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Abstract. We consider a phase field system based on the Maxwell Cattaneo heat conduc-
tion law, with a logarithmic nonlinearity, associated with Dirichlet boundary conditions.
In particular, we prove, in one and two space dimensions, the existence of a solution which
is strictly separated from the singularities of the nonlinear term and that the problem
possesses a finite-dimensional global attractor in terms of exponential attractors.
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1. INTRODUCTION

The Caginalp phase-field model
Ju

(1.1) 5 —Au+g(u) =96,
00 ou
(1.2) E—AQf—a,

was proposed to model phase transition phenomena, for example melting-solidifi-
cation phenomena, in certain classes of materials. Caginalp considered the (total)
Ginzburg-Landau free energy and the classical Fourier law to derive his system (see
[13] and [5]). Here, u denotes the order parameter and 6 the (relative) temperature.
Furthermore, all physical constants have been set equal to one. For more details and
references we refer the reader to [5], [16], and [6]. This model has been extensively
studied (see, for example, [18], and the references therein). Now, a drawback of the
Fourier law is the so-called “paradox of heat conduction”, namely, it predicts that
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thermal signals propagate with infinite speed, which, in particular, violates causality
(see e.g. [18]). One possible modification, in order to correct this unrealistic feature,
is the Maxwell-Cattaneo law. We refer the reader to [16], [18], and [17] for more
discussions on the subject.

In this paper, we consider the model

ou Oa
(1.3) i Au+ g(u) = e
9%a  Oa ou
(14) Wﬁ-a—Aa——a—u,

which is a generalization of the original Caginalp system (see [5]). In this context «
is the thermal displacement variable, defined by

¢
(1.5) a:/ 0dr + «ap.
0

As mentioned before the Caginalp system can be obtained by considering the Landau

free energy

(1.6) U (u,0) = /Q (%|Vu|2 +Glu) — 0u) do,

the enthalpy H = u + 6, and by writing

10u

1. R 2

(17) d ot 0
OH

1. 2 — i

(1.8) B div q,

where d > 0 is a relaxation parameter, d,, denotes a variational derivative and ¢ is
the thermal flux vector. Setting d = 1 and taking the usual Fourier law

(1.9) q = —Ve’

we find (1.1)-(1.2).
The Maxwell-Cattaneo law reads

(1.10) (1+n%)q: v,

where 7 is a relaxation parameter; when n = 0, one recovers the Fourier law. Taking
for simplicity n = 1, it follows from (1.8) that

(1+%)%—?—A9:0,

356



which yields the second-order (in time) equation for the relative temperature

0% 99 . du &u

(1.11) e ta M e

Integrating finally (1.11) between 0 and ¢, we obtain the equation

2
0a a—a—Aa:—@—u—i—f,

(1.12) 2 o ot

where f depends on the initial data (for u and ), which reduces to (1.4) when
f vanishes. Furthermore, noting that § = 0a/dt, (1.1) can be rewritten in the
equivalent form (1.3).

We endow this model with Dirichlet boundary conditions and initial conditions.
Then we are led to the initial and boundary value problem (P)

ou Ja
(1.13) T Au+ g(u) = 5 Q,
9?a  Oa ou .
(1.15) u=a=0 ondQ,
0
(1.16) u(0) = uo,  a(0) = a0, F:(0)=an,

in a bounded and regular domain  C R™ (n is to be specified later), with boundary
o09.

We assume here that g = G, where

(1.17) G(s) = —ros® + m1[(1 + ) In(1 + ) + (1 — s)In(1 — 5)],
€ (-1,1), 0 < K1 < Ko,

ie.,

1
(1.18) g(s) = —2kKos + K1 1111—’—57 se(—1,1).

In particular, it follows from (1.18) that

(1.19) g'(s) = —2ko, se€(-1,1),
and
(1.20) —co < G(s) < g(s)s+co, se(—1,1).
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Concerning the mathematical setting, we adopt the notation
H=L*Q), V=H(Q), W=HQ),
and then introduce the Hilbert spaces

E=VxVxH, E=WnV)?xV,
By = (H3(Q)NV)?2x (WNV), E3=(HQ)NV)*x H3Q),

and denote by ||-||y the norm on the Banach space Y. Throughout this paper, the
inner product and the norm of the L?(f2) space will be denoted by ((-,-)) and |||
respectively.

This paper is organized as follows.

Section 2 is devoted to the well-posedness of problem (P), after proving a strict
separation property, in one and two space dimension. In Section 3, we prove the
existence of a global attractor of problem (P). Finally, Section 4 deals with the finite
dimensionality of the global attractor obtained in the previous section, by proving
the existence of exponential attractors.

2. WELL-POSEDNESS BASED ON A SEPARATION PROPERTY

Our aim in this section is to prove the well-posedness of problem (P) with the
logarithmic nonlinearity g. The main difficulty is to prove that the order parameter
is separated from the singularities of ¢g. In particular, we are only able to prove such
a property in one and two space dimensions. To do so, we assume that

(2.1) wp € HY(Q)NH3(Q), o€ HY(Q)NH*Q), a5 € HH(Q)NH*(Q),
(2.2) luoll o) < 1,
(2.3) Aug = Aag =0 on 91,

and begin with the following result.

Proposition 2.1. The phase field u satisfies the strict separation property,
namely

(2.4) lu®)lz~@ <1-6 ¥t>0,

where 6 > 0 is to be specified later.
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Proof. The singularities of the potential g lead us to define the quantity

1

D =
) = T ol

v € L™(Q), ||v||lr= # 1.
We a priori assume that [|ul|zeo(41)x0) < 1.

We multiply (1.13) by w + 0u/0t and (1.14) by da/0t, and add the two resulting
inequalities to obtain

(2.5) ;dt{||u||2+||Vu||2+2/G )do + Vol + | 52 }
/G Ydz + || Vul)? + H H + H H < col€).
We multiply now (1.14) by a. We have

@9) 5 (((57-e)) i) 19 = ~((Gf)) = @eon + |

Summing finally (2.5) and £(2.6), where € > 0 is small enough, using Holder’s and
Poincaré inequalities, we end up with

dF
7 wrerelEl <o oo
where
O
2 2 2 9

28) F = [+ Vul +2 | Glu)ds |2+ 1wl 20 (%2, ) ) +<llad
satisfies

Oar |2
(29) c@w%+m%+ugﬂ)+a<F

< (hully+ ol + | 2 |) +e, e >0

Gronwall’s lemma and (2.7) imply

da
10) ol + @l + | S+ [ e (et - s Guto)| s
< Q(D(uo) + [luolly, + llaolly + len||*) exp (=ct) + ¢/, e>0.
We differentiate (1.13) with respect to time to have, owing to (1.14),

0 /0u Ju ,, \Ou Ja ou

(2.11) ot 9 W ot ot
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Multiplying (2.11) by du/0t, and in view of (1.19), we obtain

CAUI 1 I e I (Rt e e )
We now multiply (1.14) by —Ada/0t and easily find

o (T )+ [ < (it [

Again by Gronwall’s lemma applied to (2.12) we have

e1t) 2| + [ e et -] v5eis) s
<c/0 exp (— (t—s))(”““Q‘LHvaHQ‘LH H H H)
2
+exp (-~ Hat H

Noting that

ou 2
(215) |2%0)]" < Do) + e ey + ),

by (2.10) and (2.15) we deduce from (2.14) that

@19 ||+ [l ew oG] a

< Q(D(uo) + [[uolliy + llaoll + llar]|*) exp (=ct) + ¢, ¢ > 0.
We rewrite (1.13) as an elliptic equation for ¢ > 0 fixed:

(2.17) “Aut glu) = -2 4 92

8t+E’ u=0 on 0.

If we multiply (2.17) by —Au, Holder’s inequality gives

218 Il < e{ivalt+ |57+ 5
by (2.10) and (2.16), we deduce from (2.18) that

(2.19) ()32 0y < QD (uo) + lluoll3(y
/

+llaoll ) + leal®) exp (—ct) + ¢, ¢ >0.
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We multiply (1.14) by —Ac, and Hélder’s inequality yields

(2.20) %(HV&HQ +2((V%—?,Voz>>> +2||Aa?

2Hv H (H \ + llul?) + 25 Aol
Summing up (2.13) and £1(2.20), where £; > 0 is small enough, we obtain the
inequality
(2.21) % +eFi() < ¢ (| Vull? + HV%HQ),
where
(2.22)  Fi(t) = | Aalt)|? + Hv H +2gl((v‘z—j‘(t),w(t))) +el|[Va(t)?
satisfies
(223)  cJ2a())?+ Hv H )|) < B < e(1aam)+ Hv H ).

Applying Gronwall’s lemma to (2.21), by (2.23), (2.10), and (2.16) we obtain

o, (|12
2

ol + || 5 @ 1
< QD(uo) + [[wollrs (e + ol + llon gy ) exp (—et) + '

In one space dimension: We have, owing to the embedding H*(Q2) C L*°(£2), an
estimate on Oa/0t in L°°, namely

(2.24) 1% . < @(Diwo) + luolizsco

+ ||Oé()||?v_12(Q) -+ Ha1|\§{é(ﬂ))exp (—Ct) =+ 0’7 c > 0

It is not difficult to prove the separation property (2.4) for solutions to the parabolic
equation du/0t — Au+ g(u) = f, with the right-hand side f € L>®((t,t+1) xQ), b
using the comparison principle (see [11]). We deduce

(2:25) D(u(t)) < Q(D(uo) + l[uollzr () + llaolFza) + lenllz o)) exp (—ct) + ¢

and from the above estimates we conclude that
(2.26)

D)+ It + ol + |5 [, + |G+ [ e et —n| 517 0

< Q(D(uo) + [[uol|72 0y + llaoll 20y + ||041HH3(Q))QXP(_C )+, >0,
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which, in particular, implies that
(2.27) |lu(®)]|pe <1—06 V=0,
where § > 0 depends on D(uo), [|uollr2(0), llooll#2(0), and [loa |7 q)-
In two space dimensions: We first prove

Lemma 2.1. We have, for every M > 0,
(2.28) / exp (M|g(u(zx,t))]) de dt

(t,t41)xQ
< Q(D(uo) + l[uoll3r2 0y + laollFr2 (o) + HOﬂH%{g(Q))eXP (—ct)+¢

where ¢’ depends on M.

Proof. We proceed as in [19]. We rewrite (1.13) in the form

Ju
2.29 — —A
(229) O A g() = 1.
where
(2.30) [If Oz ) < Q(D(U0)+||U0||%12(Q)+H040||%{2(Q)+||a1||§{g(9))eXp(—Ct)+C/
We can also assume, without loss of generality, that

(2.31) g'(s) =0 Vse(=1,1).

We fix M > 0 and multiply (2.29) by g(u) exp (M|g(w)]) to have

/ Gs ()i + / IVul2g’ (u) (1 + M|g(u)]) exp (M]g(u)]) dz

/|g 2 exp (Mg ()]} dz = / £ - 9(u) exp (Mlg(u))) da

where G (s) = [ Texp (M|r|) dr, which yields, by integrating between ¢ and ¢ + 1,
(2.32) / Gu(u(t+1))de + / |Vul?g' (u)(1 4 M|g(u)|) exp (M|g(u)|) dz dt
Q (t,t+1)xQ

+ / 90)?exp (Mg u) do e
(t,t+1)xQ
/ G (u(t)) dz +/ I g(u)exp (M|g(u)|) dz dt.
(t,t+1)xQ
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We thus deduce that

233) [ P exp (Mlg(u))) de ds
(t,t+1)xQ
< QUD(w) + Jually + oy + ) exp (~ct) + ¢

+/ |f1+ lg(uw)] exp (M|g(u)|) dz dt.
(t,t+1)xQ

In order to estimate the second term on the right-hand side of (2.33), we use Young’s
inequality (see [15])

(2.34) ab < ¢(a) +9(b), a,b=0,
where
(2.35) o(s)=exp(s)—s—1, P(s)=1+s)In(1+s)—s, s=0.

Taking a = N|f| and b = N~1|g(u)| exp (M|g(u)|), where N > 0 is to be fixed later,
in (2.34), we obtain

[f1 - lg(u)| exp (M|g(u)]) < exp (Nf])
+ (14 N7 g(w)| exp (M]g(u)])) In (1 + N~ g (u)| exp (M|g(w)])).-

Choosing finally N = N (M) large enough, we find

(2.36) [f1 - lg(u)| exp (M|g(u)]) < exp (N|f]) + %|9(U)|2 exp (Mlg(u)]) + ¢,

where ¢ depends only on M. We thus deduce from (2.33) and (2.36) the inequality

ean [ g exp (Mg(u)) de de
(t,t+1)xQ
< Q(D(uo) + l[uollFr2 0y + laollFr2 (o) + ||0‘1||§{g(9))exp (—ct)

+c’—|—2/ exp (N|f]) dz dt,
(£,t41)xQ

where ¢’ depends only on M. Using a proper Orlicz’s inequality (see [10] and [12]),
we deduce

238) [ o) exp (MIgu))) de ds
(t,t+1)xQ
< QDo) + [l + ol + o gy exp () +¢.
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Noting finally that

/ exp (Mlg(u))) dz < / exp (Mlg(u)]) de

(t,t4+1)x 2 lg(w)l<1
+ / exp (Mlg(w))) dz < ¢+ / l9(w)|? exp (Mgu)]) dz < ¢
lg(u)|>1 [g(u)|>1

+ / lg(w)P? exp (M]g(u))) da,
(t,t+1)xQ

where ¢ depends only on M, (2.38) yields the desired inequality (2.28). O
It is not difficult to show, by comparing growths, that the logarithmic function g
satisfies
(2.39) |9’ (s)] <exp(clg(s)|+¢), s€(-1,41), ¢, > 0.
Therefore,
/ lg'(s)|P dz dt < / exp (ep|g(u)| + ¢'p) dz dt,
(t,t+1)xQ (t,t+1)xQ

whence, owing to (2.28), we have
(2.40)

9" (W)l e ((t,041)x2) < Q(D(uo) + Hu0|\12r{2(9) + ||040H12H2(Q) + ||041||?qg(9)) exp (—ct)+¢’.

We then rewrite (1.13) in the form Ou/dt — Au = /Ot — g(u) and have, differen-
tiating with respect to time,

0 /0u ou
(2.41) o (E) —AS =D,
where
foJe} ou ,, . Ou
(2.42) h——E—l—Aa—u—E—g(u)E

satisfies, owing to (2.40) (for p = 4) and the above a priori estimates (which imply
that Qu/0t € L=(t,t + 1,L%(Q)) N L3(t,t + 1, H}(Q)) € LA*(t,t + 1, H/?(Q)) C
LA((t,t + 1) x Q)),

(2.43) 1hllz2(t41)x0) < QD (uo) + lluollz(q) + llaoll e (q)
+ ol (@) exp (—ct) + ¢
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Multiplying (2.41) by —Adu/0t, we have
o Ao+ o] < o

which, owing to Gronwall’s lemma, gives

(2.45) H H +/exp c(t —s) H ’ ds

2

Sc/otexp( et — s))(||h||2+H H )ds+exp —ct) HV )H

Noting that ||V (9u/8¢)(0)||* < Q(D(uo) + HU/QH%{;}(Q) + ”alH?‘Ié(Q)) and using (2.43),
we deduce from (2.45) that

(2.46) /texp( c(t —s) HA H ds
0

< Q(D(uo) + lluoll7zs (@) + laollFr2 () + lloall o)) exp (—ct) + ¢
Multiplying (1.14) by A2da/dt, we have
2an) (|G | rivser) 2l < L(aurs o) v
Multiplying now (1.14) by A%a, we find

(2.48) (ft( ((A%—‘;‘ Aa)) + [[Aal?) + 2|V Aa?

g—(||vu||2+Hv H)+2HA ‘+zeg|\vm|\2
€3

Summing up (2.47) and £2(2.48), with 2 > 0 small enough, we have

(2.49) df;fu FQ()<C(|Au||2+HA H)

where

(2.50) HA H + IV Aa|® + 22 (2 ((Ag—?,Aa))+HAaH2)
satisfies

(251) c(l18al*+ VAl +]|a%2]*) < mt) < ¢ (a0l |vaa)>+ [a %[,
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We deduce from (2.49) and Gronwall’s lemma, together with (2.46) and (2.51), an
estimate on Oa/0t in L>=°(t,t + 1, W N V). Summarizing, we have

(252) D(t) + [ulfysqey + lolrsiey + [ 2|, +]| e
t
=],
—l—/o exp (—c¢ s) Fy
< Q(D(uo) + uollss ey + loollfraca + lallfy) exp (—t) + ¢, ¢ >0,

Rewriting again (1.13) in the form Ju/0t — Au + g(u) = f, we have, owing to the
above estimates, that f € L>=((t,t + 1) x 2), and the separation property follows as
in the one-dimensional case. We deduce in particular

(2.53) u()|lze <1—68 Vt=0;

here 0 > 0 depends on D(uo), ||uol| g3 (), |0l &3 (), and a1 || g2 o), which completes
the proof of the proposition. O

Consequently, every solution (u,cq,da/dt) of problem (1.13)—(1.16) is a priori
strictly separated from the singular points 4+1 of the nonlinear term g. Thus we
have

Theorem 2.1. (i) In one space dimension, we assume that
(2.54) D(uo) + lluolliy + llewollfy + llaa [} < oo.

Then (1.13)—(1.16) possesses a unique solution such that

(255) D) + lulfy + ol + |||+ |22 +/teXp< et )|| 5 ], 00

< Q(D(uo) + [[uoll3r2(0y + llaollzr (o
+ ||a1||fqé(9))exp (—ct)+¢, ¢>0,t=0.

(ii) In two space dimensions we assume that
(2.56) D(uo) + [[uollss + llaollZrs + llea [[fy < oo

Then (1.13)—(1.16) possesses a unique solution such that

@5 Do)+l +lale + | 5o+ [ e[+ [ (-ete—o e[} as

< Q(D(uo) + [[uollFrs @) + lowollis o
+ ||a1||%12(9))exp (—ct)+c, ¢>0,t=>0.
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Proof. FEzistence. The proof of existence is standard, once we have the separa-
tion property (2.4), since the problem then reduces to one with a regular nonlinearity.
Indeed, we consider the same problem, in which the logarithmic function g is replaced
by the C! function

9(=0) +g'(=6)(s +6), s € (o0, —d],
(s s € [—(5, 5],

gs(s) = )s
(0) +g'(8)(s —9), s €16, 00),

g
g
where § is the same constant as in (2.4).

This function meets all the requirements of [17] for the existence of a regular
solution (us, o).

Furthermore, it is not difficult to see that ¢ and gs satisfy (1.19), (1.20), and
(2.39), for the same constants (taking, if necessary, d close enough to 1 so that g and
¢’ are nonnegative on [0,1) and |gs| < |g|). We can thus derive the same estimates
as above, with the very same constants. Indeed, we can note that the bounds on
Oa/Ot obtained there depend only on g through the constants in (1.19), (1.20), and
(2.39). Since g and g5 coincide on [—§, d], we finally deduce that wu; is a solution to
the original problem.

Uniqueness. We suppose the existence of two solutions (u(l), a® 9aM /ot) and
(u®,a® 9a? /dt) to the problem (1.13)—(1.16) associated with the initial condi-

tions (uél), 04(()1),04(11)) and (uéz), 04(()2), aSQ)), respectively. Setting

o 9aV)  9a?
(“’O"a_?) - (uu) O INCONIPNC) % _ gt )

and

(00, 0) = (82,0 of?, of? —al?)

we then have

ou Ox
%o O ou
(2.59) 92 T T Bhae=g
(2.60) u=oa=0,
0
(2.61) u(0) = uo, «a(0) = ao, a—?(o) =i,

where [(t) = fol g (suM(t) + (1 — s)u?(t)) ds. Moreover, according to (2.55), we
have, for every t > 0

[u® () pe <1 =65 6 = (D), ul |, ol |0 1v), i =1,2.
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Then, setting dp = min(d1, J2), we deduce that

[suM(t) + (1 — s)u®(t)||p~ <1—38 Y0<s<,
and, consequently,
(2.62) [1#®)llz < C (= C(bo))-

We multiply (2.58) by v + du/0t and (2.59) by da/0t; summing up the resulting
equations, we obtain

@69 g (4 19+ |52 i) v+ [ |5
= —((l(t)u, u)) — ((l(t)u, %)).

We have

(2.64) —((Utyu,u)) < (parl(t) = —2k0) < 2w0]lul?,

and Holder’s inequality and (2.62) imply

ou 2,
(269 (o)) < e+ 5] 55
Hence, inserting (2.64) and (2.65) into (2.63), we obtain

 (ral + 19+ | 220+ 19al2) + 19 + | e+ | 2| < cul®
in particular

dFs

(2.66) — < obs,
where

Fy =l + 196l + Vol + | 5|,
satisfies

(Il + ol + |92 |) < s < (el + ol + | 22|,

which yields, using Gronwall’s lemma,

CINIE
@67)  Ju®)l + o)} + | G 0| < exp () (luolif + laollf + o).
hence the uniqueness (for u(()l) = u(()2), oz(()l) = a(()2) and ozgl) = a§2)) as well as the

continuity with respect to the initial data. (I

368



Thanks to Theorem 2.1 (i), we can define the semigroup S(¢) of problem (1.13)-
(1.16) on the phase space X, where

X = {(u,a,aa—‘;‘) € By, |lullz~ < 1}.

Taking
D(uo) + [luollfy + lleollfy + lea |l < R, R >0,

we obtain that B} is a bounded absorbing set for S(¢), where
Oa Oar||?
1_ 2 2 < pl.
B ={(w.a.5) € Bi. D) + Jullfy + ol + || 57| < &}:

indeed, by (2.55) we have

2

(2.68) D<u<t>>+|\u<t>|\%v+|\a<t>|\%v+HZ—‘Q‘(@HV<R Vi > to.

Concerning the two dimensional case, we define again the space X', where

Oda
() € e 1)
U, o 5t € Es, ||ullp~ <

and

53— { (0. 22 € B, D) + s + ol + |27 < ).

is a bounded absorbing set for S(t) in X’. Indeed, we have

2

(269) D) + )3 + a3 + |2 <R vizn

3. GLOBAL ATTRACTOR FOR PROBLEM (P)

We have the following result.

Theorem 3.1. (i) If n = 1, the semigroup S(t), t > 0, defined from X to itself
possesses a connected global attractor A; in X.

(if) If n = 2, S(t) defined from X’ to itself possesses a connected global attrac-
tor As.
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Proof. The absence of regularizing effects related to the presence of the term
0%/ 0t?, does not allow us to prove the existence of a global attractor by using stan-
dard methods (see, for example, [21], [7], and [20]). For the proof we use a semigroup
decomposition argument (see, for example, [17]) consisting in splitting the semigroup
S(t), t > 0, into the sum of two operators families: S(t) = S1(¢) + S2(t), where the
operators S;(t) go to zero as t tends to infinity while the operators Sa(t) are compact.

This corresponds to the solution decomposition

(u,a, %—?) = (v,a, %) + (w,b, %),

where (v, a,0a/0t) is a solution to

ov Oa
9%a  Oa ov
3 2) W + a— Aa E - v,
(3.3) v=a=0
Oa
(3.4) v(0) = ug, a(0) = ap, E(O) =y,
and (w, b, db/Jt) solves
ow ob
(3.5) E—Aw—l—g(u) s
9%b  Ob ow
36) or o T T
(3.7) w=>b=0,
ob

with initial data belonging to Bj. Multiplying (3.1) by —Av — Adv/dt, (3.2) by
—AQda/0t, and summing the resulting equations, we have

3.9) 35 [IVel A+ 1 aa + [ Voo | ]+ faol?+ v 50|+ v 5| =

Now, multiplying (3.2) by —Aa, we obtain

(3.10) %((v%,v )) +5E||Va||2+ | Aal?
(o) - e [
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Summing up (3.9) and £3(3.10), where €3 > 0 is small enough, we deduce the in-

equality

(3.11) di‘()jt cFy(t +Hv H
where F), satisfies

(3.12) Ei0) = e(lally + 1ol +]| 5 )-

Applying Gronwall’s lemma to (3.11), we write

(3.13) @I + Nl + H%@Hi

< exp (—ct)(|luollfy + laollfy + llarlly) Vit =o0.

We can see that Sy (t)(uo, oo, @1) = (v(¢),a(t),da/It(t)) tends to zero when ¢ tends
to infinity.

Now, we consider the system (3.5)—(3.8). One multiplies (3.5) by A%w + A20w/dt
and (3.6) by A20b/0t. Summing up the two resulting equations, we get

1d

14
(3:-14) 2dt

(Ivaw |\2+|\Aw||2+||mb||2+HA dy
+HA H +HA H + |V Aw|?
- ((Ag(um%—j’)) ~ (Bg(u), du)).

From Holder’s inequality, we write

09 [((300A2))] < g+ ZJa)

€4

Moreover, one has, using Holder’s inequality and the continuous embedding H3(2) C
H*(9),

1
(3.16) [((Ag(u), Aw))| < 2—€4HA9(U)II2 + cea| VAW,
Inserting (3.15) and (3.16) into (3.14), choosing £4 > 0 small enough, we obtain

(3.17) [||mw||2+||Aw||2+|\mb||2+HA dy
ve(aZ2) +Ja %] + v awl?) < ¢ agw)P.
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Integrating (3.17) over (0,t¢) and using (3.8), we get

2 2 2 ob 2 / ¢ 2
(318) [VAW@I? + |Aw@)* + VAN + [aZ:0| < ¢ [ Iag? ds.
By (2.55), we have

t
(3.19) /0 1Ag(w)[1* ds < Crj(un,aoan) ey . B

Finally, inserting (3.19) into (3.18), we have

2

(3.20) H (w(t), b(t), %(f)) ‘

5, S OTlwo,a0,0) 16, Bl
Hence, the operator Sa(t)(uo, v, 1) := (w(t), b(t), db/0t(t)) is asymptotically com-
pact in the sense of the Kuratowski measure of noncompactness, which proves the
existence part of Theorem 3.1 (i).

In order to prove part (ii) of Theorem 3.1, we now take the initial data in B%,
then multiply (3.1) by A%v + A20v/0t and (3.2) by A%20a/0t. Summing up the two
resulting equations, we end up with

1d

(3.21) P

(120 + V0] + v aa)? + 222 )

+ | VAD|? + HA ] + HA H
Now, multiplying (3.2) by AZ%a, we obtain

(3.22) %((A%,A )) n ——|\Aa||2 +([VAa?

~((8580) - Canon+ a2

Summing up (3.21) and €5(3.22), where 5 > 0 is small enough, and using the
Cauchy-Schwarz inequality we end up with

dF;
(3.23) 5’( ) 4 emt +HA H 0,
where Fy satisfies
Ov
2 2
(3.24) F5(t) > e(lalfs ) + 10l + |7 o)
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Applying Gronwall’s lemma to (3.23), we write

2

da
(3:25) Ol + la®)ln@ + || 5 )

< exp (—ct)([[uoll3s (o) + llaolFrs o) + larlF(q))-

H?(Q)

Concerning the system (3.5)—(3.8), we multiply (3.5) by A3w + A20w/dt and (3.6)
by A30b/0t. Summing up the two resulting equations, we obtain

(3.26)

Q—-|Q

[V AWl + 1 A%w]2 + | A%)2 + Hm I

N =

+HVA H +HVA ] e

~ ((vAg), mf;”)) ~ (VAg(u), VAw)).

Having this in mind, using Holder’s inequality and the continuous embedding
H4(Q) c H3(Q), we deduce

ob

(27)  T[ITAw] + A% + A% + Hm dN

—l—C(HVA H +HVA ] + 1a%0]2) < ¢V Ag(w)].
Integrating (3.27) over (0,t), by (3.8) we get
(3.28) VA0 + 6%+ [vaZ )|+ 18200 < / IV Ag(u)|*ds.
Furthermore, we have

t
(3.29) 198017 s < Cr s aonin, o

Inserting (3.29) into (3.28), we deduce

b 2
(3.30) | w50, 370, < Cruncnanien 53
which completes the proof of the theorem. O

We define, for the sequel, the following invariant sets: in one space dimension,

= U S )B};{7 where B}, is the bounded absorbing set for S(t) in X, and in two
t>to

space dimensions, X» = |J S(t)B%, where B?% is the bounded absorbing set for S(t)
t>t1
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in X’. In what follows, we will work in these two subspaces X7 and X, which are
positively invariant for S(t), ¢t > 0.

Now that the existence of the global attractor is proved, one natural question is
to know if this attractor has finite dimension in terms of the fractal or Hausdorff
dimension. That is the aim of the last section.

4. EXPONENTIAL ATTRACTORS

The aim of this section is to prove the existence of exponential attractors for the
semigroup S(t), t > 0, associated with problem (P), in one and two space dimensions
using the separation property (2.4). To do so, we need the semigroup to be Lipschitz
continuous and have the smoothing property, but we also have to verify the Holder
condition in time. This is enough to establish the existence of exponential attractors.
Due to the lack of regularizing effects on the initial data, methods applied with
success in, for example, [3], [4], [2], and [20], do not work here. To overcome this
difficulty, we will make use of the so-called decomposition method which has been
successfully applied by many authors (see [14], [9], [1], and [8]). This method consists
in decomposing the difference of two trajectories of the problem into two parts; one
tending to zero as time goes to infinity and the other one continuous. But before
going further, let us recall the definition of an exponential attractor which is also
called an inertial set.

Definition 4.1. A compact set M is called an ezponential attractor for
({S(1)}iz0, ) if
(i) AC M C X, where A is the global attractor,
(ii) M is positively invariant for S(¢), i.e. S(t)M C M for every ¢t > 0,
(iii) M has finite fractal dimension,
)

(iv) it attracts exponentially the bounded subsets of X in the following sense:
VB CX bounded, dist(S(t)B, M) < Q(||B|lx) exp(—at), t >0,

where the positive constant o and the monotonic function @ are independent of
B, and dist stands for the Hausdorff semi-distance between sets in X, defined
by

dist(4, B) = Igleaj(gg]g lla — bl x.

We start by stating an abstract result that will be useful in the sequel (see [20]).
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Theorem 4.1. Let ¥ and ¥, be two Banach spaces such that ¥, is compactly
embedded into ¥ and S(t): Y — Y is a semigroup acting on a closed subset Y of U.
We assume that

(1) V1,22 €Y, YVt 20, S(t)z1 — S(t)x2 = S1(t, 1, x2) + Sa2(t, 21, 22), where

[S1(t, 21, 22)[[w < d(t)||z1 — 22]|w,
d is continuous, t > 0, d(t) — 0 as t — oo, and
1S2(t, x1, x2)||w, < h(t)||lz1 — 22]lw, t> 0, h continuous,

(ii) (¢,z) — S(t)x is Lipschitz on [0,T]x B for all T > 0 and for all B C Y bounded.
Then S(t) possesses an exponential attractor M onY.

In order to get the existence of exponential attractors in our case, we will base on
Theorem 4.1. We have the following result:

Theorem 4.2. (i) In one space dimension, the semigroup S(t), t > 0, correspond-
ing to equations (1.13)—(1.16) defined from X to itself satisfies a decomposition as
in Theorem 4.1.

(if) In two space dimensions, S(t), t > 0, defined from X, to itself also satisfies
such a decomposition.

Proof. Let (u(l),a(l),aa(l)/ﬁt) and (u(Q),a(Q),ﬁoz(Q)/(‘)t) be two solutions

to the problem (1.13)—(1.16) and let (u(()l),a(()l),agl)) and (u(()z),a((f),a?)) be their
respective initial data. Set

o 9aV  9a?
(“’O"a_?) - (uu) O INCRIPNC) % _ gt )

and

(up, o, 1) = (u(()l) - u(()Q), aél) - aéQ), 04(11) - a(12)).

Thus (u, a, dar/8t) is a solution to

ou O
P?a  Oa ou
(42) Wﬁ-a—Aa——a—u,
(4.3) u=a=0,
0
(4.4) w(0) = uo,  (0) = ap, 8—‘;‘(0) =
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Now decompose the solution (u, a, da/It) as follows:

(i ) = o 20 s )

where (ul,al,aal/ﬁ‘t) and (uz,ag,aag/at) are solutions to

8’11,1 - 80&1
(4.5) W 1 W’
%07 Oy Ou
(4.6 o o AT T T
(4 7) Uy = o1 = 0,
B)
(4.8) wi(0) = up, a1(0) = ag, =L(0) = ay,
ot
and
(4.9) % — Auy + 1(H)u = %,
(92042 8a2 - 8u2
(4.10) 2 W Aas _E 2
(411) Uy = Qg = 0,
(4.12) u2(0) =0, az(0) =0, %(0) =0,

respectively. We start the proof of (i). In this case the initial conditions belong to
X1, and by repeating for (4.5)—(4.8) the estimates which led us to (3.11), we then

write

(4.13) diﬁt()jt CFs(t +HV8U1H

where

Fﬁ(t)=253((vaa Va1>>+53|\Va1||2+||Vu1|\2+||Au1H2+||Aoz1|\2+HV8a1H
satisfies

(14) ¢ (sl + ol + | 222 < Fott) < e (I + llon e + | 22| ),

in particular,

dF(t)

(4.15) -

+ cFy(t) < 0.
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An application of Gronwall’s lemma yields
8a1 2
— (¢

LS|

Now we consider (4.9)—(4.12). We multiply (4.9) by A%us + A20us /0t and (4.10) by
A%0ap/0t. Summing the resulting inequations, we get

(4.16) H (u1(t), a1 (t)

L < ()] (uo, a0, 1),
1

(4.17) (HAuQH? + VAU + [ VAas|? + HA‘%‘Q H )

2dt

vl A

= ((V(U(t)u), VAug)) — ((A( (t)u), A%))

Noting that

(4.18) [(V{I(#)u), VAuz))| < —HA I* + 6I\VAU2H2~

Due to the continuous embedding H?(Q) C L>°(Q) and by (2.55), we have

(4.19) 11O 20y < QU@ ol o) x + [1(u§?, af?, o) x) < e
thus,
a2 |((suom 52| < Sla%el - s

ot 266

Choosing ¢ > 0 small enough and using (4.18) and (4.20), we deduce from (4.17)
the using inequality
Oa
(021) S [I8wl? + [VAwl? + VAl + 2202 ]
0 0
+c(|\VAuQ||2 + HA v H HA 0‘2H ) <|Auf?, e>o.

Integrating (4.21) over (0,t), by (4.12) we have
2 2 2 8042 2 [ 2
(4.22)  [[Auz())]” + [VAu (1) + [[VAa (1) [|* + HA <c [ [[Auf[ds.
0

It only remains to estimate fot | Aul|? ds; to do so we multiply (4.1) by —Au—Adu/dt
and (4.2) by —Ada/0t. Summing up, we have

(4.23) ||Vu|\2+|\AuH2+HV o+ 1aai?]

3l
lau+ VS + v |
= —((V(U(t)u), Vu)) — ((V(l(t)“)’v%))'
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Holder’s inequality, (2.55) and (2.62) yield
(4.24) [((V(I)u), V)| < e[Vl +[[[ul[Vu ||+l e[ Vul| < ellulFy -

Analogously, we have

(4.25) }((V(l(t)u),vg))‘\cHuHHl(Q HV H\ Ml o) + 5

cer

ool

Choosing €7 > 0 small enough and recalling (4.24) and (4.25), we obtain

(4.26) dlzt() ¢ (1w |\2+Hv ‘ +Hv H ) <clluldny ¢ >0,
where
(4:27) Fo(t) = 190l + 180l + 752"+ 1 aal?

in particular,

dF7(t )
dt

(4.28) (|\Au||2+HV H +Hv H) cFr(t), ¢ >0.

We note that integrating (4.28) over (0,t), we have

t
(4.29) / [Aulf* ds < ¢ exp (ct)]| (uo, a0, 1)l
0

hence (4.22) yields

Oaa t)‘ 2

H2(9)

(4.30) (D) 750y + o2 7rs (o) + H

< ¢ exp (et)(Juolliy + lewllfy + llaa 7).

where h(t) = ¢’ exp (ct), with ¢ and ¢’ depending on X;. We can see that h is contin-
uous.

We now turn to the two-dimensional case, and prove part (ii) of Theorem 4.2. To
do so we take here the initial data in X, and repeating for (4.5)—(4.8) the estimates
which led us to (3.23), we then write

dyu(t)

Oouy
3 <

(4.31) + e (t) + HA
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where

D (t) = 261((A88 L Ao )) +erlldan? + A
T ZON L 2 et
satifies
@32) (Il +loalrse + | 2]

80&1
<wr(t) < ¢ (s + ol + | G2 )
in particular

depy(t)

(4.33) 5

+ e (t) < 0.

An application of Gronwall’s lemma yields

8@1 2
(4.34) a3 @) + o () ey + | 0|

< ¢ exp (—ct)([[uoll7s o) + IIOéollfgs(Q) +llon i)

Concerning problem (4.9)—(4.12), we multiply (4.9) by A3us + A39us /0t and (4.10)
by A30as/0t. Summing up the resulting equations, we then get

(4.35) daz H }

N
CL|Q_,

(19 8w 2 +114% 2 + A%, |2 + VA2

8u2

+ | A%ug|)? + HVA aO‘QH

[+ [va
= (AUt), A%u)) - ((VAUR)), VA%))

Analogously to (4.20), we write

ce c
(4.36) (AG(t)u), A%uz))| < 78|\A2u2||2 + Q—ESHAUHQ-

By (2.57) and the continuous embedding H3(Q) C C(Q2), we have

(4.37) 1L sy < QU a8, ) Ixr + (1, o, afP)|x0) < e,
thus,
(438) (VA VA%))‘ < CESHV PN \ +—||VAu|\2

ot
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Choosing eg > 0 small enough and recalling (4.36) and (4.38), we deduce from (4.35)
the estimate

(439) S [IVAwI + A% + A% + Hmao‘z’ I

+e(lla%u)? + HmauQH HmaO‘QH ) < ¢IVaul?.
Similarly to the above, we deduce
(4.40) %sﬂ+c'(|\VAuH2+ HA%H HA H ) <cau)?, ¢ >0,
where
(1.41) valt) = 8wl + |V Al + |A %2 1 v 02,

Integrating (4.40) over (0,t), we deduce

t
(4.42) /0 ||VAuH2ds < dexp (ct)H(uo,ao,al)H%z.

Integrating again (4.39) over (0,¢) and using (4.42), we have

80&2 2

(143) el + ool + | Fr 00,
< dexp (Ct)(||u0HH3(Q) + |\040||H3(Q) + ”0‘1”?'-[2(9))7

which completes the proof. O

Lemma 4.1. The semigroup S(t), t > 0, generated by the problem (1.13)—(1.16)

is Hélder continuous on [0,T] x B%, i = 1,2 (i depending on the space dimension).

Proof. We treat the one dimensional case (the two dimensional case can be
treated similarly). The Lipschitz continuity in space being a consequence of (2.67),
it just remains to prove the continuity in time (actually, the Hélder condition in time
for the semigroup S(t), t > 0). Let the initial data belong to B.

Hence, for every t; > 0 and t; > 0, two different times, owing to the above
estimates, one gets:

1S (t1) (w0, o, 1) — S(t2)(uo, o, a1) || e
Oda

= Ju(ta) ~u@)ll + () — a(e2)ly + || 5 (1) - E@)H

</t:1 @(T)Hvdr—i—/t; 8—Oé(T)H dT+/t:1

et [zl o) -
to

Hdr

8t2
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where ¢ depends on 7. We multiply (1.14) by 0?a;/0t? and obtain

00 {2 (7o 7)) 2 <+ |2 ),

Integrating (4.44) between to and 0, then between 0 and t1, we deduce from the
above estimates that

t 2
19 2
(4.45) / —a(r)H dr <,
to
where ¢ depends on T and Bj,. This concludes the proof. O

We deduce from Theorem 4.2 and Lemma 4.1 the following result.

Theorem 4.3. The dynamical system (S(t), X1) ((S(t), X2)) associated to the
problem (1.13)—(1.16) possesses, in one space dimension, an exponential attractor
M in Xy (respectively, in two space dimensions, an exponential attractor Ms in Xs).
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