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Abstract. Semirings are modifications of unitary rings where the additive reduct does not
form a group in general, but only a monoid. We characterize multiplicatively idempotent
semirings and Boolean rings as semirings satisfying particular identities. Further, we work
with varieties of enriched semirings. We show that the variety of enriched multiplicatively
idempotent semirings differs from the join of the variety of enriched unitary Boolean rings
and the variety of enriched bounded distributive lattices. We get a characterization of this
join.
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1. INTRODUCTION

Boolean rings are important algebras used both in mathematics and applications.
Several characterizations of Boolean rings were settled in [1], [2] and [8]. However, in
some considerations in Computer Science as well as in Propositional Calculus we need
to work with similar algebras which need not be rings. In particular, we often use
semirings satisfying the condition zz = z and hence forming a certain generalization
of Boolean rings. Of course, every unitary Boolean ring is a semiring satisfying this
condition. However, also every bounded distributive lattice can be considered as
a semiring satisfying zax = z. Hence, our class of semirings under consideration is
broad enough to be treated from several points of view.

We recall the definition of a semiring from [5].
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Definition 1.1. A semiring is an algebra S = (5,+,-,0,1) of type (2,2,0,0)
satisfying the following conditions:

(i) (S,4+,0) is a commutative monoid.
(ii) (S,-,1) is a monoid.
(iii) ‘- is distributive with respect to ‘+’.
(iv) z0=0x =0 forall z € S.

A semiring S = (S,+,-,0,1) is called trivial if |S| =1 (i.e. 0 = 1), commutative if
‘.’ is commutative, i.e., zy = yx for all x,y € S, multiplicatively idempotent if xx = x
for all x € S, of characteristic 2 if x +x = 0 for all x € S and simple (cf. [5]) if
xz+1=1forall z € S. For the sake of brevity, multiplicatively idempotent semirings
will be called simply idempotent semirings throughout the paper.

Remark 1.2. A semiring S is of characteristic 2 if and only if 1 4+ 1 = 0. In this
case S is a ring since (S, +) is a group.

Hence, if S = (5,+,+,0,1) is a commutative idempotent semiring then its reduct
(S,+,0,1) is a bounded meet-semilattice.
Now we introduce a notation concerning the additive multiple of an element of

a semiring.

Notation. Let S =(S,+,-,0,1) be a semiring, n a positive integer and a € S.
Then na and a™ denotes the sum and product, respectively, of n elements a. Moreover
Oa := 0 and a° := 1. Especially, we write n instead of nl, so na = (1 + ...+ 1)a
(with n 1’s).

It is well-known that if R = (R, +,-,0,1) is a unitary Boolean ring, i.e., a ring
satisfying xx = x, then R is commutative and of characteristic 2. In what follows
we show that for idempotent semirings the situation differs.

Theorem 1.3. For commutative semirings, idempotency xx = x and character-
istic 2 are independent properties.

The proof is composed by the following two examples:

Example 1.4. Consider the semiring S = ({0,a,1},+,-,0, 1) defined by

+]0 a1 o a1

0]1]0 a 1 0] 0 0 O
and

a|la a a al 0 a a

111 a1 1[0 a 1
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The distributive law (z + y)z = zz + yz holds if 0 € {z,y} or z € {0,1}. The
remaining cases can be checked directly:

(a+a)a=aa=a=a+a=aa+ aa,
(a+1)a=aa=a=a+a=aa+ la,

(I+la=la=a=a+a=1la+ la.

S is commutative and idempotent, but not of characteristic 2 since a +a = a # 0.

Example 1.5. Consider the semiring

({6 6 )66 D626 D)

of 2 x 2-matrices over Z5. Then S is commutative and of characteristic 2, but not

idempotent since (8(1))(8(1)) = (88) #* (8(1)).

Nevertheless, we can show that idempotency and characteristic 2 yield commuta-
tivity as well as a stronger property, see the following lemma.

Lemma 1.6. Let S = (S, +,-,0,1) be a semiring.
(i) S is idempotent if and only if there exist positive integers p and s with s > 2
such that 2P*! = 2P and 2° = = for allz € S.
(ii) S is idempotent and of characteristic 2 if and only if it is a unitary Boolean

ring.

Proof. (i) The necessity of the conditions is clear. Conversely, assume the
conditions to hold. Let a € S. Induction on k yields a®* = a for all positive
integers k. Let n be a positive integer with s™ > p. Then we have

aa=a" a=a""T'=a"Tq*" P = aPa® P =a* =a.

(ii) If S is a unitary Boolean ring then it is an idempotent semiring of charac-
teristic 2. If, conversely, S is an idempotent semiring of characteristic 2 then the
reduct (S, +,0) is an involutory Abelian group and hence § is a ring, i.e., a Boolean
ring. U

Remark 1.7. For rings, the condition 2° = z in (i) can be dropped (cf. [1]). This
is not the case for semirings since the nonidempotent semiring ({0,a,1},+,-,0,1)
defined by

+] 0 a 1 o a1

0 0 a 1 0] 0 0 O
and

a a a 1 a 0 0 a

1 1 1 1 1 0 a 1
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satisfies 3 = 22. Moreover, the condition zP*! = z? in (i) cannot be dropped

either (not even for rings) since the three-element field is nonidempotent and satisfies

$3:l‘.

An example of a non-commutative idempotent semiring is the following
Example 1.8. It can be easily checked that the semiring consisting of the five
0 0 10 11 11 1 0
0 0/7\0 0/"\0 0/)"\0 1/)7\0 1

over the two-element lattice {0, 1} (considered as a semiring) is an idempotent semir-

matrices

ing. Because of

(0 0)(o 0)= (o 0)7# (o 0)=a o) o)

it is not commutative.

2. STRUCTURE OF IDEMPOTENT SEMIRINGS

Since unitary Boolean rings and bounded distributive lattices are important exam-
ples of idempotent semirings, we are interested in the characterization of them among
idempotent semirings. Although one simple characterization of unitary Boolean rings
is given in Lemma 1.6 (ii), we are going to get a bit more sophisticated one. First,
we characterize bounded distributive lattices as follows:

Theorem 2.1. Let S = (5,+,+,0,1) be a semiring. Then S is a bounded dis-
tributive lattice if and only if S is commutative, simple and idempotent.

Proof. The necessity of the conditions is clear. Conversely, assume the con-
ditions to hold. Then (S,+) and (S,-) are commutative semigroups. Let a,b € S.
Then

(a+bla=aa+ba=a+ba=1la+ba=(1+bla=(b+1)a=1la=a

and
ab+a=ab+al=alb+1)=al=a.

Hence the absorption laws hold and therefore (S, +, -) is a lattice. Moreover, 0+a = a
and a+1=1,ie.,0<a<1. HenceS is a bounded lattice. Since ‘-’ is distributive
with respect to ‘+’, S is a bounded distributive lattice. ([

Next we characterize unitary Boolean rings as certain semirings.
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Theorem 2.2. Let S = (S,+,-,0,1) be a semiring. Then S is a unitary Boolean
ring if and only if there exist positive integers p, s and t such that zP*' = 2P and
2*(x+1)'=0forallxzeS.

Proof. The necessity of the conditions is clear. Conversely, assume the condi-
tions to hold. We have

(2.1) 28 =1°(1+1)" =0.
Let k be a positive integer with ¥ = —1 (mod 2%). If p is odd then
kP2l — kP 4 kP = —(=1)P + (=1)PT! = 2 (mod 2%)

and hence there exists a non-negative integer u with kP2! — kP 4+ kPl = 42! 4 2.
Thus, using this and (2.1), we compute

2 = u2' +2 = (kP2! — kP) + kP! = (kP2' — kP) + kP = kP2' = 0.

If p is even then p+ 1 is odd and z®*D+1 = 2P+l for all x € S. Let a € S.
Then in any case a +a = al +al = a(l +1) = a0 = 0, i.e., S is a unitary ring
of characteristic 2 satisfying zP*! = 2P for some positive integer p and all z € S.
According to Theorem 4 in [1] and Lemma 1.6 (ii), S is a unitary Boolean ring. O

Finally, we consider Boolean subrings of idempotent semirings.

Definition 2.3. By a Boolean subring of a semiring S = (S, +,+,0,1) we mean
a Boolean subring of (S, +,-).

Let S = (S,+,-,0,1) be an idempotent semiring. We can ask when does it contain
a Boolean subring. Of course, S contains the trivial Boolean subring ({0}, +, ) (for
which 0 is also the unit element). However, we are interested in the existence of
maximal Boolean subrings of S. We can state the following

Theorem 2.4. Let S = (S,+,-,0,1) be an idempotent semiring and put B :=
{x € S; x4+« = 0}. Then the union of the Boolean subrings of S is the Boolean
subring (B,+,-) of S. Moreover, S is a Boolean ring if and only if it contains
a Boolean subring containing 1.

Proof. Leta,be€ S. It is evident that B is closed under addition and 0 € B.
If a,b € B then ab+ ab = a(b+ b) = a0 = 0 and hence ab € B. Therefore (B, +,)
is a subalgebra of (S,+,-). Since (B,+) is an involutory Abelian group, (B, +,)
is a subring of (S,+,-), i.e., a Boolean subring of (S,+,+,0,1). It is evident that
this subring is the greatest Boolean subring of (S, +,+,0,1). If S contains a Boolean
subring (R, +, -) containing 1 then 1+1 = 0. Hence a+a = al+al = a(14+1) = a0 =0
for each a € S and, by Lemma 1.6 (ii), (S,+,-) is a Boolean ring. The converse
statement is clear. 0
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Of course, not every commutative idempotent semiring is either a unitary Boolean
ring or a bounded distributive lattice, see the following

Example 2.5. If 7o = (Z3,4+,-,0,1) denotes the ring of residue classes of the
integers modulo 2 and £ = (L, V, A, 0, 1) is a bounded distributive lattice with |L| > 1
then § := 75 x L is a commutative idempotent semiring which is neither a ring,
since (0,1) + (0,0) = (0,1) = (0,1) + (0,1) and (0,0) # (0,1), nor a lattice, since
(1,0) +(1,0) = (0,0) # (1,0). According to Theorem 2.4, ({(0,0),(1,0)},+,-) is the
greatest Boolean subring of S.

3. VARIETIES OF ENRICHED SEMIRINGS

In [3] and [7], D.J. Clouse and F. Guzmén introduced another generalization of
unitary Boolean rings, the so-called Boolean semirings (see also [4]). In the termi-
nology adopted in our paper, by a Boolean semiring we mean an idempotent semiring
satisfying the additional identity

l+x+x=1.

Of course, both the unitary Boolean rings and the bounded distributive lattices
satisfy this identity. The idempotent semiring of Example 1.4 is even commutative
but it does not satisfy this identity since 1+a+a = a # 1 and hence it is not Boolean.
As shown in [7], Theorem 1.6, the variety of Boolean semirings is a minimal cover
of the variety of unitary Boolean rings and of the variety of bounded distributive
lattices. For idempotent semirings, the situation is not so simple. For example, the
commutative idempotent semiring of Example 1.4 is neither a unitary Boolean ring
nor a bounded distributive lattice and, moreover, it is not isomorphic to a direct
product of the semirings mentioned because it is directly indecomposable (since it
has just three elements). Hence, in order to study varieties of idempotent semirings,
it can be of advantage to use a bit more general concept which we call an enriched
semiring.

Definition 3.1. An enriched semiring is an algebra & = (5,+,-,0,0,1) of
type (2,2,2,0,0) such that its reduct (S,+,-,0,1) is a semiring. An enriched uni-
tary Boolean ring is an algebra B = (B, +,-,+,0,1) where (B,+,-,0,1) is a uni-
tary Boolean ring. An enriched bounded distributive lattice is an algebra D =
(D,V,A,A,0,1) where (D, V,A,0,1) is a bounded distributive lattice.

Hence B is an enriched semiring where o = + and D is an enriched semiring where
o=A.
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In what follows, denote by B, D, C, and V, the variety of enriched unitary
Boolean rings, enriched bounded distributive lattices, enriched commutative idempo-
tent semirings, and enriched idempotent semirings, respectively. Of course, BUD C
C CV, but C # V (see Example 1.8) and BUD # C (see Example 2.5).

In order to describe B V D we recall the following

Definition 3.2. Let V; and V5 be varieties of the same type. We say that V3
and Vg are independent if there exists a binary term ¢ in their common type such
that V; satisfies the identity t(z,y) = = and V3 satisfies the identity t(x,y) = y.
The term ¢(x,y) is called an independence term for Vi and Va. If Vi and V, are
independent subvarieties of a variety W then their join Vi V V3 in the lattice of
subvarieties of W is called an independent join.

The following assertions are included in [6]:
Proposition 3.3. Let W be the independent join of its subvarieties V1 and V.
Then (i) and (ii) hold:
(i) Every algebra A € W is isomorphic to a direct product A, x Ay where A; €
V1 and As € V,. These algebras A; and As are determined uniquely up to
isomorphism.

(ii) If B is a subalgebra of A = Ay x Ay with A; € V; and Ay € Vy then there
exist subalgebras By of Ay and By of As such that B = By x Bs.

Using the fact that every unitary Boolean ring is commutative and of characteris-
tic 2 we can easily prove the following theorem.

Theorem 3.4. The varieties B and D are independent and the independence
term is

(3.1) t(z,y) =y + (youx).

Proof. Consider the term t(z,y) := y + (y o ). Then in B we have t(z,y) =
y+@y+z)=w+y +x=0+2 =2 and in D we have t(z,y) =yV (yAz) =y
proving independence of B and D. ([

Theorem 3.5. Within C the variety B V D is fully determined by the identities

x4z =t(0,x),
14+2=1+ta1)

where t(z,y) denotes the above independence term (3.1) for B and D.
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Proof. Let us first note that within V the variety B is fully determined by
the identity « + « = 0 (which witnesses that each member of B is an enriched ring)
according to Lemma 1.6 (ii), and within V the variety D is fully determined by
the identities x + 1 = 1 and zy = yz according to Theorem 2.1. Since according
to Proposition 3.3 (i) every enriched idempotent semiring belonging to B v D is
isomorphic to a direct product of an enriched Boolean ring and an enriched bounded
distributive lattice we can apply the term (3.1). If A € BV D then according to
Proposition 3.3 (i) we have 4 & A; x Ay with 4; € B and A2 € D. For A; we

have
t(0,z) =0,

14+t(z,1) =14=,

whereas for Ay we have

t(0,2) =z,
1+tz,1)=1+1=1Vv1=1.

The rest follows from Lemma 1.6 (ii) and Theorem 2.1.
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