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Abstract. In this article we produce a refined version of the classical Pohozaev identity
in the radial setting. The refined identity is then compared to the original, and possible
applications are discussed.
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1. Introduction
The Pohozaev identity has been used, among other things, to prove nonexistence
of positive solutions for supercritical elliptic equations in star-shaped domains. More
precisely, let N > 3 and let Ω ⊂ RN be a star-shaped domain. It has been proved in
1965 by S. I. Pohozaev [22] that problems
(1.1)

−∆u = up in Ω, u = 0 on ∂Ω

have no positive solutions for p > (N + 2)/(N − 2). For 1 < p < (N + 2)/(N − 2) the
embedding H01 (Ω) ֒→ Lp+1 (Ω) is compact and existence of positive solutions can be
proved by variational methods. For p = (N +2)/(N −2) (i.e. p+1 = 2∗ = 2N/(N −2),
the critical Sobolev exponent) the embedding is not compact any more, and for
p > (N +2)/(N −2) the space H01 (Ω) is not a subspace of Lp+1 (Ω) and the variational
methods used to prove existence of solutions break down.
An interesting fact was observed by Brezis and Nirenberg in [3] relative to the
problem
(1.2)

∗

−∆u = u2

−1

+ λu, u > 0 in Ω, u = 0 on ∂Ω
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which differs from (1.1) by the linear term λu. The authors proved that (1.2) admits
a solution for positive values λ contained in an interval whose endpoints depend on
the dimension N in a somewhat unexpected way. This paper gave rise to numerous
studies on problems with critical nonlinearities. It has been noticed that for some
dimensions N the branch of solutions which bifurcates from the trivial solution exists for all λ between λ1 (the first eigenvalue of −∆ with zero Dirichlet boundary
conditions) and zero, while for other “critical” dimensions this branch is bounded
away from zero by some λ∗ > 0 (see [2], [4], [5], [6], [9], [10], [13], [14], [15], [16], [20],
[23], and the references therein).
For N = 3, in the case when Ω = B1 is the unit ball in R3 , Brezis and Nirenberg
were able to find the exact value of λ∗ . For this, the authors devised a refinement
of the Pohozaev identity. Later, it was noticed that even the refined identity was
not sufficient to produce exact values for λ∗ in some problems very closely related
to (1.2). In [8], the author and R. Lavine were able to prove a resolution of the
refined Pohozaev identity in [3], which gave the exact value for λ∗ in the case of
radial solutions for closely related problems. As it turns out, it is a difficult matter
to describe the value λ∗ in domains other than the ball (see for example [6] and [12]
and the references therein).
The purpose of this article is to discuss the resolution of the refined Pohozaev
identity in the radial case, and to discuss some of the conclusions that can be drawn
from it. Consider problems
(1.3)

−∆u + a(|x|)u = f (u), u > 0 in B1 , u = 0 on ∂B1

where B1 is the unit ball in RN with N > 3 and a is assumed to be a continuous
function so that the operator −∆ + a(|x|) is coercive, i.e. there is λ1 > 0 such that
Z
Z
2
|∇u| + a(|x|)u2 dx > λ1
u2 dx
B1

B1

for all smooth functions u with compact support in B1 . About the nonlinearity f
we assume that it is continuous, nonnegative for all u > 0, satisfies f (0) = 0 and
Ru
f ′ (0) = 0 and has the antiderivative F (u) = 0 f (t) dt. A model nonlinearity is
f (u) = up with p > 1. We are interested in the radial solutions of (1.3), that is,
solutions of the ODE
N −1
(1.4)
−urr −
ur + a(r)u = f (u), u > 0 in (0, 1), ur (0) = u(1) = 0
r
where r = |x|. We assume that a is such that the homogeneous linear ODE
(1.5)

−ξrr −

N −1
ξr + a(r)ξ = 0
r

admits a pair of linearly independent solutions ξ and ζ on the interval (0, 1).
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2. Classical and refined identities in the radial case
For comparison, we illustrate first the original identity of Pohozaev in the radial
case and a ≡ 0.
Theorem 2.1. Any solution of (1.4) with a ≡ 0 satisfies
Z 1


N −2
rN −1 F (u) −
f (u)u dr > 0.
2N
0
P r o o f. The equation (1.4) assumes the form
(2.1)

−urr −

N −1
ur = f (u) in (0, 1), ur (0) = u(1) = 0.
r

Multiplying (2.1) by rN ur we obtain
u2  N
d
− rN r + rN −1 u2r − (N − 1)rN −1 u2r = rN f (u)ur
dr
2
2
or

u2  N − 2 N −1 2
d
d
− rN r −
r
ur = (rN F (u)) − N rN −1 F (u).
dr
2
2
dr
After dividing by N and rearranging the terms we get
(2.2)


d  rN 2 rN
N − 2 N −1 2
ur +
F (u) = rN −1 F (u) −
r
ur .
dr 2N
N
2N

On the other hand, multiplying (2.1) by rN −1 u we obtain
d
d
(−rN −1 ur u) + ur (rN −1 u) − (N − 1)rN −2 ur u = rN −1 f (u)u,
dr
dr
which can be written as
 N −2
d  N − 2 N −1
N − 2 N −1
(2.3)
r
ur u =
rN −1 u2r −
r
f (u)u.
dr 2N
2N
2N
Adding (2.2) and (2.3) we obtain



N −2
rN
d  rN 2 N − 2 N −1
ur +
r
ur u +
F (u) = rN −1 F (u) −
f (u)u .
dr 2N
2N
N
2N
Since F (0) = 0, integration on the interval (0, 1) yields
Z 1


1 2
N −2
ur (1) =
rN −1 F (u) −
f (u)u dr.
2N
2N
0
Since the left hand side is strictly positive by the Uniqueness Theorem for ODE’s,
the theorem follows.
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The argument for nonexistence of solutions in the supercritical case is based on
the inequality
(2.4)

F (u) −

N −2
f (u)u 6 0.
2N

Indeed, for f (u) = up we have F (u) = (p + 1)−1 up+1 , hence
F (u) −

 1
N −2
N − 2  p+1
u .
f (u)u =
−
2N
p+1
2N

While for 1 < p < (N + 2)/(N − 2) the paranthesis above is positive, for p >
(N + 2)/(N − 2) we have that
Z

0

1



N −2
rN −1 F (u) −
f (u)u dr
2N

in Theorem 2.1 is non-positive. This provides the contradiction to the existence
of solutions of (2.1) in the supercritical case. The identity (2.1) becomes a little
more complicated in the presence of the linear term (i.e. when a(r) is not identically
zero) and the refinement in the Brezis-Nirenberg approach consists in introducing
two auxiliary functions.
Note that after multiplication by rN −1 the problem (1.4) can be written as
(2.5)

− rN −1 ur



r

+ rN −1 a(r)u = rN −1 f (u) in (0, 1), ur (0) = u(1) = 0.

Let ξ and ζ be linearly independent solutions of the homogeneous equation
(2.6)

− rN −1 ξr



r

+ rN −1 a(r)ξ = 0

such that

ξr (0) = ζ(1) = 0.

Observe that for a ≡ 0, a pair of such solution is
(2.7)

ξ0 (r) ≡ 1,

ζ0 (r) =

r−(N −2) − 1
.
N −2

Define the Wronskian of two functions to be
W [u, ξ](r) = rN −1 (u(r)ξr (r) − ur (r)ξ(r)) ,
and note that
W [ξ0 , ζ0 ](r) ≡ −1.
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We will assume that a(r) is such that the problem (2.6) has a pair ξ, ζ of linearly
independent positive solutions on the interval (0, 1) such that
(2.8)

ξr (0) = ζ(1) = 0 and W [ξ, ζ](r) ≡ −1 and the limits
lim rN −2 ζ(r) and lim+ rN −1 ζr (r) exist and are finite.

r→0+

r→0

For functions a that will guarantee (2.8), see Lemma 1 in [7].
The next theorem is the refinement of the Pohozaev identity.
Theorem 2.2. With ξ and ζ as in (2.8), any solution u of (2.5) satisfies the
identity
(2.9)

Z

1

r2(N −1) ξζ(f (u)u + 2F (u))T (r) dr = 0

0

where
(2.10)

T (r) =

ξr
F (u)
ζr
4(N − 1)
+
+
.
ξ
ζ
r
f (u)u + 2F (u)

P r o o f. By multiplying the equation (2.6) by −u and the equation (2.5) by ξ
and adding, we obtain
d
W [u, ξ](r) = rN −1 f (u)ξ.
dr
Similarly we have
d
W [u, ζ](r) = rN −1 f (u)ζ.
dr
By combining the two equalities above it follows that
d
(W [u, ξ]W [u, ζ]) = rN −1 f (u) (ξW [u, ζ] + ζW [u, ξ]) .
dr
Therefore
d
(W [u, ξ]W [u, ζ]) = r2(N −1) f (u) (u(ξζ)r − 2ur ξζ)
dr
= r2(N −1) f (u)u(ξζ)r − 2r2(N −1) f (u)ur ξζ
d
= r2(N −1) f (u)u(ξζ)r − 2r2(N −1) (F (u))ξζ
dr
d
2(N −1)
2(N −1)
F (u)ξζ) + r
(f (u)u + 2F (u))(ξζ)r
= (−2r
dr
+ 4(N − 1)r2N −3 F (u)ξζ.
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We now obtain
d
(W [u, ξ]W [u, ζ] + 2r2(N −1) F (u)ξζ)
dr
= r2(N −1) (f (u)u + 2F (u))(ξζ)r + 4(N − 1)r2N −3 F (u)ξζ
or
(2.11)

d
(W [u, ξ]W [u, ζ] + 2r2(N −1) F (u)ξζ) = r2(N −1) ξζ(f (u)u + 2F (u))T (r).
dr

From the boundary conditions and from (2.8) we have that
lim W [u, ξ](r)W [u, ζ](r) = W [u, ξ](1)W [u, ζ](1) = 0

r→0+

and
lim r2(N −1) F (u)ξζ = r2(N −1) F (u)ξζ

r→0+

r=1

= 0.

Integrating (2.11) on the interval (0, 1) we get
Z

1

r2(N −1) ξζ(f (u)u + 2F (u))T (r) dr = 0.

0


Our technique to prove nonexistence of solutions is to provide ξ and ζ as in (2.8)
for which T (r) < 0 for all r ∈ (0, 1), and this in turn will provide a contradiction to
the identity in Theorem 2.2.
In the case a ≡ 0 we substitute ξ0 and ζ0 in (2.10) to obtain
T0 (r) = −

F (u)
4(N − 1)
N −2
+
.
r − rN −1
r
f (u)u + 2F (u)

Direct algebraic calculations show that T0 (r) < 0 for r ∈ (0, 1) is equivalent to
(2.12)

F (u) −

N −2
2(N − 1) N −2
f (u)u −
r
F (u) < 0.
2N
N

Condition (2.12) relaxes somewhat the inequality (2.4) but apparently it is not easy
to extract significantly new information (to produce functions f (u) that do not satisfy
(2.4) but satisfy (2.12)) from this relaxation.
There are two other directions in which Theorem 2.9 may provide new information.
One is for power type nonlinearities and a not identically zero (see [8]), and the other
may be a combination of f (u) not necessarily a power function and a not identically
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zero. A promising advantage of using the refined identity is that it involves the
functions ξ and ζ which are basic ingredients in the construction of Green’s function.
Indeed, it is well known that Green’s function of the operator
−urr −

N −1
ur + a(r)u
r

with boundary conditions ur (0) = u(1) = 0

is given by
G(r, s) = sN −1 ξ (min(r, s)) ζ (max(r, s))

for r, s ∈ (0, 1),

where ξ and ζ are functions satisfying (2.8). It has been noticed in previous works
(see [18], [19], [12], [6], [24], [25]) that the regular part of Green’s function plays
an important role for the existence of solutions. In our setting, the regular part of
Green’s function is

if r 6 s,
0
N −1
H(r, s) = G(r, s) − Γ(r, s), where Γ(r, s) =
 s
(r2−N − s2−N ) if r > s,
N −2
and on the diagonal r = s it satisfies

H(r, r) = G(r, r) = rN −1 ξ(r)ζ(r).
We can therefore hope that the nonexistence approach using the refined identity
will narrow and eventually eliminate the gap between existence and nonexistence of
solutions for problem (1.4).
A c k n o w l e d g e m e n t. The author would like to thank the organizers of Equadiff 12 for their kind hospitality.
References
[1] H. Brezis: Elliptic equations with limiting Sobolev exponents—the impact of topology.
Comm. Pure Appl. Math. 39 (1986), S17–S39.
[2] H. Brezis, L. Dupaigne, A. Tesei: On a semilinear elliptic equation with inverse-square
potential. Selecta Math. 11 (2005), 1–7.
[3] H. Brezis, L. Nirenberg: Positive solutions of nonlinear elliptic equations involving critical Sobolev exponent. Comm. Pure Appl. Math. 36 (1983), 437–477.
[4] H. Brezis, L. A. Peletier: Elliptic equations with critical exponent on S 3 : new nonminimising solutions. C. R. Math. Acad. Sci. Paris 339 (2004), 391–394.
[5] H. Brezis, M. Willem: On some nonlinear equations with critical exponents. J. Funct.
Anal. 255 (2008), 2286–2298.
[6] C. J. Budd, A. R. Humphries: Numerical and analytical estimates of existence regions for
semi-linear elliptic equations with critical Sobolev exponents in cuboid and cylindrical
domains. J. Comput. Appl. Math. 151 (2003), 59–84.

149

[7] F. Catrina: A note on a result of M. Grossi. Proc. Amer. Soc. 137 (2009), 3717–3724.
[8] F. Catrina, R. Lavine: Radial solutions for weighted semilinear equations. Commun.
Contemp. Math. 4 (2002), 529–545.
[9] K.-S. Chou, D. Geng: On the critical dimension of a semilinear degenerate elliptic equation involving critical Sobolev-Hardy exponent. Nonlinear Anal., Theory Methods Appl.
12 (1996), 1965–1984.
[10] Ph. Clement, D. G. de Figueiredo, E. Mitidieri: Quasilinear elliptic equations with critical exponents. Topol. Methods Nonlinear Anal. 7 (1996), 133–170.
[11] J. Dávila, M. del Pino, M. Musso, J. Wei: Fast and slow decay solutions for supercritical
elliptic problems in exterior domains. Calc. Var. Partial Differential Equations 32 (2008),
453–480.
[12] O. Druet: Elliptic equations with critical Sobolev exponents in dimension 3. Ann. Inst.
H. Poincaré Anal. Non Linéaire 19 (2002), 125–142.
[13] H. Egnell: Semilinear elliptic equations involving critical Sobolev exponents. Arch. Rational Mech. Anal. 104 (1988), 27–56.
[14] H. Egnell: Existence and nonexistence results for m-Laplace equations involving critical
Sobolev exponents. Arch. Rational Mech. Anal. 104 (1988), 57–77.
[15] P. L. Felmer, A. Quaas: Positive radial solutions to a ‘semilinear’ equation involving the
Pucci’s operator. J. Differ. Equations 199 (2004), 376–393.
[16] N. Ghoussoub, C. Yuan: Multiple solutions for quasi-linear PDE’s involving the critical
Sobolev and Hardy exponents. Trans. Amer. Math. Soc. 352 (2000), 5703–5743.
[17] B. Gidas, W. M. Ni, L. Nirenberg: Symmetry and related properties via the maximum
principle. Comm. Math. Phys. 68 (1979), 209–243.
[18] M. Grossi: Radial solutions for the Brezis-Nirenberg problem involving large nonlinearities. J. Funct. Anal. 254 (2008), 2995–3036.
[19] M. Grossi: Existence of radial solutions for an elliptic problem involving exponential
nonlinearities. Discrete Contin. Dyn. Syst. 21 (2008), 221–232.
[20] J. Jacobsen: Global bifurcation problems associated with k-Hessian operators. Topol.
Methods Nonlinear Anal. 14 (1999), 81–130.
[21] D. Passaseo: Some sufficient conditions for the existence of positive solutions to the
∗
equation −∆u + a(x)u = u2 −1 in bounded domains. Ann. Inst. H. Poincaré Anal. Non
Linéaire 13 (1996), 185–227.
[22] S. I. Pohozaev: On the eigenfunctions of the equation ∆u+λf (u) = 0. Dokl. Akad. Nauk
SSSR 165 (1965), 36–39. (In Russian.)
[23] P. Pucci, J. Serrin: Critical exponents and critical dimensions for polyharmonic operators. J. Math. Pures Appl. 69 (1990), 55–83.
[24] O. Rey: The role of the Green’s function in a nonlinear elliptic equation involving the
critical Sobolev exponent. J. Funct. Anal. 89 (1990), 1–52.
[25] R. Schoen: Conformal deformation of a Riemannian metric to constant scalar curvature.
J. Differential Geom. 20 (1984), 479–495.
Author’s address: Florin Catrina, St. John’s University, Queens, New York 11439, USA,
e-mail: catrinaf@stjohns.edu.

150

