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Abstract. A general theorem (principle of a priori boundedness) on solvability of the
boundary value problem

dz = dA(t) - f(t,z), h(z)=0

is established, where f: [a,b] x R™ — R" is a vector-function belonging to the Carathéodory
class corresponding to the matrix-function A: [a,b] — R™*™ with bounded total variation
components, and h: BVs([a,b],R") — R™ is a continuous operator. Basing on the men-
tioned principle of a priori boundedness, effective criteria are obtained for the solvability of
the system under the condition z(t1(z)) = B(x) - z(ta(z)) + co, where t;: BVs([a,b],R™) —
[a,b] (i =1,2) and B: BVs([a,b],R™) — R™ are continuous operators, and ¢y € R".

Keywords: system of nonlinear generalized ordinary differential equations; Kurzweil-
Stieltjes integral; general boundary value problem; solvability; principle of a priori bound-
edness

MSC 2010: 34K10

1. STATEMENT OF THE PROBLEM AND FORMULATION OF THE RESULTS

Let n be a natural number, [a,b] a closed interval of real axis, A = (aix)}j—;
[a,b] — R™™ a matrix-function with bounded total variation components, f
a vector-function belonging to the Carathéodory class Car([a,b] x R™ R™; A) cor-
responding to the matrix-function A, and h: BVg([a,b],R”) — R™ a continuous
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operator satisfying the condition
sup{[[i(z)]|: = € BVs([a,b], R"), |[z[|s < 0} < oo

for every p € )0, o00].
Consider the nonlinear system of generalized ordinary differential equations

(1.1) dz = dA(t) - f(t,x)
with the boundary condition
(1.2) h(z) =0.

The theorem on the existence of a solution of the problem (1.1), (1.2) which will
be given below and will be called the principle of a priori boundedness, generalizes
well known Conti-Opial type theorems (see [11], [14], [21] for the case of ordinary
differential equations) and supplements earlier known criteria for the solvability of
nonlinear boundary value and initial problems for systems of generalized ordinary
differential equations (see, e.g., [1], [3], [4], [6], [8]-[10], [12], [20], [22]-[24] and the
references therein).

On the basis on the above mentioned principle of a priori boundedness, we have
obtained effective criteria for the solvability of system (1.1) under the condition

(1.3) 2(t1(z)) = B(x) - x(tz(2)) + co,

where t;: BV,([a,b],R") — [a,b] (i = 1,2) and B: BV,([a,b],R™") — R™ are contin-
uous operators, and ¢y € R™.

Analogous and related questions are investigated in [14]-[19] (see also the refer-
ences therein) for the boundary value problems for linear and nonlinear systems of
ordinary differential and functional differential equations.

To a considerable extent, the interest in the theory of generalized ordinary differ-
ential equations has also been stimulated by the fact that this theory enables one
to investigate ordinary differential, impulsive and difference equations from a unified
point of view (see, e.g., [1]-][10], [12], [13], [20], [22], [24] and the references therein).

Throughout the paper the following notation and definitions will be used.

R =]—00,0][, Ry =[0,00], [a,]] (a,b € R) is a closed interval.

R™>™ is the space of all real n x m-matrices X = (xiz)Z’lZl with the norm

n,m
XN =" Jwal;
=1
R}X™ = {(mil):f};nl: xg200@=1,...,n; I=1,...,m)}.
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Opxm (or O) is the zero n X m-matrix.
If X = (z);72, € R™*™, then

1X| = (lzal)iZ, and sgnX = (sgnau);;”,.

R™ = R™*! is the space of all real column n-vectors = = (z;)7;; R = R7*".

(x,y) is the scalar product of the vectors = and y € R™.

If X € R™*", then det X is the determinant of X; I,, is the identity n x n-matrix;
diag(A1, ..., Ay) is the diagonal matrix with diagonal elements Ay, ..., A,.

var?(X) is the total variation of the matrix-function X : [a,b] — R™*™ i.e., the
sum of total variations of its components z;; (1 =1,...,n; l=1,...,m); V(X)(t) =
(v(za)(t)} 12, where v(wq)(a) = 0, v(zy)(t) = var),(zy) for a <t < b;

X(t—) and X (t+) are the left and the right limits of the matrix-function X:
[a,b] — R™ ™ at the point ¢ (we will assume X (t) = X (a) for t < a and X (t) = X (b)
for ¢t > b, if necessary);

ATXH)=X({t)— X(t—), ATX(#) = X(t+) — X(t);
1X1[s = sup{[|X (D) ¢ € [a, 0]}, [|X[lo = [IX (a)]| + varg (X).

BV ([a, b], R"*™) is the set of all matrix-functions of bounded variation X : [a,b] —
R™*™ (i.e., such that var’(X) < o0);

BV, ([a,b], R"*™) is the normed space of all X € BV([a,b], R"*™) with the
norm [[X

BV, ([a,b], R™*™) is the Banach space of all X € BV([a,b],R"*™) with the
norm || X||,.

A matrix-function is said to be continuous, nondecreasing, integrable, etc., if each
of its components is such.

If I C R is an interval, then C(I,R™*™) is the set of all continuous matrix-
functions X: I — R™*™.

If B; and By are normed spaces, then an operator g: B; — By (nonlinear, in
general) is positive homogeneous if

g(Ar) = Ag(x)

for every A € Ry and = € Bj.

An operator ¢: BV([a,b],R") — R™ is called nondecreasing if for every z,y €
BV ([a,b], R™) such that z(t) < y(t) for ¢ € [a,b] the inequality ¢(z)(t) < ¢(y)(t)
holds for t € [a, b].

If a: [a,b] — R, is a nondecreasing function, then D, = {t € [a,b]: A" a(t) +
Ata(t) #0}.
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1, 82, Se: BV ([a,b], R) — BV([a,b], R) are the operators defined, respectively, by

s1(x)(a) = s2(x)(a) =0,
t) = Z A~z(r) and sa(z)(t) = Z Atz(r) fora<t<b,

a<t<t a<T<t

and
Sc()(t) = x(t) — s1(x)(t) — s2(x)(t) fort € [a,b].

If g: [a,b] — R is a nondecreasing function, z: [a,b] - R and a < s < ¢ < b, then

/w(T)dg(T)Z/} t[x(T)dsc(g)(T)Jr Yo a(mMA g+ Y a(r)Atg(r),

s<T<t s<T<t

where f T)dsc(g)(7) is the Lebesgue-Stieltjes integral over the open interval
Is, t[ Wlth respect to the measure u(s.(g)) corresponding to the function s.(g); if
a = b, then we assume f (t)dg(t) = 0 so that f 7) dg(7) is the Kurzweil-Stieltjes
integral (see [20], [22], [24]);

L([a,b], R; g) is the space of all functions z: [a,b] — R, measurable and integrable
with respect to the measure 1(g.(g)) for which

Yo lz®IaTg(m) + Y le@)ATg(

a<T<b a<T<b

b
by = / ()| dg (1)

If gj: [a,b] = R (j = 1,2) are nondecreasing functions, ¢(t) = g1(t) — g2(t), and
z: [a,b] = R, then

with the norm

]

/st z(7)dg(r) = /: z(7)dg1 (1) — /St #(7)dgz(r) fora<s<t<b.

If G = (Qik)ézzzlz [a,b] — R™™ is a nondecreasing matrix-function and D C
R7™*™, then L([a,b], D; G) is the set of all matrix-functions X = (w;);7%, ¢ [a,b] —
D such that zx; € L([a,b], Ry gi) (i =1,.... k=1,...,n;j=1,...,m);

n t l,m
/ dG(r (1) = (Z/ T (T) dgik(7)> fora < s<t<b,
k=17*%

4,J=1

SHG)() = (s5(gm)O)r_; (G=1,2) and  Se(G)(t) = (selgan)(£)f,-
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If D; € R™ and Dy € R™ ™ then Car([a,b] x D1, Ds;G) is the Carathéodory
class, i.e., the set of all mappings I = (fi;);;i~;: [a,0] x D1 — D> such that for
eachie {1,...,1},je{l,...,m}and k € {1,...,n}

(i) the function fi;(-,z): [a,b] = D2 is p(sc(gix))-measurable for every x € Dy;
(ii) the function fi;(t,-): D1 — D2 is continuous for p(s.(gr))-almost every ¢ €
[a,b] and for every t € D,,, , and

SuP{'fkj('vx”: T e DO} € L([avb]v R?Qik)

for every compact Dy C D;.
If Gj: [a,b] — RY™™ (j = 1,2) are nondecreasing matrix-functions, G(t) =
G1(t) — Ga(t), and X : [a,b] — R™™ ™ then

/t dG(T)'X(T)_/t dGl(T)'X(T)—/t dGa(7) - X(1) fora<s<t<b,
Sk(G)(t) = Sk(G1)(t) — Sk(Ga2)(t)  (k=1,2)

Se(G)(1) = Se(Gr)(t) — Sk(G2)(2)-
If Gi(t) = V(G)(t) and Ga(t) = V(G)(t) — G(t), then

Car([a,b] x D1, D2; G ar([a,b] x D1, Da; Gj).

- () o
- (o

If G(t) = diag(t, . ..,t), then we omit G in the notation containing G.
If X € BV([a,bl; [R”X") Y € BV([a, b]; R"*™), and

det(I, —A~X(t))#0 and det(l, + ATX(t))#0 fort€ [a,b],
then

AX,Y)(t,t) = Onxm for ¢ € [a,b],
AX,Y)(t,s) =Y Z A™X(7) - (I, - A~ X (1) *A7Y (1)

= > ATX(r) - (I, + ATX (7)) 'ATY () fora<s<t<b,
s<T<t

AX,Y)(t,s) = — A(X,Y)(s,t) fora<s<t<b.
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The inequalities between the vectors and between the matrices are understood
componentwise.
Below we assume that

AL(t) = V(A)(t) and As(t) = V(A)(L) — A(t).

A vector-function z € BV([a, b], R™) is said to be a solution of the system (1.1) if
¢
x(t) = x(s) —|—/ dA(7) - f(r,z(1)) fora<s<t<b.

Under the solution of the problem (1.1), (1.2) we mean a solutions of the sys-
tem (1.1) satisfying the boundary condition (1.2).

Let B € BV([a,b],R™*"), n: [a,b] — R™ and ¢: BV([a,b], R} ) — BV([a,b],R")
be a matrix-function, a vector-function and an operator, respectively. Then by a so-
lution of the system of generalized ordinary differential inequalities

de —dB(t) @ <dn(t) + dq(z) ()

we mean a vector-function = € BV([a, b], R™) such that

t
ot) = a(s) ~ [ dB(r)-a(r) <n(®) = 0(s) +a@)0) - a@)s) ()
fora <s<t<b.
In addition, if the vector-function 7: [a,b] — R™ is nondecreasing and g:

BV([a,b],R"}) — BV([a,b],R") is a positive homogeneous nondecreasing opera-
tor, then by Qg , , we denote the set of all solutions of the system

|dz —dB(t) - x| < dn(t) + dg(|z).

If n(t) = 0 and q is the trivial operator, then we omit 1 and g in the symbols
containing them. So g is the set of all solutions of the homogeneous system of
generalized differential equations

dz =dB(t) - z.

We define

n

at) = Zv(ail)(t) (l=1,...,n) and aft)= Zai(t) for t € [a,b].

i=1
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Definition 1.1. The pair (P, 1) of a matrix-function P € Car([a, b]xR™, R"*™; A)
and a continuous operator I: BV([a,b], R") x BV4([a,b],R™) — R™ is said to be
consistent if

(i) for any fixed x € BV4([a,b], R™) the operator I(x,-): BV4([a,b],R") — R" is
linear;
(if) for any z € R™, x and y € BV,([a, ], R") the inequalities

1P ) < €@ 120D, iz y)ll < Sollllls) - lylls

are fulfilled for p(g.(o))-almost all ¢ € [a,b] and for t € D, where §y: Ry — Ry
is a nondecreasing function, and £: [a,b] x Ry — Ry is a nondecreasing in the
second variable function such that (-, s) € L([a,b], Ry; ) for every s € Ry;

(iii) there exists a positive number 5 such that for any y € BV([a,b],R"™), ¢ €
L(Ja,b], R™; A) and c¢g € R™, for which the conditions

det(I, — AT A(t) - P(t,y(t))) #0 fort € [a,]

and
det(I,, + A+A(t) - P(t,y(t))) #0 fort € [a,D]

hold, an arbitrary solution z of the boundary value problem
dz = dA(t) - (P(t,y(t)z +4q(t), U(z,y) =co

admits the estimate

(1.4) lylls < Blleoll + llgllz.a)-

Theorem 1.1. Let A € BV([a,b],R"*"), f € Car([a,b] x R",R™; A) and let
there exist a positive number g and a consistent pair (P,l) of a matrix-function
P € Car([a,b] x R™,R"™"; A) and a continuous operator l: BV,([a,b],R™) x
BV,([a,b], R™) — R™ such that an arbitrary solution of the problem

(1.5) de = dA(¢) - (P(t,z)x + A[f(t, ) — P(t, z)]x),
(1.6) lz,x) = Ml(z,z) — h(x)]

admits the estimate
(L.7) zlls < e

for any A €]0,1[. Then problem (1.1), (1.2) is solvable.
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Definition 1.2. Let S C BV([a,b],R"*™), let £ be a subset of the set of all
bounded vector-functionals [: BV([a,b], R") — R™ and y € BV([a, b], R™). We say
that

(i) a matrix-function By € BV([a, b], R"*™) belongs to the set £% if the condition

(1.8) det(I, — A" By(t)) #0 and det(I, + ATBy(t)) #0 fort € [a,b]
holds and there exists a sequence B, € S (k= 1,2,...) such that
(1.9) lim ||Bgx — Bol|s = 0;

k— o0

(ii) a vector-functional ly: BV ([a,b], R™) — R™ belongs to the set EF(y) if there
exists a sequence I, € L (k=1,2,...) such that

(1.10) lim 1y (y) = Io(y).

Definition 1.3. Let go: BV([a,b],R") — BV([a,b],R™) be a positive homoge-
neous nondecreasing operator and ho: BV([a,b],R") — R’} a positive homogeneous
operator. We say that the pair (S, L) of a set S C BV([a, b], R"*™) and a set £ of
some vector-functionals I: BV([a,b], R") — R™ belongs to the Opial class O, , if

(i) every operator | € L is linear and continuous with respect to the norm ||-||;
(ii) there exist numbers ro, { € R4 and a nondecreasing function ¢: [a,b] — R
such that the inequalities

(1.11) IB(@) < ro, IB@®) - Bs)ll < (t) — pls) fora<s<t<b
and
(1.12) 1) < ollylls

are fulfilled for any B € S, [ € £ and y € BV([a, ], R™);
(iii) if for By € £Z a function y € BV,([a, b], R™) is a solution of the system

(1.13) |dy — dBo(t) - y| < dgo(|yl)
under the condition
(1.14) llo(y)| < ho(lyl),

where Iy € £Z(y), then y(t) = 0.
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If go(y f dGo(7) - qo(y)(7) for y € BV([a,b],R"), where Go: [a,b] — R"
is a nondecreasmg matrlx—function and qo: BVy([a,b],RY}) — BV([a,b],R7}) is

a positive homogeneous operator, then we write OGo d0.ho instead of (’)go ho-

Definition 1.4. Let P € Car([a,b] x R”,R™*™; A) and let [: BV,([a,b], R™) x
BVs([a,b],R™) — R™ be a continuous vector-functional. We say that the pair
(Bo, lo) of the matrix-function By € BV([a, b], R"*™) and the vector-functional ly:
BV,([a,b],R™) — R™ belongs to the set £} p, if there exists a sequence zj €
BVs([a,b],R™) (k =1,2,...) such that the conditions

t

(1.15) Jim [ dA@) - P(r,an(r) = Bo(t) uniformly on [o,)
and

(1.16) Jlim Uz, y) = Uy) for y € Qp,

are valid.

Definition 1.5. We say that the pair (P,!) of a matrix-function P € Car([a, b] x
R™ R™*™; A) and a continuous operator [: BV ([a,b], R") x BV ([a,b],R") — R
belongs to the Opial class O’ with respect to the matrix-function A if

(i) for any fixed x € BV([a,b],R™) the operator I(x,-): BV([a,b],R") — R™ is
linear;
(ii) for any z € R™,z and y € BV([a, b], R™) the inequalities

(1.17) 1Pt )|
1€z, y)ll

are fulfilled for ;1(g.(v))-almost all ¢ € [a,b] and for ¢t € D, where §, € R} and
f € L([av b]v [RJr; a);
(iii) the problem

<€),
<

Sollylls

(1.18) dy = dBo(t) -y
(1.19) lo(y) =0

has only the trivial solution for every pair (Bo,lo) € £} p;-

Remark 1.1. By (1.10) and (1.15), the condition
[ATA@M)]-€1t) <1 and [[ATA@)|-£(t) <1 fort € [a,b]

guarantees condition (1.8).
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Corollary 1.1. Let A € BV([a,b], R"*™), f € Car([a, b] x R™, R™; A) and let there
exist a positive number ¢ and a pair (P,l) € O such that an arbitrary solution of
problem (1.5), (1.6) admits the estimate (1.7) for any A € ]0,1[. Then problem (1.1),
(1.2) is solvable.

Corollary 1.2. Let A € BV([a,b],R™*"), f € Car([a,b] x R",R™ A), P €
L([a,b], R™"*"; A), and let I: BVs([a,b],R") — R™ be a bounded linear operator
such that

det(I, — AT A(t)- P(t)) #0 and det(I, + AT A(t) - P(t)) #0 fort € [a,b]
and the problem

(1.20) dy = dA(t) - P(t)y, I(y) =0

has only the trivial solution. Let, moreover, there exist a positive number ¢ such
that an arbitrary solution of the problem

(1.21) dz = dA(t) - (P(t)z + Alf(t, 2) — P(t)z]),
(1.22) I(x) = All(x) = h(2)]
admits the estimate (1.7) for any A € ]0,1[. Then problem (1.1), (1.2) is solvable.

The following result is analogous to the well-known one belonging to R. Conti and
Z. Opial for boundary value problems for ordinary nonlinear differential equations
(see, [11], [14], [21]).

Corollary 1.3. Let A € BV([a,b],R™*™), f € Car([a,b] x R",R™; A) and let
a pair (P,1) € O% be such that

(1.23) |f(t, ) — P(t,x)x| < B(¢t, ||z||) fort € [a,b], € R"
and
(1.24) |h(z) — l(z,z)| < lo(|z]) + l1(]|z]|s) for € BV4([a,b], R™),

where € Car([a,b] x Ry ,R";A) is a nondecreasing in second variable vector-
function, ly: BV,([a,b],R") — R’ is a positive homogeneous continuous operator,
and I, € C(Ry,R"). Let, moreover,

(1.25) hm —/ dv (A B(r,0) = Oy, lim ) =0,.

—>oog

Then problem (1.1), (1.2) is solvable.
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By Yp(z) we denote the fundamental matrix of the system
dy = dA(2) - P(t,2(t))y
for every z € BV([a, b], R™), satisfying the condition Yp(z)(a) = I,,.

Corollary 1.4. Let A € BV([a,b],R™*"™), f € Car([a,b] x R",R™ A), P €
Car([a, b] x R™, R™*™: A) and let a continuous operator l: BV([a,b], R™) x BV([a, b],
R™) — R", satisfying conditions (i) and (ii) of Definition 1.5, be such that condi-
tions (1.23)—(1.25) hold, where 3 € Car([a,b] x Ry, R’ ; A) is a nondecreasing in the
second variable vector-function, lo: BV,([a,b], R ) — R} is a positive homogeneous
continuous operator, and I, € C(Ry,R"). Let, moreover,

(1.26) inf{|det(I(z, Yp(2)))|: = € BV,([a,b],R™)} > 0.

Then problem (1.1), (1.2) is solvable.

Remark 1.2. In Corollary 1.4 condition (1.26) cannot be replaced by the condi-
tion

(1.27) det(l(z,Yp(x))) #0 for x € BV([a,b], R™).

The corresponding example for ordinary differential systems, i.e., for the case when
A(t) = diag(t,...,t), was constructed in [16]. Basing on this example, it is not
difficult to construct analogous examples for the case when A(t) # diag(¢,...,¢t).
Consider the scalar boundary value problem

x(t) _
it 1) da(t), a(a) = a(b),

da(t) = (W

where a(t) =0 for a < t < cand a(t) =1 for ¢ < ¢t < b, and ¢ = (a +b)/2. This
problem is not solvable because z(a) < x(b) for every solution = of this equation.
On the other hand, in this case

1

det(l(z, Yp(z))) = 1+ ]z(c)|

for x € BV([a, b], R™).

Therefore, all conditions of Corollary 1.4 are fulfilled except condition (1.26), instead
of which condition (1.27) holds.
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2. AUXILIARY PROPOSITIONS
Lemma 2.1. Let oy, B € BVs([a,b],R) (k=0,1,...) be such that

lim [|Bx — fBolls = 0,
k— o0
lim sup varg(ak) < 00
k— oo

and

klirlgo(ak (t) — ag(a)) = ap(t) — ap(a) uniformly on [a,b).

Then

k—o0

lim / 6k(7)dak(r):/ Bo(7)dag(7) uniformly on [a,b].

Lemma 2.2. Let Y,Y), € BV([a,b], R"*™) (k=1,2,...) be such that

lim Y, (t) =Y(t) fort € [a,b)

k—o0

and
1Vi(t) = Ya()ll < i+ lg(t) — g(s)]| fora<s<t<b(k=1.2,...,

where I, > 0, I, — 0 as k — oo, and ¢: [a,b] — R™ is a nondecreasing vector-
function. Then
lim ||Y; —Y|s =0.
k—o0
The proofs of Lemmas 2.1 and 2.2 are given in [2] and [7], respectively.
Lemma 2.3 (Lemma on a priori estimates). Let go: BV([a, ], R) — BV([a, b],
R%) and ho: BV,([a,b],R}) — R’} be positive homogeneous nondecreasing and

continuous operators and, in addition, let go(y): [a,b] — R™ be a nondecreasing

vector-function for y € BV([a,b],R%). Let, moreover, (S, L) € Oy , . Then there

exists a positive number o such that every solution of the problem

(2.1) |dy — dBo(t) - y| < dgo(|yl) + dno(t),
(2.2) llo(y)| < ho(ly]) + Co

admits the estimate

(2:3) [ylls < eo(lIColl + lln0(b) = no(a)l])
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for every matrix-function By € £g, vector-functional ly € L, nondecreasing vector-
function ng: [a,b] — R™ and every number (, € R..

Proof. Let us assume that the statement of the lemma is not true. Then for
every natural £ there exist a matrix-function B, € £, a linear operator I € L,
a nondecreasing function 7y : [a,b] — R™, a number (; € Ry and a solution yj of
the problem

(2.4) |dyr — dBy(t) - yx| < dgo(|yxl) + dmw(?),
(2.5) Lk (k)| < ho(lyk) + C

such that

(2.6) lyklls = k(ICkll + 7% (6) — ne(a)])-

According to the definition of the set £g, for every natural k there exists a sequence
B, €S (i =1,2,...) such that

hm ||B]“‘ - Bk”s = 0.
1—> 00

Consequently, by Definition 1.3, the matrix-function By, satisfies the inequalities
(1.11) as well and so

(2.7) [Br(a)|l < 7o, [|Br(t) — Br(s)ll < @(t) — ¢(s)
fora<s<t<b(k=12,...).

Consequently, according to Helly’s choice theorem and Lemma 2.2, without loss of
generality we can assume that equality (1.9) holds for some matrix-function By €
BV;([a, b]), R"*™). In addition, by the definition of the set £ we have By € £2.

Let

1
= T Uk
[[Ylls

z(t) (t) and 7(t) (t) forté€a,b] (k=1,2,...).

=5 "k
llyls

Then

(2.8) lzells =1 (k=1,2,...).

On the other hand, by (2.4)—(2.6), for every natural k& we have

(2.9) |dzk — dBk(t) . Zk| < dgo(|zk|) + dﬁk(l‘,),
(2.10) (200l < hollzs]) + e
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and

(211) [4(0) — (e < 7,

where e is the vector all components of which are 1.
By the definition of solutions of generalized differential inequalities we find

(2.12)

a4(t) = 21ls) — [ aBu)- zk@)\ < et) — ik (s)
+ g0(|zk])(®) — go(Jzk])(s) fora<s<t<b(k=1,2,...)

and

|2k () = 21 ()| < e (t) = 7 (s) + varg (B) - [l2xls + go(|26])(2) — (lel)( )
fora<s<t<b(k=12...).

From this, (2.7), (2.8) and (2.11) we have

var® (z1,) < % + o(b) —¢(a) + go(e)(b) — gole)(a) (k=1,2,...)

and therefore, according to Helly’s choice theorem and Lemma 2.2, without loss of
generality we can assume that

(2.13) lim ||z —ylls =0

k—o0
for some y € BV([a, b], R™). It follows from this and (2.8) that
(2.14) lylls = 1.

Further, it is clear that

/dBk Zk /dBO
/dBk Zk /dBk

/adBkm (7)—/a dBo(r) - y(7)

+

< varg(By) - [z = ylls +

/ ABy(r) () / " 4Bo(r) ()

fora<t<b(k=1,2,...).
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Applying Lemma 2.1, from this, taking into account (1.9), (2.7) and (2.13), we find

t t
lim / dBy(7) - z1(7) = / dBy(7) - y(r) uniformly for a < ¢ < b.

k—o0

By this, (2.11) and (2.13), from (2.12) we conclude

< 90(lyD () = g0([y))(s)

fora<s<t<b(k=1,2,...),

‘mw—yw»—Ltﬁ%vaw)

i.e., y is a solution of the system of generalized differential inequalities
(2.15) |dy — dBo(t) - y| < dgo([yl)-

On the other hand, in view of (2.8) and (2.10)

(2.16) |1k (z)| < ho(e) + %e.

Therefore, without loss of generality we can assume that the sequence li(zx) (k =
1,2,...) is convergent. Moreover, because of (1.12)

i) — @l = Ik — )] < Eollze — wlls
From this and (2.13), passing to the limit in (2.16) as k — oo, we obtain that
lo(y) = lim lk(zx) = lim lx(y) < ho(e).
k—o0 k—o0

Consequently, inequality (1.14) is valid.

We obtained that y is a solution of problem (1.13), (1.14), where ly) € £7(y). So
that, due to condition (iii) of Definition 1.3, we have y(t) = 0. But this contradicts
the condition (2.14). The lemma is proved. O

The following lemma is analogous to Lemma 2.3 for the set O ,.
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Lemma 2.3'. Let (P,l) € O%. Then there exists a positive number ¢ such that
every solution of the problem

|dy — dBo(t) -yl <dno(t), [lo(y) < Go

admits the estimate

[ylls < eolllColl + lIm0(b) = no(a)l])

for every pair (Bo,lo) € £} p;, a nondecreasing function no: [a,b] — R™ and every
number {p € R..

Proof. The proof of this lemma is the same as the proof of Lemma 2.3, where
we assume S = £¢ and £ = {l(x,-): € BV([a,b],R™)}. Let y and By be the vector-
and matrix-functions, respectively, appearing in the proof of Lemma 2.3. Then, in
this case, the system of inequalities (2.15) coincides with the system (1.18), and the
vector-inequality (1.14) coincides with the equality

(2.17) lim |l(zk,y)] =0
k—o0

for some sequence zj (k=1,2,...) from BV([a, ], R™).

Let now y1,...,yn be a fundamental system os solutions of system (1.18). By
condition (ii) of Definition 1.4, we can assume without loss of generality that the
sequence l(zg,ym) (k = 1,2,...) is convergent for every m € {1,...,n}. Let an
operator lp: Qp, = R™ be defined by

l()(Z) = Z Cm, kh_?()lol(xk7ym)7
m=1

n
where ¢y, ..., ¢y, are the numbers such that z(t) = > ¢pnym(t). Hence, due to
1

m=
(2.17) and Hahn-Banach’s theorem, y is the solution of problem (1.18), (1.19). So
that, in view of condition (iii) of Definition 1.5, we have y(t) = 0 just as above, since
(Bo, lo) S SZ,P,l‘ O

3. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1.1. Let £ and &y be the functions appearing in Definition 1.1
and corresponding to the consistent pair (P,1).
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Set

v(t) = 2n*0&(t, 20) + sup{ [l f(t,y)||: y € R, |lyll < 20},

Y0 = 2080(20) +sup{[[h(y)]: llylls <20},
1 for 0 < s < p,
(3.1) o(s) =< 2—s/p for p<s < 2p,
0 for s > 20;

(3-2) a)(t) = a(llylls) - (& y(0) — Pt y()y(t))
for t € [a,b], y € BV([a,b],R"™)

and

(3:3) co(y) = a(llylls) - (1(y,y) = hly)) for y € BV([a, b], R™).

Then v € L([a.b], R; @), 70 < co and the inequalities

(3.4) law) (@)l <~(t) fory € BV([a,b],R")
and
(3.5) lco)l| <o for y € BV([a,b],R™)

are valid for p(a)-almost all ¢ € [a,b] and for ¢ € D,,.
For an arbitrary fixed y € BV([a, b], R™), let us consider the linear boundary value
problem

(3.6) dz = dA(t) - (P, y()z +q(y)(1), Uy, z) = coly).

By virtue of condition (iii) of Definition 1.1, the homogeneous problem

(3.7) de =dA(¢) - P(t,y(t)x, I(y,x)=0

has only the trivial solution. Therefore, by Theorem 1.1 from [9] problem (3.6) has
a unique solution z. In view of (1.4) and (3.4)—(3.6), this solution admits the estimate

el < 5oty i+ [ lawonda ) < (%Jr/llq llda(0)

and, therefore,

(3.8) l[z]ls < 7o,
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where
ro = B0 +7L.a)
On the other hand, by the definition of solutions and (3.4), (3.5) we have

b
/ dA@)%U%ty@DIWw@H+¢ﬂyﬂﬂDH

var® (z) < ‘

b
<m/HHMMMMMU+Mhm

i.e., by condition (ii) of Definition 1.1, we find

b
(3.9) varg () < 7’0/ (¢ Nlylls) da(®) + [l z.a-

Let now
U ={y eBV([a,b],R"): |lylls < ro, vary(y) <},

where

L,a-

b
m:m/ﬂMMMM@+M|

Let w: BV([a,b],R™) — BV([a,b],R™) be an operator which to every y €
BV([a, b], R™) assigns the solution z of problem (3.6).
Let y € U and = = w(y). Then by (3.8) and (3.9) we have

lw(®)lls < 7o
and
(3.10) varg (w(y)) <71,
ie. w(y) € U. So
(3.11) w(U) C U.

It is evident that U is a closed and convex subset of BV, ([a, b], R™).
Let us show that w is a continuous operator with respect to the norm ||-||,.
Let a sequence y, € U (k=0,1,...) be such that

(3.12) lim {lyx — yollo = 0.
k—o0

Then

lim ||yx — yols =0
k—o0
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and by (3.3)

(3.13) lim co(yx) = co(vo),
k—o0

since the operators [ and h are continuous with respect to the norm ||-||s. Let now

A0 = [ @) P (=01,

Then

A1) /’wf P(7,y0(7) — P, yo(7)
fort € [a,b] (k=1,2,...).

Moreover,
b

lim [ dV(A)(7) - |P(r,yr(r)) — P(7,y0(7))| = 0

k—oo [,

because P € Car([a,b] x R™ R™"*™; A) and, therefore, according to the Lebesgue
theorem

lim Ag(t) = Ag(t) uniformly on [a, b].

k—o0

Using condition (ii) of Definition 1.1, we obtain

b
varl (I, + Ax) <b—a —|—/ &(ryr)da(r),

where r is some large enough positive number, independent of k. Consequently,
taking into account (3.13), condition (iii) of Definition 1.1 and the fact that the
vector-functionals {(yx,-) (k = 0,1,...) are continuous on the space BV;([a, b], R™),
we conclude that the conditions of Theorem 1.1 from [5] are fulfilled for Hy(t) = I,,
(k=0,1,...). Due to this theorem,

(3.14) lim ||z — z||s = 0.

k—o0
Let us show that

(3.15) lim ||z, — z||, = 0.
k—o0
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We have

wx(t) — 2(t) — (zr(s) —x(s)) = / dA(7) - P(7, yx (7)) (2 (7) — (7))
+/ dA(7) - (P(7,yk(7)) — P(7,y(7))x(T)

—l—/ dA(T) - (qlyp) (7)) —q(y)(7)) fora<s<t<b(k=1,2,...).

From this and condition (ii) of Definition 1.1 we conclude

Varb( k— ) <n2||:ck—x|\5/ &(r,mo + 1) da(7)

(1 + [lz[ls)

/dv \P(r,u(r)) — P(r,y(r)

+t£deﬂﬂ-@@wﬁﬂ_“w“»H

for any large enough natural k. From this, due to conditions (3.12), (3.14) and the
Lebesgue theorem, condition (3.15) follows. So w is continuous with regard to the
norm ||||,-

Let us verify that the set w(U) is precompact. Consider an arbitrary sequence of
functions yi, (k = 1,2,...) from U. As above, assume x; = w(yx) (k = 1,2,...).
Then by (3.9) and (3.10) the sequences zj (k=1,2,...) and yx (k = 1,2,...) satisfy
the conditions of Helly’s choice theorem. Therefore, there exist vector-functions
Zo, Yo € BV([a, b], R™) and a sequence of natural numbers k; (i = 1,2,...) such that

(3.16) lim ay, (t) = x0(t) and lim yg,(t) = yo(t) for t € [a,].
71— 00 11— 00

Taking into account these equalities and passing to the limit as ¢ — oo in the equal-
ities

Lk, (t) = Tk, (a‘) + / dA(T) ) (P(Tv Yk; (T))xkz (T) + Q(ykz)(T)) for t € [av b]v

according to the Lebesgue theorem we find

o (t) = wo(a) +/ dA(7) - (P(7,90(7))20(7) + 4(y0)(7))  for ¢ € [a,b].

998



Hence

2k = zollo < [lzx; (@) = 2o(a)]

b
+y/dvuxﬂwpwwmvmwmxﬂ—xaﬂ
b

/dvmmwumﬂ%mw—P@mwmwmvn+m%Mﬂ—«mmww

a

+

From this, using the Lebesgue theorem, in view of condition (ii) of Definition 1.1
and (3.16), we have

hm ||J,‘k7 — J?()Hv =0.
i— 00

Consequently, the set w(U) is precompact in the space BV, ([a,b], R™). Therefore,
owing to Schauder’s principle, there exists x € U such that

x(t) = w(x)(t) fort € [a,b].
By equalities (3.2) and (3.3),  is obviously a solution of problem (1.5), (1.6), where
(3.17) A =o(||z]s)-

Let us show that the function z admits the estimate (1.7). Suppose the contrary.
Then either

(3.18) o < lz|ls < 20
or
(3.19) lz]ls = 20.

If we assume that inequality (3.18) is fulfilled, then because of (3.1) and (3.17)
we find that A € ]0,1[. However, by the conditions of the theorem, in this case we
conclude that estimate (1.7) holds. But this contradicts condition (3.18).

Suppose now that inequality (3.19) is fulfilled. Then by (3.1) and (3.17) we es-
tablish that A = 0. Hence, x is a solution of problem (3.7). But this is impossible
because problem (3.7) has only the trivial solution. The above obtained contradiction
proves the validity of estimate (1.7).

By virtue of (1.7), (3.1) and (3.17) it is clear that A = 1. Therefore, z is a solution
of problem (1.1), (1.2). The theorem is proved. O

599



Proof of Corollary 1.1.  Let § = €} p and £ = {l(z,-): € BV([a,b],R")}.
Then condition (P,l) € O is equivalent to condition (S,£) € Of,. So, due to
Lemma 2.3, the pair (P,[) is consistent. Therefore, the corollary follows from The-
orem 1.1. The corollary is proved. O

Proof of Corollary 1.2. Let the matrix-function P and the linear operator [ be
defined by P(t,z) = P(t) and {(z,y) = {(y). Then by Definition 1.5 the condition
(P,1) € O is fulfilled if and only if problem (1.20) has only the trivial solution.
In addition, problem (1.5), (1.6) is equivalent to problem (1.21), (1.22). Therefore,
Corollary 1.2 follows from Corollary 1.1. The corollary is proved. O

Proof of Corollary 1.3. Let S and L be the sets defined in Corollary 1.1. Then
due to Lemma 2.3" and conditions (1.23), (1.24) there exists a positive number g
such that an arbitrary solution x of problem (1.5), (1.6) admits the estimate

for any A €]0, 1.
According to condition (1.25), there exists a positive number p; such that for, any
A€1]0,1],

b
(3.20) lzlls < >\Qo<||11(||$||s)|| + ‘/ AV (A)(r) - B(7, [lz[ls)

B2)  w(ln)+ /ade(A)(T)-B(T,@)H><g for 0 > 1.

If we assume that

lz]ls > o1,

then by (3.21) we find

b
2o (nzl(mus)n T \ [ v siefel.)

) < el

which contradicts (3.20).

Hence we have

lz]ls < o1

Consequently, estimate (1.7) holds for every solution z of problem (1.5), (1.6). In
addition, the number p; does not depend on x. So the corollary follows from Theo-
rem 1.1. The corollary is proved. O
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Proof of Corollary 1.4. Let us show that problem (1.18), (1.19) has only the
trivial solution for every pair (By,lo) € & p, appearing in Definition 1.5.

Let 21 (k = 1,2,...) be the sequence such that conditions (1.15) and (1.16) are
valid.

Due to Theorem 1.1 from [5] we have
(3.22) lim Yp(ar)(t) = Yo(t) uniformly on [a,b],
k—o00

where Yy is the fundamental matrix of system (1.18) satisfying the condition
Yo (a) = In
In view of (1.16), (3.22) and conditions (i) and (ii) of Definition 1.5 we have

[l(zk, YP(2k)) — lo(Yo)|| < Iz, Yo) — lo(Yo)|| + [1(zk, YP(2k) — U(zk, Yo)|l
< @k, Yo) — lo(Yo)ll + o sup{[|Yr(2x)(t) — Yo(t)[|: t € [a,0]} — 0
as k — oo.

Thus
lim l(:[:k, Yp(xk)) = lo(Yo)
k—o0

and, therefore,
lim det(l(zk, Yp(zx))) = det(lo(Y0)).

k—o0

This implies that inequality (1.26) is equivalent to the condition det(lo(Yp)) # 0 for
every (Bo,lo) € £} p,;- Therefore, problem (1.18), (1.19) has only the trivial solution.
So condition (P,1) € Of is fulfilled. Consequently, Corollary 1.4 is equivalent to
Corollary 1.3. The corollary is proved. ([

4. THE THEOREM ON SOLVABILITY OF PROBLEM (1.1), (1.3)

As mentioned in Section 1, we investigate problem (1.1), (1.3) under the assump-
tion that the vector-function f: [a,b] x R™ — R™ satisfies the Carathéodory condi-
tions, and the operators t;: BV;([a,b], R") — R™ (i = 1,2) and B: BV([a,b], R") —

R™*"™ are continuous.

Let f(t,l‘) = (fl(tvx))lnzh A(t) = (all( )zl 1s ail() = alzl( ) - a2il(t)v where
a1i1(t) = v(ay)(t) and ag;(t) = v(ay)(t) — ay(t) (1,0 = .,n). Moreover, we

e Iy = {t1(x): v € BV4([a,b],R™)},

[B(x)llo = max{[|B(z)yl: y € R, [yl = 1}.
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Let the function g € L([a, b], R4+; ) be such that
—gt)A7a(t) Z0 and 1—g(t)ATa(t)#0 fort € |a,b)),

where « is the function defined in Section 1. This condition guarantees the unique
solvability of the Cauchy problem

dy = (=1 g1(t)yda(t) for t € [a,b], (=1)(t — ta(x)) > 0 (j = 1,2),
(4.2) V(t(2) =1

for every x € BV([a,b],R™) and this solution 7, ¢(t) is given by the formula (see

[12], [13])

exp </tl(x) g1(7) dsc(7)> tl(xl);[Tgt(l —g1(T) A a(1))”
x JI Q+gi(n)Ata(r)) forti(z) <t <b,
ti(z)<r<t
(4.3) Yoo (t) = exp| — t (1) ds (T 1+ g1(1)A"ar
o~ [ o)aso) I a+amaer)
x I ( )(1 —gi(m)Ata(r))™! fora <t <ti(z),
1 for t = t1(x).

Theorem 4.1. Let A € BV([a,b],R™*™), f € Car([a,b] x R™,R™; A) and let
there exist functions g1 € L([a,b], R4;a4) (6,01 =1,...,n) and g2 € L([a,b], R4; )
(i, =1,...,n) such that
(4.4) g(A a(t) <1 and gi(t)ATa(t) <1 fort € [a,b];

(4.5) (=)™ fi(t, 21, ... xn) sgn[(t — to)xs] < g1(8)|z] + g2(t)

for pi(so(ami))-almost all t € [a,b], t € D, ,, to € [a,b], (zk)f_, € R" (m =1,2;
,l=1,...,n);

(46)  —(A7A(to) - f(to, ), sgnz) < (q1(t)[|z + 92(t)) A" a(to) and
(AT A(to) - f(to, z),sgnz) < (g1(1)]|z]| + g2(t)) AT alto)
for ty € [a,b], x € R" (j =1,2);
and
(4.7) Ye(t2(2)) - [|B(2)llo <& fort € [a,b], x € BV([a,b], R"),

where v, (t) = 74,4(t) is the function defined by equalities (4.3).
Then problem (1.1), (1.3) is solvable.
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Proof of Theorem 4.1. For every z and y € BV([a, b], R™), we suppose

h(z) = z(t1(x)) — B(x) - 2(t2(z)) — co,
P(ta (E) =01 (t) Sgn(t - tl(x)) : Ina
Uz,y) = y(t1(z)).

Obviously, P € Car([a,b] x R™ R™"*"; A), the operator [: BV,([a,b],R™) x
BV,([a,b], R™) — R™ is continuous and the pair (P,1) is consistent.

By Theorem 1.1, to prove Theorem 4.1 it suffices to establish a priori boundedness
of solutions of the problem

(4.8) dz =dA®#) - (1 = N P(t,x)z + Af(t, x)),
z(t1(x)) = MB(x) - z(t2(x)) + co)

uniformly with respect to A € |0, 1].
Let = (x;)"_; be an arbitrary solution of problem (4.8), (4.9) for some A € ]0, 1].
Let ¢ € {1,...,n} be fixed. Then

n

dz;(t) = Z(l — N)g1(t)sgn(t — to)) - zi(t) day(t)

=1

+ Z Afl(tvxl (t)v s 7xn(t)) dail(t)a
=1

where t9 = t1(x). From this, by Lemma 2.2 from [8], we have

n

(4.10) {d|xi<t>| - [Z((l ~ N)ga(t) sgn(t — to) - Jax(t)| dv(au) ()

=1

+ ASgnxi(t)fl (ta xl(t)a s axn(t)) day (t)):| } Sgn(t - tO) <0

and

(411) A_|£L'i(t0)| 2 sgn {Ei(to) . Z fl(tO; (El(to), N ,xn(to))A_ail (to)
=1

and

A+|J)i(t0)| g sgnxi(to) . Z fl(to, Z‘l(to), e ,J?n(to))A+ail (to).
=1
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Using (4.5), from (4.10) we get
sgn(t — to) dl; (1)] < (1= A)gu(t) Y Jaa(t)] dv(ain) (¢)
=1

+AD (g1 (®)] + g2(1)) dv(aa) (t)

=1

and, therefore,
sgn(t — to) d|a;(t) Z |1 (8)| dv(ay)(t) + A Zgg ) dv(ay)(t).

Summing over i the last inequality we find

(4.12) sgn(t —to) du(t) < (g1 (t)ult) + ga2(t)) da(t) (5 =1,2),

where u(t) = ||z(¢)]].
On the other hand, according to (4.6), (4.11) implies

A u(to) = (g1(to)u(to) + g2(t0)) A~ alto)

and
At u(to) < (g1(to)ulto) + g2(to)) AT o).

Taking into account these estimates, (4.4) and (4.12), due to Lemma 2.4 from [3] we
have

(4.13) u(t) <wv(t) fort € [a,b],
where the function v is the unique solution of the Cauchy problem
dv = (=1 (g1(t)v + g2(t)) da(t) for (~1)(t —to) > 0 (j = 1,2), v(to) = u(to).

According to the variation-of-constants formula (see Corollary I11.2.14 from [24])
we get

o(t) = ga(t) sgn(t — to) + ’Yz(t){u(to) ~ [ a1 ssnts —10) dms)} for t € [a,B].

to
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From this, using the formula of integration-by-parts (see Theorem 1.4.33 from [24])

we obtain

(4.14) U(t)Z’Y:c(t)U(to)-F%(t){ [ o7 e - 3 a6 i

to<s<t

+ Z d2v, ' (s) daga(s )} for tg <t < b.

to<s<t

On the other hand, (4.1) yields the equalities

Ay (1) = = 1)1+ gi(t) djet) P (t) djalt)  for to <t < b.

Taking into account these equalities, from (4.14) we conclude that

o(t) = vz ()u(to) + / Y2 (t)v5 1 (s) dA(gL, g2)(s) for tg <t < b,

to

where g (¢ fto g1 (T (1) for t € [a,b].
Analogously we show that

U(t):'Y:c(t)u(tO)_/ Yo ()7, (s) dA(G1, g2)(s) for a <t < to.

to

So, by (4.13)

(4.15) u(t) < vz (tulto) +

to

/%<t> L(s) dA(di. g2)(s)| fora<t<b.

Due to (4.3) and (4.4), it is evident that the function 7, is nonincreasing on the

interval [a, 9] and nondecreasing on the interval [tg, b]. In addition, in view of (4.2),

we get
(4.16) v(t) =1 fort € [a,b].

Besides, by (4.3) and (4.4) we have

ln('yx(t)):/t ) dso(r Z (1 — g1(r) dra(r))
+ 3 (1 +g1(r) doa(r)) < / g1(7) dse(7)

to<T<t a

- Z In(1 — g1(7) dra(7)) + Z In(1+ g1(7) daa(7)) for tg <t <b

a<t<t a<T<t
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and, consequently,
(4.17) In(v,(t)) <In(y.(t)) forto <t <D,
where 7, is the unique solution of the Cauchy problem

dy(t) = g1 (t)y(t) da(t),  ~(a) = 1.

Analogously we show that
(4.18) In(v, (%)) < In(y*(t)) fora <t < to,
where v* is the unique solution of the Cauchy problem
dy = —gi(t)yda(t), ~(b) =1

On the other hand, ~, and v* € BV([a,b],R). From this, it follows that 4 €
BV([a,b], R), where 4(t) = max{~.(t),7*(t)}. Therefore, due to (4.17) and (4.18),
we have

(4.19) Y (t) < o1 fora<t<b,
where g1 = ||7]|,- It is evident that the number ¢, does not depend on x.

By (4.15) and the equality ¢o = ¢;(x), it is obvious that

ta(x)
(4.20)  u(tz(x)) < 7alta(z))u(ts(z)) + /t Ya(t2(2))7; " (5) dA(a, g2)(s)]-

1()

Besides, condition (1.3) guarantees the estimate

(4.21) u(ty(x)) < [1B(@)lo - u(ta(z)) + [lcoll-

Inequality (4.20), with regard to (4.16), (4.19) and (4.21), implies
u(tz(x)) < dultz(x)) + erllcoll + |Ale, 92)(b) — Ala, g2)(a)])-

Hence,

(4.22) u(tz(2)) < o2,

where g2 = (1 —68)71o1 - (leol| + |A(e, g2)(b) — A(ev, g2)(a)]). However, as is clear
from (4.7) and (4.16),

1B(z)llo < 07 (t2(2)) < 6.
According to this inequality, (4.15), (4.21) and (4.22) imply the estimate (1.7), where
0= 01(002 + ||col| + [A(d1, g2)(b) — A(d1, g2)(a)]) is a positive constant which does
not depend on A and z. The theorem is proved. O
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