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Abstract
The work concerns to investigations in the ﬁeld of diﬀerential geometry. It is realized by a method of continuations and scopes of G. F. Laptev
which generalizes a moving frame method and Cartan’s exterior forms
method and depends on calculation of exterior diﬀerential forms. The
Grassmann manifold (space of all m-planes) is considered in the n-dimensional projective space Pn . Principal ﬁber bundle of tangent linear frames
is arised above this manifold. Typical ﬁber of the principal ﬁber bundle
is the linear group working in the tangent space to the Grassmann manifold. Neifeld’s connection is given in this ﬁbering. It is proved by Cartan’s
external forms method, that Bortolotti’s clothing of the Grassmann manifold induces this connection.
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Introduction

The object of research of this paper is Neifeld’s connection on Grassmann manifold. The term “Neifeld’s connection” is oﬀered by A. P. Norden [7].
The work concerns to investigations in the ﬁeld of diﬀerential geometry. It
is realized by a method of continuations and scopes of G. F. Laptev [4] which
generalizes a moving frame method and Cartan’s exterior forms method and
depends on calculation of exterior diﬀerential forms.
Many geometers considered Grassmann manifold as a set of planes of same
dimension passing through a ﬁxed point in Euclidean space [2]. Moreover, the
derivational formulae of a moving frame containing the forms satisfying the
structure equations of linear group and (equi)projective conditions ([9, p. 62])
11
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were usually used in diﬀeretial-geometrical researches of Grassmann manifold
in the projective space.
We consider Grassmann manifold as manifold of all m-dimensional planes in
n-dimensional projective space. The non-classical analytical method is applied
in this paper. It has advantage at allocation of subgroups and factor groups of
a projective group. The connections in the ﬁberings associated with Grassmann
manifold were investigated in [1] by such method. We show that Neifeld’s connection is induced on the Grassmann manifold. By methods of tensor analysis
E. G. Neifeld considered two dual linear connections (compare [6]), associated
with normalized Grassmann manifold.
We put a projective space Pn to a moving frame {AI } (I, J, K, · · · = 0, n)
with derivation formulae
dA = θIJ AJ ,
where the forms θJI satisfy the Cartan structure equations
I
DθJI = θJK ∧ θK

(1)

of linear group GL(n + 1).
Let’s enter new forms (see, eg., [9])
ωJI = θJI − δJI θ00 .

(2)

Allocating value 0 indexes I = {0, i} we write down more in detail the equality
(2)
ωoi = θ0i , ωji = θji − δji θ00 , ωi0 = θi0 (ω00 = 0).
(3)
The forms (3) are basic forms of projective group GP (n) acting eﬀectively in
projective space Pn . From (1) we have
Dω0i = ω0j ∧ ωji , Dωji = ωj0 ∧ ω0i + ωjk ∧ ωki + δji ωk0 ∧ ω0k , Dωi0 = ωij ∧ ωj0 .
For the further calculations we use compact form of these equations
I
0
+ δJI ωK
∧ ω0K .
DωJI = ωJK ∧ ωK

2

(4)

The Grassmann manifold

In Pn we consider the Grassmann manifold V = Gr(m, n) [1], i.e. a manifold of
all m-dimensional planes. We make specialization of the moving frame {Aa , Aα }
(a, . . . = 0, m; α, . . . = m + 1, n) putting tops Aa on the plane Lm . From
formulae (1) we can see that θaα = 0 are the equations of stationarity of the
plane Lm ∈ V , i.e. the forms ωaα are the basic forms for the Grassmann manifold
V , and dim V = (m + 1)(n − m). These basic forms satisfy the following from
(4) structural equations
αb
,
(5)
Dωaα = ωbβ ∧ ωaβ
αb
= δab ωβα − δβα ωab .
where ωaβ

Neifeld’s connection induced on the Grassmann manifold
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We ﬁnd external diﬀerentials of these forms
γb
αb
αc
αbc
Dωaβ
= ωcβ
∧ ωaγ
+ ωcγ ∧ ωaβγ
,

(6)

αbc
= −δab δγα ωβc − δβα δac ωγb .
where ωaβγ
There is the principal ﬁber bundle of tangent linear frames L(V ) with structural equations (5), (6) above Grassmann manifold. The typical ﬁber of the
L(V ) is linear group L = GL((m + 1)(n − m)), dim L = (m + 1)2 (n − m)2 ,
acting in the tangent space to the manifold V .

3

Neifeld’s connection

In the principal ﬁber bundle L(V ) we set Neifeld’s connection [8, 5].
We enter new forms
αb
αb
γ
= ωaβ
− Γαbc
ω̃aβ
aβγ ωc

(7)

and consider the diﬀerentials of these forms (7)
γb
γbe αcd η
αb
αc
αbc
μ
Dω̃aβ
= ω̃cβ
∧ ω̃aγ
+ ωcγ ∧ (ΔΓαbc
aβγ + ωaβγ ) + Γcβμ Γaγη ωd ∧ ωe .

The connection in the principal ﬁber bundle L(V ) is set with the help of a ﬁeld
of connection object Γ = {Γαbc
aβγ } on the base V by equations
αbc
αbcd μ
ΔΓαbc
aβγ + ωaβγ = Γaβγμ ωd ,

(8)

where the operator Δ acts:
μbc α
αbc
αbd c
αdc b
αbc μ
αbc μ
αbc d
ΔΓαbc
aβγ = dΓaβγ + Γaβγ ωd + Γaβγ ωd + Γaβγ ωμ − Γaβμ ωγ − Γaμγ ωβ − Γdβγ ωa .

We realize Bortolotti’s clothing [3] of the Grassmann manifold which consists
in the adjoining to every m-dimensional plane Lm ; (n−m−1)-dimensional plane
Pn−m−1 not having the common points with the plane Lm .
We deﬁne the plane Pn−m−1 by the points Bα = Aα +λaα Aa . The diﬀerentials
of the basic points of clothing plane Pn−m−1 are
dBα = (ωαβ + λbα ωbβ )Bβ + (Δλbα + ωαb − λbβ λcα ωcβ )Ab .
Demanding a relative invariancy of the plane Pn−m−1 we have
β
Δλaα + ωαa = λab
αβ ωb .

(9)

Bortolotti’s clothing allows to cover the components of the connection object Γ
b α c
α c b
Γαbc
aβγ = −δa δγ λβ − δβ δa λγ .
These functions by virtue of comparisons (9) satisfy to the diﬀerential equations
(8). Thus, we have
Theorem 1 Bortolotti’s clothing of the Grassmann manifold induces Neifeld’s
connection in the associated ﬁbering L(V ).
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