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Abstract. Lee, Kim and Suh (2012) gave a characterization for real hypersurfaces M
of Type (A) in complex two plane Grassmannians Ga (Cm+2) with a commuting condition
between the shape operator A and the structure tensors ¢ and 1 for M in Go(C™T2).
Motivated by this geometrical notion, in this paper we consider a new commuting condition
in relation to the shape operator A and a new operator ¢¢; induced by two structure tensors
o and 7. That is, this commuting shape operator is given by ¢¢1 A = Apyp;. Using this
condition, we prove that M is locally congruent to a tube of radius r over a totally geodesic
Go(C™ 1Y in Go(C™H2),

Keywords: complex two-plane Grassmannians; Hopf hypersurface; D1 -invariant hyper-
surface; commuting shape operator; Reeb vector field
MSC 2010: 53C40, 53C15

INTRODUCTION

The study of real hypersurfaces in complex two-plane Grassmannians Go(C™12)
was initiated by Berndt and Suh [3]. Let us denote by G2(C™*?) the set of all com-
plex two-dimensional linear subspaces in C™*2. This set can be identified with the
homogeneous space SU(m+2)/S(U(2) x U(m)). From this, we know that G(C™*2)
becomes the unique compact irreducible Riemannian manifold being equipped with
both a Kaehler structure J and a quaternionic Kaehler structure J commuting with .J.
In other words, G5(C™%2) is the unique compact, irreducible, Kaehler, quaternionic
Kaehler manifold which is not a hyper-Kaehler manifold ([3], [6], [7]).

This work was supported by grant Proj. No. NRF-2011-220-C00002 from National Re-
search Foundation of Korea. The first author was supported by grant Proj. No. NRF-
2012R1A1A3002031 and the third by grant Proj. No. NRF-2012R1A2A2A01043023.
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In G2 (C™*2) we have the following two natural geometric conditions for real hyper-
surfaces M: the 1-dimensional distribution [{] = Span{{} and the 3-dimensional dis-
tribution D+ = Span{¢;, &, &3} are invariant under the shape operator A of M. Here
the almost contact structure vector field £ defined by £ = —JN is said to be a Reeb
vector field, where N denotes a local unit normal vector field of M in Go(C™*2).
The almost contact 3-structure vector fields {£1,&2,&3} for the 3-dimensional dis-
tribution D+ of M in G5(C™*2) are defined by ¢, = —J,N (v = 1,2,3), where
J, denotes a canonical local basis of a quaternionic Kaehler structure J, such that
T.M=9&9 ze M.

By using these two invariant conditions and the result in Alekseevskij [1], Berndt
and Suh [3] proved the following:

Theorem A. Let M be a connected real hypersurface in G2(C™*2), m > 3.
Then both [¢] and D1 are invariant under the shape operator of M if and only if

(A) M is an open part of a tube around a totally geodesic G2(C™*1) in Go(C™*2),
or

(B) m is even, say m = 2n, and M is an open part of a tube around a totally
geodesic HP™ in Go(C™*+2).

The Reeb vector field € is said to be Hopf if it is invariant under the shape operator
A. The 1-dimensional foliation of M by the integral curves of the Reeb vector field
¢ is said to be a Hopf foliation of M. We say that M is a Hopf hypersurface in
G2(C™*+2) if and only if the Hopf foliation of M is totally geodesic. By the almost
contact metric structure (p, &, 7, g) and the formula Vx& = pAX for any X € TM,
it can be easily checked that M is Hopf if and only if the Reeb vector field £ is Hopf.
And when the distribution D1 of a hypersurface M in Go(C™%2) is invariant by the
shape operator, that is, AD+ C D1, we call M a D+ -invariant hypersurface. Note
that AD+ ¢ ©1 implies AD C D, and vice versa.

Here, we say that the Reeb flow on M in Go(C™7%2) is isometric, when the Reeb
vector field ¢ is Killing. In [4], Berndt and Suh gave some equivalent conditions on
the isometric Reeb flow. Among these conditions, the authors paid their attention
to the following: the Reeb flow on M is isometric if and only if the shape operator
A commutes with the structure tensor field ¢, that is, Ap = pA. Using this notion,
they gave a characterization for real hypersurfaces of Type (A) in Theorem A.

In [13] Suh considered a commuting condition that the shape operator A com-
mutes with three structure tensor fields ¢, for v = 1,2,3, that is, Ap, = ¢, A for
any v = 1,2,3, and gave a characterization of Hopf hypersurfaces of Type (B) in
Theorem A while in [18] he gave another characterization of Type (B) in terms of
contact hypersurfaces, that is, Ap+pA = ko where k # 0 (for the case k = 0, Jeong,
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Lee and Suh gave the non-existence theorem in [5]). Moreover, with the normal Ja-
cobi operator or the Ricci tensor, Pérez, Jeong, Suh and Watanabe considered such
commuting problems for real hypersurfaces in Go(C™*2) (see [10], [11] and [12]).

In particular, focused on the Ricci tensor, Suh gave some classifications for real
hypersurfaces in Go(C™*2) with a parallel, {-invariant or Reeb-parallel Ricci tensor
(see [16], [15], and [17]). More generally, in [14] he has given a complete classifica-
tion of real hypersurfaces in G5(C™*2) with harmonic curvature or Weyl harmonic
curvature.

From the geometric structure of G2(C™*2) we have a natural commuting condition
JJ, = J,J, v =1,2,3, between the Kaehler structure .J and the quaternionic Kaehler
structure J having a canonical local basis J,, v = 1,2, 3. In the case v = 1, from this
commuting condition JJ; = J;J we have a relation between two structure tensors ¢
and ¢; in such a way that

1 X = 019X — n(X)& +m(X)E

for any tangent vector field X on M. Using this operator iy, recently Lee, Kim
and Suh [8] considered a commuting condition between the shape operator A and
two structure tensors ¢ and ¢; as follows:

Theorem B. Let M be a connected orientable Hopf hypersurface in G(C™*+?),
m > 3. Then the shape operator A satisfies the commuting condition pp1 A = Ap1p

if and only if M is an open part of a tube around a totally geodesic Go(C™*!) in
G2 (Cm+2).

Motivated by this results, naturally we consider another new commuting condi-
tion () with the operator pp; on the distribution D1, that is, the shape operator
A commutes with the new operator ¢, composed by two structure tensors ¢ and
1. Then in this paper we assert the following:

Main Theorem. Let M be a Hopf hypersurface in complex two-plane Grass-
mannians Go(C™*2), m > 3, with a commuting shape operator, that is,

(*) pp1AX = App1 X

for any tangent vector field X € ®L. If the integral curve of the ®-component of
the Reeb vector field £ is geodesic, then M is locally congruent to an open part of
a tube around a totally geodesic Go(C™*1) in Go(C™*+2).

In order to give a complete proof of our Main Theorem, in Section 1 we recall
the Riemannian geometry of complex two-plane Grassmannians Go(C™*2). In Sec-
tion 2 some fundamental formulas for real hypersurfaces are also recalled and the
information for a model space in G2(C™*?) is given in detail.
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In Lemma 3.2 of Section 3 we give some detailed information when the © (or
the ®+)-component of the Reeb vector field is principal. Moreover, in Lemma 3.3
of Section 3, by virtue of Lemma 3.2 we prove that the Reeb vector field £ belongs
to either the distribution ® or the distribution ®+ under the assumption that the
integral curve of the D-component is geodesic. In Section 4 we give a complete proof
of our Main Theorem according to the geodesic Reeb flow satisfying £ € D or £ € D+.

1. PRELIMINARIES

Before going to give our assertions, let us summarize the basic material about
complex two-plane Grassmannians G2 (C™*2); for details we refer to [2], [3], [4], [6]
and [7].

By G2(C™*2) we denote the set of all complex two-dimensional linear subspaces in
C™*+2. The special unitary group G' = SU(m+2) acts transitively on Go(C™*2) with
stabilizer isomorphic to K = S(U(2) xU(m)) C G. Then G3(C™*?) can be identified
with the homogeneous space G/ K, which we equip with the unique analytic structure
for which the natural action of G on Ga(C™%2) becomes analytic. Denote by g and
£ the Lie algebra of G and K, respectively, and by m the orthogonal complement of
¢ in g with respect to the Cartan-Killing form B of g. Then g = ¢ ®m is an Ad(K)-
invariant reductive decomposition of g. We put o = eK and identify T,G2(C™*2)
with m in the usual manner. Since B is negative definite on g, its negative restriction
to m x m yields a positive definite inner product on m. By Ad(K)-invariance of
B this inner product can be extended to a G-invariant Riemannian metric g on
G2(C™*2). In this way G2(C™*?) becomes a Riemannian homogeneous space, even
a Riemannian symmetric space. For computational reasons we normalize g so that
the maximal sectional curvature of (G2(C™*?2), g) is eight.

When m = 1, G2(C?) is isometric to the two-dimensional complex projective
space CP? with constant holomorphic sectional curvature eight. In addition, when
m = 2, we note that the isomorphism Spin(6) ~ SU(4) yields an isometry between
G2(C*) and the real Grassmann manifold G (R®) of oriented two-dimensional lin-
ear subspaces in R®. From such a point of view, we consider complex two-plane
Grassmannians Ga(C™2), m > 3.

The Lie algebra £ has the direct sum decomposition
t = su(m) @ su(2) ®NR,

where R denotes the center of €. Viewing € as the holonomy algebra of G5(C™*?),
the center R induces a Kaehler structure J and the su(2)-part of a quaternionic
Kaehler structure J on Gg(@m+2). If J, is any almost Hermitian structure in J,
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then JJ, = J,J, and JJ, is a symmetric endomorphism with (J.J,)?> = I and
tr(JJy) =0 for v =1,2,3.

A canonical local basis {J1, Jo, J3} of J consists of three local almost Hermitian
structures J, in J such that J,J,11 = Jy42 = —J,+1J,, where the index v is taken
modulo three. Since J is parallel with respect to the Riemannian connection V of
(G2(C™*2), g), there exist for any canonical local basis {Ji, Ja, J3} of J three local
one-forms ¢1, g2, g3 such that

(1.1) Vxdy = qui2(X) o1 — qui1(X)Juio

for all vector fields X on Go(C™*2).
Moreover, the Riemannian curvature tensor R of Go(C™*2) is locally given by

(1.2)  R(X,Y)Z=g(Y,2)X —g(X,2)Y +g(JY,Z)JX
—9(JX,2)JY —29(JX,Y)JZ
3
+ Y {g(LY, 2) 1, X — g(J, X, Z)J,Y —29(J,X,Y)J, Z}
v=1
3
+ Z{g(Jl,JY, 2, JX — g(J,JX, Z)],JY },

v=1

where {J1, J2, J3} denotes a canonical local basis of J.

2. SOME FUNDAMENTAL FORMULAS AND PREVIOUS RESULTS

In this section we derive some basic formulas for a real hypersurface in Go(C™*?2)
(see [3], [4], [5], [9], [11], etc.). In addition, we introduce some previous results used
in our proof as primary tools.

Let M be a real hypersurface of Go(C™%2), that is, a hypersurface of Go(C™12)
with real codimension one. The induced Riemannian metric on M will also be
denoted by g, and V denotes the Levi-Civita connection of (M, g). Let N be a local
unit normal vector field of M and A the shape operator of M with respect to N.
Now let us put

(2.1) JX = oX +n(X)N, J,X =@, X +n,(X)N

for any tangent vector field X of M in Go(C™*2), where N denotes a unit normal
vector field of M in G5(C™*?2). Owing to the Kaehler structure J of G(C™%?2) there
exists an almost contact metric structure (¢, &, 7, g) induced on M in such a way that

(2.2) P’X =-X+n(X)E nE) =1, ¢¢=0, n(X)=g(X,¢
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for any vector field X on M. Furthermore, let {J1, J2, J3} be a canonical local basis
of J. Then the quaternionic Kaehler structure J, of Go(C™%2), together with the
condition J,J,11 = Jy42 = —J,41J, mentioned in Section 1, induces an almost
contact metric 3-structure (¢,,&,,7,,9) on M as follows:

(2:3) P2X = —X+n(X)&, (&) =1, @& =0,
o1& = —&ur2, @uéur1 = g,
Crov1X = P2 X + p1(X)E,,
Pot100X = — ppp2 X + 7 (X)6p1

for any vector field X tangent to M. Moreover, due to the commuting property of
JyJ =JJ,, v=1,2,3 in Section 1 and (2.1), the relation between these two contact
metric structures (p,&,n,9) and (p,, &, 1n0,9), v = 1,2,3, can be given by

(2.4) oo, X = p,X +1,(X)E —n(X)E,
o (eX) =n(pu X), & = €.

On the other hand, from the Kaehler structure J, that is, V.J = 0 and the quater-
nionic Kaehler structure .J, (see (1.1)), together with Gauss and Weingarten formulas
it follows that

(2.5) (Vxp)Y =n(Y)AX — g(AX,Y)E, Vx&=pAX,
(2.6) Vx& = qu2(X)&t1 — @1 (X)&r2 + oo AX,
(2.7) (Vx@)Y = = qor1(X)put2Y + qur2(X)pu1Y + 00 (Y)AX — g(AX,Y)E,.

As we have mentioned in the introduction, with two invariant conditions on the
shape operator for real hypersurfaces in G2(C™*2) Berndt and Suh [3] classified all
real hypersurfaces in G2 (C™*+2) into two kinds of hypersurfaces which are said to be of
Type (A) or of Type (B). For these model spaces, they gave some detailed information
for eigenvalues, its corresponding eigenspaces and multiplicities and some geometric
structures.

Now let us introduce a proposition concerned with a tube of Type (A) as follows:

Proposition A. Let M be a connected real hypersurface of Go(C™*2). Suppose
that AD C ©, A¢ = of, and £ is tangent to . Let J; € J be the almost Hermitian
structure such that JN = J;N. Then M has three (ifr = 1/2+/8) or four (otherwise)
distinct constant principal curvatures

a=+V8cot(V8r), B=+v2cot(vV2r), A=—V2tan(v2r), p=0
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with some r € (0,7/v/8). The corresponding multiplicities are
m(e) =1, m(B) =2, m(A) =2m—2=m(u),
and the corresponding eigenspaces are
To = RE=RJN = R& = Span{¢{} = Span{&: },
Ty = CH¢{ = CTN = R& @ Rés = Span{&y, &),
T ={X; X LH¢ JX = 1 X},
T,={X; X LH¢, JX =-J1X}
where RE, C¢ and HE, respectively, denote the real, complex and quaternionic span

of the structure vector field ¢ and C+¢ denotes the orthogonal complement of C&
in HE.
On the other hand, for a model space of Type (B) in G2(C™"2) we have (see [3])
Proposition B. Let M be a connected real hypersurface in Go(C™*2). Suppose
that AD C ©, A = of, and £ is tangent to ®. Then the quaternionic dimension

m of Go(C™*2) is even, say m = 2n, and M has five distinct constant principal

curvatures
a=—2tan(2r), B=2cot(2r), y=0, A=cot(r), p=—tan(r)
with some r € (0,n/4). The corresponding multiplicities are
m@) =1, m(B)=3=m(y), m()=4n—4=mu)
and the corresponding eigenspaces are

To = RE = Span{¢},
Ts =JJE = Span{&,; v =1,2,3},
Ty = 3¢ = Span{p,&; v =1,2,3},
Ty, Ty,
where
heT,= (HCE)E,  ITh = T, I, =Ty, JIn=T,.
The distribution (HCE)* is the orthogonal complement of HCE where

HC¢ = RE® RIE @ JE @ JJE.

Next, let us introduce a lemma due to Berndt and Suh [4]. Using the fact A{ = af
and the equation of Codazzi, they gave the following lemma:
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Lemma A. Let M be a Hopf hypersurface in G2(C™*2), m > 3. Then the
smooth function o = g(AE, &) on M satisfies

3

(2.8) Ya=(Ea)n(Y) =4 n(E)n.(#Y)

v=1

for any tangent vector field Y on M.

3. KEY LEMMAS

Let M be a Hopf hypersurface in G(C™*?) with the commuting shape operator,
that is, the shape operator A of M commutes with the new operator py; composed
by two structure tensors ¢ and ¢; as follows:

(*) 1 AX = App1 X

for any tangent vector field X € D+,

In this section, our purpose is to show that the Reeb vector field £ belongs either
to the distribution ® or the distribution ®* under the assumption (*). In order to
do this, we suppose that the Reeb vector field £ is given by

(%) & =n(Xo)Xo +n(&1)é1,

so that 1(Xo)n(&1) # 0 for some unit vector fields Xg € ® and & € D+.
Under this assumption, we first prove the following:

Lemma 3.1. Let M be a Hopf hypersurface in complex two-plane Grassmannians
G2(C™*2), m > 3. If the D-component of the Reeb vector field ¢ is principal, then
it has a corresponding principal curvature o and the ®-component of & becomes

a principal curvature with the same principal curvature o. Moreover, the converse
also holds.

Proof. To show this lemma, first we assume that the ®-component of the Reeb
vector field £ is a principal curvature vector field with the corresponding principal
curvature )\, that is, AXy = AX( for some smooth function A on M.

Since we have assumed that M is Hopf, it follows that

(3.1) A& = af < n(Xo)AXo +n(&1) A& = an(Xo) Xo + an(§1)é
& M(Xo)Xo +1(61) A& = an(Xo) Xo + an(&r)ér-
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From this, if we take the inner product with Xy, we have A = «, because n(Xy) # 0.
That is, we have AXy = aXy. Then it follows that A = &, because (3.1) and
n(&€1) # 0. This means that the ®+-component of ¢ becomes a principal curvature
vector field with the corresponding principal curvature a.

Now let us show the converse. In fact, due to our assumption of the A-invariance
to the D1 -component of ¢ we may put A&, = p&;. From this, we get

n(Xo0)AXo + pn(&1)é1 = an(Xo) Xo + an(&1)é,

together with our assumption A¢ = a&. If we take the inner product with &, then
it follows that ;1 = o and AXy = aXy because n(Xo)n(&1) # 0. O

By virtue of Lemma 3.1, we have:

Lemma 3.2. Let M be a Hopf hypersurface in complex two-plane Grassmannians
G2(C™*2), m > 3. Ifthe® (or ®* )-component of the Reeb vector field ¢ is principal,
then we have the following formulae:

(1) %/(5) =0, qy(XO) =0, qy(fl) =0 forv= 2,3,
(ii) Vix,Xo = —2a(n(&1)/n(Xo0))p1Xo = (20/n(Xo0)) X0,
(lll) onfl = agplXo, Vflfl = 0, Vleo = OégOlXo.
Proof. By the above Lemma 3.1, under our assumptions we know that
AXo=aXy, and A& = aé;.

From the equation (2.6), we obtain

{ Veéa = q1(€)&3 — q3(§)&1 + apaé,
Ve&s = q2(§)&1 — q1(§E2 + apsé,

under our assumption A¢ = €. Taking the inner product with £ in these equations,

we have 77(51)%(5) =0 (1/ = 27 3)7 where g(vfglfvf) = _g(gw vif) = _g(fuv @Af) =
—ag(&,, p€) =0 for v = 2,3. Since n(&1) # 0, it means that for v = 2,3,

v (§) = 0.
Now (x) implies that

(3.2) n(X0)q2(Xo) = —n(&1)q2(&1),  1(Xo)gz(Xo) = —n(&1)g3(&1)-
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Next, we consider the covariant derivative of ¢ along the direction of X, that is,
Vx,& From (2.5) and our assumption AXy = aXj, it follows that Vx,& = pAXy =
apXg. In addition, the assumption (xx*) gives

(3:3)  Vx,& = Vx,(n(Xo)Xo + n(&1)&1)

= 9(Vx,Xo0,8)Xo + 9(Xo, Vx,&)Xo +1n(X0)Vx,Xo
+9(Vxo€1, )81 + 9(61, Vxo§)& +n(61) Vxo &

= 1(X0)g(V x, X0, X0)Xo + 1(£1)9(V x, Xo, £1) Xo + g(¢AXo, Xo)Xo
+1(X0)Vx,Xo +1(X0)9(Vx,€1, X0)&1 +1(61)9(Vxoér, 1)
+ 9(pAXo,&)é +n(61) Vo

=1(£1)9(V x4 X0, £1)Xo + g(pAXo, Xo)Xo + 1(X0)V.x,Xo
+ 1(X0)g(V x,€1, X0)€1 + 9(pAXo,€1)&1 +n(§1) VX, &1

Summing up the above formulas, we have

apXo = —n(&1)9(Xo, Vx,&1)Xo + ag(¢Xo, Xo)Xo + 1n(Xo)Vx, Xo
+1(X0)9(Vxoé1, X0)é1 + ag(wXo, &) +1(61)Vx, &
= n(Xo)Vx,Xo +1(§1){g3(X0)§2 — ¢2(X0)&s + ap1Xo},

where we have used Vx,&1 = ¢3(X0)& — ¢2(X0)é3 + a1 Xo and g(vXo,&1) =
9(Vx,&1,X0) = 0. Moreover, it follows that

(3.4) —2an(&§1)p1Xo = 1(Xo)Vx, Xo +1(§1)q3(Xo)€2 — 1(81)g2(X0)Es,

where we have used pXo = —n(&1)p1Xo which comes from @& = 0 and the assump-
tion ().

Since p1&2 = &3 and ¢(Vx,Xo,&) = —9(Xo, Vx,&2) = 0, let us take the inner
product with & in (3.4). This yields 1(&1)g3(Xo)&2 = 0. Since n(&1) # 0, we have

qs (XQ) = O
Similarly, taking the inner product with & in (3.4), we have
q2 (XO) = 07

because we know that ¢1&3 = —& and Vx, &3 = ¢2(X0)&1 — 1(Xo)&2 + aps Xo.
By using these results, the equation (3.2) implies

@2(&) =0, q¢s(&)=0
because 7(&1) # 0.
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Moreover, since g2(Xo) = ¢3(Xo) = 0, the equation (3.4) becomes

—2an(&1) 1 X0 = n(Xo)V x, Xo,

that is,

n(&1)
Vx,Xog=—-2 Xn =
X020 an()ro)sol 0

because n(Xg) # 0 and ¢ Xo = —n(&1) w1 Xo-
On the other hand, the formula Vy & = ¢3(Y)2—q2(Y)&s+¢1 AY forany Y € TM
gives that

20
—— »Xo,
n(Xo)

(3.5) Vxoé1 = q3(X0)&2 — q2(X0)& + 1 AXo = ap1 Xo,
Ve, &1 = q3(&1)62 — ¢2(61)63 + 1 A8 = ap1§1 = 0.

To show the last equation in Lemma 3.2, we consider the covariant derivative of
¢ along the & -direction, that is, V¢, €. From our assumption (*#), we obtain that

Ve, & = Ve, (1(Xo)Xo +n(61)61)
=1(£1)9(Ve, Xo, &) Xo + g(Xo, pA&1) Xo + n(X)Ve, Xo
+1(X0)g9(Ve, &1, Xo)&1 + 9(&1, 0A&)E +1(61) Ve, &1

It follows that
(36) V§1§ = W(XO)V& Xo,

and from (3.5), AXy = aXp and A& = a&;. On the other hand, from (2.5) we
get Ve, & = pA& = apéy = an(Xo)e1Xo, because p& = n(Xo)p1Xo. From this
and (3.6), we see that

Ve, Xo = ap1 Xo,

since 1n(Xo) # 0. O

Using Lemmas 3.1 and 3.2, we can assert the following:

Lemma 3.3. Let M be a Hopf hypersurface in Go(C™"2) with the commuting
shape operator (x). If the integral curve of the ©-component of the Reeb vector field
¢ is geodesic, then ¢ belongs either to the distribution ® or the distribution D=.

Proof. Putting X = & into (x), it becomes pp; A = 0, because v1& = 0.
From this, applying the structure tensor ¢, we get

(3.7) —p1 A& + n(p14&)§ = 0.
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From this, if we take the inner product with &3, it follows that n(¢1 A& ) = 0, because
1n(&1) # 0. Thus from (3.7) we get ¢1 A& = 0, from which applying the structure
tensor 1, it follows that

(3.8) A& = N1, where A =1n1(A&),
that is, the ®1-component of ¢ becomes a principal vector field. Hence, we have
(3.9) 9(A&1, Xo) = (A&, &) = g(A&, &) = 0.
Now, substituting X = & in (x), it follows that
1AL = App1&e = Apls = Apsé = n(Xo)ApsXo + n(&1) Az,

together with (2.3), (2.4) and (**). Taking the inner product with &; of this equation,
we have g(pp1 A2, €1) =0 from (3.8). Thus we obtain

(3.10) g(A&2, Xo) =0,

where p1p&1 = 1€ = =€ +1(1)&1 = —1(Xo)Xo and 1(Xo)n(&1) # 0.
Similarly, putting X = &3 in (%), we have

(3.11) g(A&s, Xo) = 0.

Combining (3.9), (3.10) and (3.11), we see that the ©-component of ¢ is invariant
under the shape operator, that is, AXy € ©.
Next, in order to use Lemma 3.2, we first want to prove that

AXy=aXy, and A& = ;.

Since we have assumed that M is a Hopf hypersurface, the formula A = af can
be rewritten as

an(Xo)Xo + an(é1)ér = n(Xo)AXo + n(&1) A&
n(Xo)AXo + An(&1)é1,

by using (x*) and (3.8). By comparing the ® and D+ parts, we obtain an(Xy)Xo =
n(Xo)AXo and an(&1)é = An(&1)&, because AXy € ©. This implies that A = a,
from which together with (3.8) and (xx) we have

(312) AX() = OéXo, Afl = a{l.
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This formula gives that the © and ©--components of the Reeb vector field £ become
principal vectors. Then by Lemma 3.2 we have

n(X0)V x,Xo = 2apX).
Since we have assumed that the ©-component of £ is geodesic, it follows that
2ap X = 0.

From this, taking the inner product with ¢ Xy, we obtain that 2an?(&) = 0,
because g(¢Xo, pXo) = 1 —1%(Xo) = n%(£&1). By our assumption n(£1) # 0, it means
that the smooth function o must be vanishing, that is, « = 0. Then by Lemma A
in Section 2, we have

3
Z nv(§)e€ =0,
v=1

for the case v = 0. Together with 7(£2) = n(€3) = 0, this yields n(Xo)n1 (§)p1Xo = 0.
Since ¢1 X is a unit vector field, we consequently have 1(Xg)n;1(¢) = 0. This makes
a contradiction. It gives us a complete proof of our lemma. ([

4. PROOF OF MAIN THEOREM

In this section, we give a proof of our Main Theorem asserted in the introduction.
By virtue of Lemma 3.3, we can divide it into the following two cases:

Case I. The Reeb vector field £ belongs to the distribution 9,

Case II. The Reeb vector field ¢ belongs to the distribution ©+,
provided M is a Hopf hypersurface in G2 (C™%2) with commuting shape operator (*)
and the ®-component of £ on M is geodesic.

First, let us consider Case I, that is, £ € ®. To consider this case, we introduce
a theorem due to Lee and Suh [9] as follows:

Theorem C. Let M be a connected orientable Hopf hypersurface in G(C™*+?),
m > 3. Then the Reeb vector field £ belongs to the distribution ® if and only if

M is locally congruent to an open part of a tube around a totally geodesic HP™ in
G2(C™*+2), where m = 2n.

By Theorem C, for Case I we know that M is locally congruent to a real hyper-
surface of Type (B) under our assumptions. Now let us check the converse problem,
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that is, whether or not the model space Mg of Type (B) given in Theorem A satisfies
the commuting condition

(%) 1 AX = App1 X

for any tangent vector field X € ®+. To check this, let us assume that Mp satisfies
the condition (x).

From the structure of the tangent space T, Mp at any point x on Mp we see that
the distribution ®1 is equal to the eigenspace T3 where T = Span{{,; p=1,2,3}
(see Proposition B in Section 2). Thus putting X = & in (x), the left-hand side
becomes

0= 1Al — Appr1&o = Bpés — Ap€s = Bpés,

because p1§2 = &3 and T,, = Span{p,§; p = 1,2,3} where v = 0. It means that
B = 0 because €3 is a unit vector field. But from Proposition B we see that
B = 2cot(2r) where r € (0,7/4), so that the function 5 does not vanish. This
gives a contradiction. Therefore, we assert that there exists no Hopf hypersurface in
G2(C™*2) with the commuting shape operator pp1 AX = App1 X if the Reeb vector
field & belongs to the distribution ©.

Next we consider Case II, that is, the case & € ©+. Accordingly, we may put
& = & . From this, differentiating this equation along any direction Y, we have
qu(Y) = 2¢9(AY,¢,,) for p = 2,3 and moreover,

AY = an(Y)€ + 2g(AY, &2)& + 29(AY, £3)E3 — pp1 AY

for any tangent vector field Y on M. From this, together with our assumption (x),
it follows that

(4.1) AY = an(Y )€ + 29(AY, &)&2 + 29(AY, §3)8 — ApprY

for any tangent vector field Y € ®+. Putting Y = & in (4.1) gives

A& = g(A&, )6 + g(A&, &3)E3,

because App1&s = Apls = Apz& = A&y. Similarly, substituting Y = &5 in (4.1), we
have

A& = g(A&3,62)8 + g(AEs,£3)E3.

Summing up these statements, we can assert that under our assumption (x), the
distribution ©+ is invariant under the shape operator A of M in Go(C™*2). Then
by Theorem A we see that M is locally congruent to a real hypersurface of Type (A).
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Now it remains only to show whether a real hypersurface M4 of Type (A) satisfies
the condition (%) or not. Since the distribution ® is composed of two eigenspaces
T, and T where T, = Span{{} and T = Span{¢s, {3}, we consider the following
two cases:

Case A-1. X € T,, that is, X = ¢&.

This case is trivial by the assumptions A{ = o€ and £ = &;.

Case A-2. X € Tg, that is, X =& or X = &3.

Since 1§, = &, for p = 2,3, the condition (*) holds.

From these two cases we see that the shape operator A for a real hypersurface
M4 of Type (A) satisfies the commuting condition (x) for any tangent vector field
X e Dt

Summing up these discussions, gives a complete proof of our main theorem in the
introduction. O
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