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ITERATED OSCILLATION CRITERIA FOR DELAY
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(Received July 29, 2012)

Abstract. In this paper, by using an iterative scheme, we advance the main oscillation
result of Zhang and Liu (1997). We not only extend this important result but also drop
a superfluous condition even in the noniterated case. Moreover, we present some illustrative
examples for which the previous results cannot deliver answers for the oscillation of solutions
but with our new efficient test, we can give affirmative answers for the oscillatory behaviour
of solutions. For a visual explanation of the examples, we also provide 3D graphics, which
are plotted by a mathematical programming language.
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1. INTRODUCTION

Partial difference equations are some kinds of difference equations that involve
at least two (discrete) variables. Such equations come out from the mathematical
modeling of random walk problems, molecular structure problems, and numerical dif-
ference approximation of solutions to partial delay differential equations (see [1], [6]).
Because of its many application fields, the oscillation/nonoscillation problem for de-
lay partial difference equations is now receiving much attention (see [2], [5]).

In this work, we consider the linear partial difference equation:

(1.1) z(m+1,n)+ax(m,n+1)—x(m,n)+pm,n)z(m—k,n—1

~—
I
— O

where {p(m, n)}(mm)ezg is a nonnegative double sequence of reals and k,! € N, and
for simplicity of notation, we set K := max{k,l}, L := min{k,l} and Z,, := {r €
Z: r>=mro} forrg € Z.
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We now define the initial problem for (1.1) (see [3]). To this end, we define the
primary and the secondary initial lattices by Q(—k, =) :=Z_j x Z_;\ Zo X Z; and
Y(—k,=1):=Z_j, xZ_;\ 71 X Zy, respectively. By a solution of (1.1) we mean a dou-
ble sequence {x(m,n)}m nyez_,xz_, of reals which satisfies the recursive equation
(1.1) identically on Z2. Clearly, if an initial double sequence {p(m, 1)} (mn)eQ(—k, 1)
is given, then one can easily iterate (1.1) and obtain all the values of the unique so-
lution x, which satisfies = ¢ on the primary initial lattice Q(—k, —1), by rewriting
(1.1) in the following form:

(1.2) 2(m,n+1) = z(m,n) —x(m+1,n) —p(m,n)x(m—k,n—1) for (m,n) € Z3.

Alternatively, if {¢)(m,n)}(m n)er(—k,—1) is given, then one can also obtain the unique
solution x of (1.1) satisfying « = 1) on the secondary lattice Y(—k, —I) by iterating

(1.3) x(m+1,n) = z(m,n) —x(m,n+1)—p(m,n)z(m—k,n—1) for (m,n) € 7.

Below, we revisit the definition of oscillation of a double sequence on the first discrete
quadrant Z2. We call a double sequence {x(m, 1)} (m,nyezz eventually positive if there
exists (mg,ng) € Z3 such that z > 0 on Z,,, X ZoU Zg X Z,,, and eventually negative
if —x is eventually positive. If a double sequence is neither eventually positive nor
eventually negative, we call it oscillatory. To point out what is the difference between
our definition and the oscillation definition given in [3], we give an example as follows:
Let {z(m,n)}(nnezz be defined by x(r,0) = (=1)", z(0,7) = (=1)" for all r € Zo
and x(m,n) = 1 for all (m,n) € Z%. Due to the oscillation definition given in [3], this
sequence is eventually positive and hence is nonoscillatory since we have x(m,n) =
1 > 0 for all large m, n; however, it is oscillatory according to our definition. It is easy
to infer that if it is nonoscillatory in our sense, then it is nonoscillatory according
to the definition in [3], too. And conversely, if a double sequence is oscillatory
according to the definition in [3], it is oscillatory in our sense. We call a solution x of
(1.1) oscillatory if {x(m,n)}mnyez_.x7_\D(—k —1) is oscillatory, where D(—k, —1)
is the initial lattice, i.e., either D(—k,—1) = Q(—k,—1) or D(=k,—1) = T(-k,—-I)
depending on the choice of the data of the initial value problem (see (1.2) and
(1.3)). If every solution of (1.1) is oscillatory independently of the choice of the
initial lattice and the initial sequence, then (1.1) is called oscillatory. Throughout
the paper, we will focus our attention on those solutions of (1.1) which do not vanish
on Zyy X Z_jUZ_j x Ly, \ D(—k, 1) for any (mq,ng) € Z2.

Below, we quote an important result due to Zhang and Liu.
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Theorem A ([4], Theorem 2.1). Assume that

(1.4) limsup p(m,n) > 0

m—roo

n—oo
and that
(15) liminf T(m.n) > 1,

n— oo
where

1 m—1 n—1 1 1/L
1.6 I'(m,n):= inf - —
wo o= (GOT T wy) )
for (m,n) € Zy, X Z,

and
(1.7)

A(m,n) :={\>0: 1—Ap(i,7) > 0 for all (i, ) € [m — k,m) x [n —1,n) N Z?}
for (m,n) € Zy x Z,.
Then (1.1) is oscillatory.

In this paper, we shall advance the conclusion of Theorem A. To this end, we give
the following simple example, which illustrates the significance of the results of this

paper.

Example 1.1. Consider the delay partial difference equation for (m,n) € 72

(1.8) x(m+1,n) +x(m,n+1) — x(m,n) + p(m,n)z(m —2,n — 1) =0,
where 9
it mod(m,3) =0,
plmn) =4
9’ otherwise.

Due to Theorem A, we have for (m,n) € Za x 74

1
I'(m,n):= inof A= A79)
AEA(mMm,n) 1
A1 = X/9)(1 —2)/9)’

mod(m, 3) =0,

otherwise
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and

(0,9), mod(m, 3) =0,
Alm,n) =
(0,9/2), otherwise
which yields
2
ﬁ, mod(m,3) =0,
3
L(m,n) = 5

7 otherwise.

Hence, we have

3 23 3
V-2 <1
4’3} 1<h

liminf I'(m,n) = min {

m—0o0

n—oo
which shows that Theorem A fails to deliver any conclusion on the oscillatory be-
haviour of solutions of (1.8). However, our result (Theorem 2.1) in the following
section gives the affirmative answer. The following graphics belong to the solution
with the initial condition = 1 on (-2, —1) and of 60 iterates.
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Here, the points painted with dark color represent the nonnegative terms while
the points painted with light color represent the negative ones.

In the next section, we prove our main result and provide some simple examples
to show its applicability.
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2. MAIN RESULTS
We first prove a simple lemma, which will be needed in the sequel.

Lemma 2.1. Let x be an eventually positive solution of (1.1), and suppose that

m—1 n—1
(2.1) limsup Z Z p(i,7) > 0.

m—0o0 . .
n—oo it=m—k j=n—I

Then vy, defined by

x(m—k,n—1)
(22) yx(m,n) = W fOT (m,n) (S Z(Q)
satisfies
(2.3) liminf y, (m, n) < co.

n—oo

Proof. Letx be an eventually positive solution of (1.1). Hence, we may suppose
that x(m,n) > 0 for all (m,n) € Z,,, x Z,, for some fixed (m1,n1) € Z3. Then from
(1.1) it is obvious that z is decreasing on Z,,, X Z,,, where (ma,n2) € Zpm, 1k X Ln, +1,
and thus y, defined by (2.2) satisfies y, > 1 on Z,,, X Z,,. By virtue of (2.1), there
exist a constant € > 0 and an increasing divergent double sequence {(&, () }}ren C
Ly X 2y, such that r € N implies

&r—1  ¢r—1

(2:4) S plig) ze

i=&—k j=Cr—1

Keeping in mind the Pigeonhole principle due to Dirichlet, we infer that (2.4) implies
the existence of a double sequence { (o, 3;)}ren C Z3 such that & — k < a, < &,
¢ — 1< Br < ¢ and p(ay, Br) > e/ (kl) for all » € N. Substituting (o, 8,) for r € N
into (1.1) and considering the decreasing nature of x, we easily obtain

0=2x(ar +1,8) + z(ar, By + 1) — z(ar, By) + plaw, Br)z(0r — k, Br — 1)
> — . fy) + (& — kG = D),

which yields

olarBr) €

(25) G kG0 H

441



for all » € N. Similarly, for all » € N, we have

0= J)(Ozr +1, 67“) + .13(04,«, Br + 1) - 37(047"; 67“) +p(04r7/5r)$(04r —k,Br — Z)
> —al —h G =)+ alar — kB~ 1),

which implies

(& —k, G —1) €
2.6 —_ = > —
(2:6) 2 —F B = 1)  H
for all r € N. In view of (2.2), and taking the reciprocal after multiplying (2.5) and
(2.6) yields

(27) el ) < (£

3

for all » € N. Tt is clear that {(c., 8,)}ren C Z3 is divergent and hence (2.7) implies
(2.3), and this completes the proof. O

Next, we have a new lemma, which will be applied in the proof of our main result.
To state the lemma, we need to introduce

17 T = 0,

2.8 r — m—1 n-—1 1/L

(2.8) Tm,n) w (T T ) pren
AEA,(m,n) A ik j=n1 1- )\Frfl(l,])p(l,j)

and

(2.9) Ar(m,n) :={\>0: 1= A0r_1(i,§)p(i,7) >0

for all (i,7) € [m — k,m) x [n —1,n) N 7%}
for (m,n) € Z, X Z,; and r € N.

Lemma 2.2. Let x be an eventually positive solution of (1.1), and suppose that

(2.10) liminf Ty, (m, n) > 1

n—oo

for some rog € N. Then

(2.11) Jim yg(m,n) = occ.
n—oo
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Proof. Letx be an eventually positive solution of (1.1). Hence, we may suppose
that x(m,n) > 0 for all (m,n) € Z,,, x Z,, for some fixed (m1,n1) € Z2. Then we
may rewrite (1.1) as

(2.12) [1 —yz(m,n)p(m,n)]z(m,n) =z(m+1,n)+z(m,n+1) >0
for all (m,n) € Zy, X Z,, for some fixed (mz2,n2) € Zy, X Zy,. Set

yx(i’j)’ TZO?
min zr—1(4,7), r€{1,2,...,70}

(i,7) E[m—k,m]x [n—1,n|NZ?

(2.13) zr(m,m) == {

for (m,n) € Zmytrk X Lnytri- From (2.12), for all (m,n) € Zyy+k X Z,,, we have

(2.14) x(m,n) < [1 —yz(m—1,n)p(m —1,n)]z(m —1,n)
<[l =yz(m—1,n)p(m—1,n)]
X [1 = yz(m —2,n)p(m — 2,n)]z(m — 2,n)

m—1
< H [1 = yo (i, n)p(i, n)|z(m — k,n),
i=m—k

which yields
(2.15) z(m,n) < (
m—1 n—1 1/1
< ( T 11— Gt o~ /w'))
1/1
( - yxu,j)p(z’,m) w(m —kon 1)
11
i m(mm)pu,j)]) w(m — kon 1)

for all (m,n) € Zpmy4k X Zn,+1. By following similar arguments, we can show easily
that

(2.16) x(m,n) < < _H

i=m—k j=n—I

—
3
—

1/k
[1—2z1(m np(i,j)]) x(m —k,n—1)

443



for all (m,n) € Zym,+k X Zp,+i. Combining (2.15) and (2.16) and using the definition
n (2.2), we obtain

(2.17) o ( H H o n) @ j)>1/L

i=m—k j=n—I

for all (m,n) € Zyy+k X Zn,+1; recall that L is defined to be the minimum of k
and [. Using (2.12) and (2.13), we learn that z;(m,n) € Ai(m,n) for all (m,n) €
Ziny+k X Lnyy1. Hence, it follows from (2.8) and (2.17) that

(218)  gelm,m) > <ﬁ( o T=zm n) (m))l/L)zl(m’”)

i=m—k j=n—

> T1(m, n)z1(m, n)
holds for all (m,n) € Zp, 41 X Zn,+i. Substituting (2.18) into (2.12), we obtain that
(2.19)  [1 = z1(m,n)T1(m,n)p(m,n)]lz(m,n) > x(m+1,n)+z(m,n+1) >0

holds for all (m,n) € Z,4k X Zn,+1. Following steps similar to those above, we can
obtain

(2.20)  gelm,m) > <ﬁ( I T=z(m n) (m))l/L)z?(m’”)

i=m—k j=n—

> FQ (m7 n)ZQ (m7 n)

for all (m,n) € Zpyt2r X Zp,+21. Repeating the emerging pattern for a total of
(ro — 2) times more, we finally obtain

(2.21) 4o (7, 1) > Ty (1, 1) 21, (0, )
for all (m,n) € Zmy+rok X Lny+rol- Suppose now that (2.11) does not hold, i.e.,

(2.22) liminf y, (m, n) < oo.

n—oo

On the other hand, by the definition in (2.13), we know that

(2.23) liminf 2, (m,n) = liminf y,(m, n) > 1.
n—oo n—oo

Then, from (2.21)—(2.23) we obtain

liminf y, (m, n) > liminf (T, (m, 7) 20, (m, )
n—oo n—oo
2 liminf 'y, (m, n) liminf 2., (m, n) > lminf y, (m, n),
n—00 n—00 n—00

which is an obvious contradiction. Therefore, (2.11) must be true. ]
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The following is the main result of the paper.
Theorem 2.1. Assume that (2.10) holds for some ro € N. Then (1.1) is oscilla-
tory.

Proof. To complete the proof, it suffices to prove that (2.10) implies (2.1).
Assume the contrary that (2.10) holds but (2.1) does not, i.e.,

m—1 n-—1
(2:24) Jm Y Y ) o,
n—00 j=m—k j=n—I

which yields

(2.25) JAim p(m,n) = 0.

n—oo

Then there exists (m1,n1) € Z3 such that
(2.26) I'yo(m,n) >1
for all (m,n) € Zy,, X Zp,. Let

T0 K
= 5— and § = K

(2.27) €= KrDET

Therefore, there exists (mg,ng) € Zy,, X Z,, such that
(2.28) p(m,n) < e
for all (m,n) € Zy, X Z,,. Note that (0,1/¢) C Ay(m,n) for all (m,n) € Zy,4r ¥
2y, +1- Hence, for all (m,n) € Zy,4k X Zny+1 we have

€ 1 1 K
2.29 = inf {—( ) }>r ).
( ) 6 )\E(l(gl,l/s) ANl = Ae 1(m.n)

Note that (0,d/¢) C Az2(m,n) for all (m,n) € Zp,t2k X Znyyo1- Using (2.29) and
the definition in (2.8), we get

(2:30) 57 =t {i(ﬁf} > Ia(m,n)

for all (m,n) € Z,42k X Zn,+21- Repeating this procedure, we finally obtain

€ 1 1 K
. o = i S\ 2 I'yy(m,
(2:31) oo Ae(O,él(ITl()f—U/s) { A (1 - )\5/67"0—1) } Ly (m, n)

for all (m,1n) € Zpmyirok X Lnyirg since (0,601 /e) C A, (m,n) for all (m,n) €
iy trok X Lnytroi- Using (2.26), (2.27) and (2.31), we are led to an apparent con-
tradiction. The proof is therefore completed. O
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Remark 2.1. One can see easily by letting o = 1 that Theorem 2.1 reduces to

Theorem A by dropping the superfluous restriction (1.4).
As an illustrative application to Theorem 2.1, we have the following.

Example 2.1. Consider the delay partial difference equation

(2.32) zx(m+1,n)+z(mn+1)—z(m,n)+pmn)zim—3,n—-1)=0
for (m,n) € 73,

where for (m,n) € 73

mod(n,2) =0,

1

4’

m,n) =
p(m,n) 1

5’ otherwise.

Simple computations show us that for (m,n) € Z3 x 74

77 mod(n,2) = 0,
Fl (m7 n) = 64
—, otherwise.
27
and
1024
Iy(m,n) = 59 for (m,n) € Zg x Zs.
Hence, we have
.. 1024
liminf I's (m,n) = o9 ~ 1.4> 1.

n—oo

It follows from Theorem 2.1 (with ro = 2) that every solution of (2.32) is oscillatory.

Also note that Theorem A cannot be applied to this equation since

1
liminf I'y (m, n) = 16 ~ 0.6 < 1.
m— 00 27
n—oo

The following graphics belong to the solution with the initial condition x = 1 on

(=3, —1) and of 50 iterates. Here, the points painted with dark color represent the

nonnegative terms while the points painted with light color represent the negative

ones.
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for (m,n) € Zy;, X Zy; and r € N.

Corollary 2.1. Assume that for some ro € N, we have

(2.33) liminf Py, (m,n) > (0K L)",

n—oo

where ¢ is defined by (2.27). Then (1.1) is oscillatory.

Proof. From (2.8) and (2.9) we have

AEAL (m,n)

(5 5, S o)}

Pimon)=  inf {%(jj ﬁ[l—Ap(i,J)]>_1/L}

WV

1 A —-K
> i —(1- 2=
z ;2%{A(1 g am.n) }
1
= srpmn)

; //

i

i
I
i

I
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for all (m,n) € Zj, x Z;. In the second line above, the well-known inequality between
the arithmetic and the geometric mean is used. Define

Al(m,n) == {\>0: 1= AP_1(i, j)p(i, )/ (SK L)~V > 0
for all (i,j) € [m — k,m) x [n —[,n) N Z*}

for (m,n) € Zy, x Z,; and r € N. In the next step, we see that

m—1 n
T
o(m,n) = AEAQ(mn){ (1;[

1

- Arl(z’,j)p(i’j)ow}

-

% kj=n—I

-1 n

it m{ ( 1L

(3

1

WV

[1- Aﬁw,j)p(z‘,jﬂ)w}

)\eAi’an,n){/l\<KL Z Z {1_ 6KLP1(Z G ])D_K}

i=m—k j=n—I1

irifo{%(l_ (S(T>\L)2P2(m’n))_K} (6K1L) Pa(m,n)

for all (m,n) € Za x Z9;. Note that in the second line above, we employed the fact
that Ag(m,n) C Ay(m,n) for all (m,n) € Zs, X Zy;. By induction, we obtain

kj=n—I

HQI:

WV

WV

1
(2.34) Tyo(myn) > BRI P, (m,n)
for all (m,n) € Zyyi X Zyyi- So (2.33) and (2.34) imply that (2.10) holds for 79 € N,
and thus the claim follows from Theorem 2.1. d

The following example is an application of Corollary 2.6.

Example 2.2. Consider the delay partial difference equation for (m,n) € 72
(2.35) z(m+1,n)+z(m,n+1) —xz(m,n) +p(m,n)x(m —2,n—2) =0,

where for (m,n) € 73

95
M, mod(n, 3) = 0,
p(m,n) =
3 .
—, otherwise.
16
In this case, for (m,n) € 73 we have
1
Z, mod(n, 3) =0, —280648, mod(n, 3) =0,
P1 (m, n) = and PQ(?’T'L7 n) =
287 th . 1431 th .
— rwi —— rwi
19’ otherwise 1096 otherwise
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which implies

liminf Py (m,n) =

7 22
~ 0.561 < 552° ~0.503

and )
1431 2 2
liminf Py (m, n) = —eok ~ 0,349 < (5522) ~o0.351.
m=oo 4096 3
However, for (m,n) € 72 we have
4293
@, mod(n, 3) = 0,
Ps(m,n) =
219171 .
1048576 otherwise,
which gives
_ 219171 22 _,\3
liminf Py(m, n) = <5ooes & 0.200 > (52 ) ~ 0.208.

n—oo

Applying Corollary 2.6 (with rg
cillates.

3), we learn that every solution of (2.35) os-
The following graphics belong to the solution with the initial condition

x(m,n) = (=1)™*" for (m,n) € Q(—2,—2) and of 60 iterates. The points painted
with dark color represent the nonnegative terms while the points painted with light

color represent the negative ones.
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