus, from (Gsg), (14), (15) and (16), we have

w

1 1

— 0 — 0 0 — 0
1@ = 5 > @+ 5@0)° = P, uld ) T, ufl o ul?)
kio
1< 1
0 — 0 0 0
g 5 Z (ul(c ))2 + 5(“’%)2 - F(u(l )7 te 7u§0)71507u§03rl7 T 7U5LO))
ki

- F(0,...,0,7;,,0,...,0)
T + In(Tg,) < I(u?) = ¢y,

which is contrary to the definition of ¢;. Thus u(?) belongs to the interior of Qf
and [ (u(o)) = inf+ I (u). It follows that u(?) is a critical point of I, that is, u(®) =
u€eN

(ugo), u§°>, .. ,uS?))T is a positive solution of (1). The rest of the proof is similar to
that of Theorem 1 and is skipped. The proof is complete. O
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We remark that the conditions (G;) and (Gg) in Theorem 1 of [1] are slightly
modified and an additional condition (Gs) is added so as to guarantee the existence
of positive solutions of (1). The proof of Theorem 1 in [1] relies on the mountain
pass theorem, however, here we use a direct proof.

3. EXAMPLES AND REMARKS

We remark that if I’ is even in the sense that
F(—u1,...,—uy) = F(ui,...,u,), (u1,...,u,) € QF,

then clearly either Theorem 1 or Theorem 2 will also guarantee the existence of
positive as well as negative solutions of (1). Yet such an assumption is not necessary.
We will illustrate our results by several examples.

Example 1. Consider the system

f1(z1, 22,3, 24) = 2023 — —x; (mi + m%) ,
(17) Folas, w0, 5, 1) = 2425 — %m (a3 +22) |

f3(21, 29, 23, 24) = 2825 — ~ 3 ((E% + xi) ,

fa(@r, w2, w5, 24) = 2025 — —xy (23 + 27)

Let
F (21,22, 23,24) = ba] + 633 + 725 + 5oy — 2 (xiad + 2323 + 232] + aj2?).
Then F'(0) = 0 and

3o, [ (@1, 22, 23,24) = fil@1, 22, 23,24).
T,

Furthermore, it is easy to see that lin%) ‘F(x)/|x|2| =0 and
€r—

1
4 4 4 4 2,2 2,2 2,2 2, 2
F(x1,22,x3,x4) = b} + 625 + Tz + 5y — E(xle + x5xs + r3Ty + TEXT)
2 9 2
2 2
> 54 max ; — - ¢ Imax ;
1<i<4 3 ligig4a

2
2
= 4{ max xz}
1<i<4
1

2
= —{4 max mf} >
4 U 1<ig4a

>4z -1

(mf—l—m%—l—m%—l—xif—l

RN
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for |z| > 4, which implies that (G1) and (Gg) are satisfied. It is also easy to check
that (Gg) is satisfied. Thus by Theorem 1, (1) possesses at least 2 zero-free solutions,
one of them is positive and the other is negative.

Example 2. The equation

x> 0,
(18) €Tr = 5

The function

_ ix‘l xz =0,
Fz)= Ly <0

6
is not even but satisfies ' (0) = 0, F'(z) = f(x) for any z € R, F(z)/2? — 0 as
x — 0, and
Fx)>2* -1, |z| =2

By Theorem 1, we see that (18) possesses at least 2 zero-free solutions, one of them
is positive and the other is negative. Indeed, the solutions are given precisely by
x = 0,%1. Thus Theorem 1 is ‘sharp’ when w = 1.

We remark that ‘sharpness’ holds in the sense that all the positive and negative
solutions are found.

Example 3. Consider the system

2w 1, W = Oa
Uy = 5
(19) @u}/‘s, u < O,
U = éui/g, k=2, , W,

1 43
% 1/, up 20,
f1 (ul,uz...,uw) = 5
%u}/{ uyp <0,
1
E (U1, U .., Uy =—u1/3, k=2,...,w
, 92 k
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The function

3
F(uy,ug, ... u,) = 5
4/3 4/3 4/3
mul/ + g(U’Q/ + '+uw/ )a ur <0,
is not even but satisfies F'(0) = 0, (0/0ug)F(u1, ug, ..., uy) = fr(ui,ug, ..., u,) for
k=1,2,...,w. Furthermore, it is easy to see that

lim F () / lul® = oo,
which implies (G4). Note that, for |u| > w, ) max |u;| = 1, thus we have

5 O 4/3
12w

5 4/3
<
s 12{1@?32'“"} +1

F(uy,ug, ..., u,) < +u;/3 Cdud?)

5 2
<
S 12{113%; |ul|} t1

N

2
— 1
B |u| +

for |u| > w, that is, (Gs) is satisfied. Further, it is also easy to check the condi-
tion (Gg). Thus by Theorem 2, (19) possesses at least 2 zero-free solutions, one
of them is positive and the other is negative. Indeed, the solutions are given pre-
cisely by the form u = (u1,uz, ..., uy), where u; =0 or (1/2)3/2 or — (1/2)5/4 , and
up = 0 or (1/2)3/2 or — (1/2)3/2,kj = 2,...,w. Hence ((1/2)%2,..., (1/2)3/2) and
(—(1/2)%/4,—(1/2)%/2,...,—(1/2)%?) are the only positive and negative solutions.
Thus Theorem 6 is sharp when w > 2.

We remark that although our fixed point theorems are motivated by considering
steady states of digital neural networks, we may also use them in a number of prac-
tical problems including systems of nonlinear equations, boundary value problems
involving difference equations, etc.

Example 4. Consider a second order difference equation of the form
(20) A%up_1 + gi (ug—1, uk, uk+1) =0, ke {1,2},
under the boundary conditions
(21) ug = 0 = ug,
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where

g1 (zo, 1, m2) = 4023 — %mlxg + %mfxg — 24a3,
92 (21,22, w3) = —202% + Lwy23 — 2aias + 4823,
The above boundary value problem (20)—(21) is equivalent to
2up — ug = 40u3 — %ulug + %u%ug — 24u3,

—uy + 2up = —20uf + tuyud — Zufus + 48u3,
2 -1\ 1/2 1
-1 2 S 3\1 ’
ur\ 20us — %ulug
uz )\ 24ud — tudug )

(22) F (uy us) = 5uf + 6us — %u%ug

and since
it is also equivalent to

Let

Then F (0) =0 and
0

31, .2
——F(u1,u2) = 20uj — uius,

8u1

0
8—u2F(u1,uQ) = 24uj — Tufus.

Furthermore, it is easy to see that
lim F (z) / |z]* = 0,
z—0

which implies (Gy). Since

1
F (uyuz) = 5uf + 6uj — gu%u%
1
> 5uf + Suj — gu%u%
212 1 2\
> 5{ max ui} - —{max ui}
192 6 l1<i<2
5 2
> —{2 max uf} —1
4 U 1<ig2
5

Z 7 Jul* =1
5

Z 7 Jul* =1
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for |u| > 1, hence (Gg) is satisfied. Further, it is also easy to check the condition
(G3z). Thus by Theorem 3, (20)—(21) possesses at least 2 zero-free solutions, one of
them is positive and the other is negative.

Our results are also good for looking for zero-free solutions of (1) in other quadrants
of R™. The idea is quite simple. For instance, if we need a solution of (1) in

Q:{(ml,...,xn)T: m1>0,x2<0,...,mn<0},

we may consider the system

uy = fl(ul, —U2y ..., —’U,n),
Ug = —fg(’u,l, —UuU2,..., —un),
Up = — fn (U1, —tz2, ..., —Uy).
If (uy,...,un,)" is a positive solution, then (uy, —ua, —us, ..., —u,)" is a solution of

(1) in Q.
As our final remark, in Example 4 we have encountered a fixed problem of the
form

Gu = f(u),

where G is an invertible matrix so that « = G~!f(u), and our fixed point theo-
rems are applicable. In other situations, G may not be invertible and therefore the
corresponding fixed point theorems may be of interest.
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