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Abstract. Let A, g (resp. A;hd) be the simplicial complex and the facet ideal I, 4 =
(1. g, Tg—kq1 -+ T2d—kr - s Tn—d41---Zn) (resp. Jp g = (T1.. .2, Tg—g41 - - T2d—k>
oy Tp—2d+2k+1 - Tn—d+2k> Tn—d+k+1---TnTl ... .Tk)) When d = 2k + 1, we give the
exact formulas to compute the depth and Stanley depth of quotient rings S/J,, 4 and S/ If% d
for all t > 1. When d = 2k, we compute the depth and Stanley depth of quotient rings
S/Jy.q and S/1,, 4, and give lower bounds for the depth and Stanley depth of quotient rings

S/1}, 4 for all ¢ > 1.
Keywords: monomial ideal; facet ideal; depth; Stanley depth
MSC 2010: 13C15, 13P10, 13F20, 13F55

1. INTRODUCTION

Let K be a field and S = K|[zy,...,x,] the polynomial ring over K in n variables.
Let M be a finitely generated Z"-graded S-module. A Stanley decomposition D of
M is a finite direct sum of K-vector spaces

D: M= @uiK[Zi],
i=1
where u; € M is homogeneous and Z; C {z1,...,z,}, ¢ = 1,...,r, and its Stanley
depth, sdepth(D), is defined as min{|Z;|: i =1,...,r}. The number
sdepth(M) = max{sdepth(D): D is a Stanley decomposition of M}

is called the Stanley depth of M.
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Stanley conjectured in [13] that sdepth(M) > depth(M) for any Z™-graded S-
module M. There are many researches on this conjecture, especially when M has
the form S/I or I with I a squarefree monomial ideal of S, e.g., [1], [8], [11], [12].
In [6], Duval et al. constructed an explicit counterexample to disprove the Stanley
conjecture for S/I, where I is a monomial ideal of S. Thus the Stanley conjecture
is open for monomial ideals I C S.

Let A C 2[" be a simplicial complex. Each element of A is called a face of A, and
a face F is called a facet if F is a maximal face with respect to inclusion. Let F(A)
denote the set of facets of A. If F' € F(A), we denote zr = [] z;. Then the facet

T
ideal of A is a squarefree monomial ideal I(A) of S, I(A) = j(i‘pl F e F(A)). The
facet ideal was studied by Faridi in [7] from the depth perspective. In this paper, we
consider depth and Stanley depth of I(A) of some classes of simplicial complexes.

A line graph of length n, denoted by L,, is a graph with the vertex set V = [n]
and edge set £ = {{1,2},{2,3},...,{n—1,n}}. The depth and Stanley depth of the
edge ideal associated to L,, (which is in fact the facet ideal of L,,) were computed
by Morey in [9] and Stefan in [14], respectively. A cyclic graph C,, is a graph with
the vertex set V' = [n] and edge set E U {n, 1}. The depth and Stanley depth of the
edge ideal associated to C,, were computed by Cimpoeas in [5].

Let A, 4 be the simplicial complex with the set of facets F (A, 4) = {{1,2,...,d},
{d-k+1,d—k+2,....2d = k},....{n —2d+ k+1,n—-2d+ k+2,...,n —
d+k},{n—d+1,n—d+2,...,n}}, where n > d > k > 1. It is easy to see
that d — k | n — k. We denote the facet ideal I(A, 4) of A, q by I, .4, where
Ing=(1...Td,Td—k+1---T2d—ks- -+, Ln—d+1---Tp). When d =2 and k = 1, then
Ing=I(Ly).

Let A;l’d be the simplicial complex with the set of facets 7(A], ;) = {{1,2,...,d},
{d—k+1,d—k+2,...,2d—k},...,{n—2d+2k+1,n—2d+2k+2,...,n—d + 2k},
{n—d+k+1,....,n,1,...,k}}, where d > 2k > 2 and n > 3d — 3k. It is easy to
see that d — k | n. We denote the facet ideal I(A; ;) of A] , by Jy 4, where Jy, 4 =
(:L’l oo Xdy Xd—k4+1 -+ - L2d—ky -+ s Tn—2d+2k+1 ++ - Tn—d+2ks Tn—d+k+1---Tnd1 ... xk) If
d=2and k =1, then J,, ¢ = I(Cy).

The followings are our main results, which generalize some results of [5], [9], [14].

Theorem 1.1. Let d > 2k + 1. Then

(1) sdepth(S/I}, ;) = depth(S/I}, ;) =n — o=k for all t > 1,

(2) sdepth(S/Jp,q) = depth(S/Jn.a) = n — 7.
Theorem 1.2. Let d = 2k. Then

(1) sdepth(S/I, a) = depth(S/Inq) = 2" + [28],
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(2) depth(S/I} ;) > max {1, (d_dQ)" + [22=ddTY for all ¢ > 1, sdepth(S/I} ;) >
max {1, (df)” + [Z=ditd ) for all t > 1

(3) depth(S/J, ) = {22 4 [222d],

sdepth(S/J,, d) = (d_dQ)" + [2249] for & = 0 (mod3) and & = 2 (mod3),
(d=2)n 2)" + [2224] < sdepth(S/Jn,a) < (djiz)" +[22] for & =1 (mod3)

2. DEPTH AND STANLEY DEPTH OF THE FACET IDEALS

First, we recall a well-known result, referred to as the Depth lemma, that will be
heavily used in the proofs in this article. Two different versions of the lemma will
be used in this article, so both are stated here for ease of reference.

Lemma 2.1 (Depth lemma). Let S be a local ring or a Noetherian graded ring
with Sy local. If
0-A—-B—->C—=0

is a short exact sequence of finitely generated S-modules, where the maps are all
homogeneous, then ([15], Lemma 1.3.9):

a) If depth(B) < depth(C'), then depth(A) = depth(B).

b) If depth(B) = depth(C), then depth(A) > depth(B).

c) If depth(B) > depth(C), then depth(A) = depth(C) + 1
Also (see [3], Proposition 1.2.9):

d) depth(A) > min{depth(B),depth(C) + 1}.

e) depth(B) > min{depth(A), depth(C)}.
f) depth(C') > min{depth(A) — 1,depth(B)}.

In [12], Rauf proved the analog of Lemma 2.1 (e) for sdepth:

Lemma 2.2. Let 0 > U - M — N — 0 be a short exact sequence of finitely
generated 7"-graded S-modules. Then

sdepth(M) > min{sdepth(U), sdepth(N)}.

Next, we will discuss our main results in two cases.

2.1. The case d > 2k + 1. Let I C S be a monomial ideal. The big height of I,
denoted by bight(7), is the maximum height of the minimal prime ideals of I. The
arithmetical rank of I, denoted by ara([), is the minimum number r of elements of
S such that the ideal (a1, as,...,a,) has the same radical as I. It is well-known that

ht(I) < bight(I) < pd(S/I) < ara(l) < |G(1)],
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where pd(S/I) denotes the projective dimension of S/I and G( ) denotes the set of
minimal monomial generators of I. We see that |G(,, 4)| = 2= and |G(Jn,a)| = 72

A prime ideal P is associated to I if P = (I : ¢) for some monomlal c € 5. The set
of prime ideals associated to I will be denoted by Ass(S/I). The associated prime
ideals of a monomial ideal are monomial prime ideals. The set Min(S/I) consists of
all prime ideals that are minimal over I with respect to inclusion. It is known that
Min(S/I) C Ass(S/I). When [ is squarefree, Ass(S/I) = Min(S/I).

Our proofs of the main results make heavy use of the following lemma.

Lemma 2.3. P = ({EkJrl,$k+1+(d_k),$k+1+2(d_k), RN (En,dJrkJrl) S Min(S/In’d),
and P’ = (:L’kJrl, Th41+(d—k)» Tht142(d—k)s -+ > (En,dJerJrl) c Mln(S/de)

Proof. Let we have a; = 14 (i—1)(d—k)T24(i—1)(d—k) - - - Td+(i—1)(d—k) and b; =
Tp414(j—1)(d—k)> where i,j = ]., 2, ceey ZT_IIE Then In,d = (al, ag,y ..., a(n_k)/(d_k))
and P = (b1,b2,...,b(—k)/(d—k))- It is easy to see that b; divides a; if and only
if i = j, so I,,q C P. We assume that P is not minimal over I,, 4. Let Py C P
be a minimal prime ideal of I, 4. Since I, 4 is squarefree, Py C P is a monomial
prime ideal, and there exists a; such that none of G(Py) divides a;. Hence I,, 4 Q P,
a contradiction. Similarly, P’ is a minimal prime ideal of S/J,, 4. 0

Proposition 2.4. bight(I,, ) = pd(S/I.4) = ara(l,.q) = |G(Iq)| = Z=£.

Proof. Let we have P = (Thy1,Tht14(d—k) Tht14+2(d—k)s- -1 Tn-diktl) €
Min(S/I,,4) and ht(P) = 2=% by Lemma 2.3. Then 2% < bight(l,4) <
O

d
pd(S/In,q) < ara(ly q) < |G(In.a)| = 2=%. Now the result is clear.

Now, we give the exact formulas for sdepth(S/I, 4) and depth(S/1I, q).

Theorem 2.5. sdepth(S/I,, q) = depth(S/I, 4) =n — Z%’;.

Proof. Since |G(Inq)| = Z=F, by [4], Proposition 1.2, we have sdepth(S/1I,, 4) >
n— 2=k, On the other hand, there exists a prime ideal P 6 Ass(S/1,,.q4) such that

ht(P) 4% by Lemma 2.3. Then sdepth(S/I,, 4) < n—2=F by [8], Proposition 1.3.
By the Auslander—Buchsbaurn formula and Proposition 2.4, we get depth(S/1,,,q4) =
0= pd(S/Ina) =n - 4% -

The following corollary states that the Stanley inequality holds for I, 4.

Corollary 2.6. sdepth(l,q) >n — |_2(d k)J depth(I,,q).

Proof. Since |G(Inq4)| = Z=£, it follows that sdepth(l,q) > max{l,n —
12GUna)ll} =n— LQ&_ 7l =n— 2% 41 = depth(I,,q4) by [10], Theorem 2.3, and
Theorem 2.5. g
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Next, we present a main result.

Theorem 2.7. For all t > 1, sdepth(S/I}, ;) = depth(S/I}, ;) = n — 5=¢.

Proof. We useinduction on nandt. If n = d, then I, ; = (xf ...x}) is principal.
It follows that sdepth(S/I} ;) = depth(S/I} ;) =d—1=d— 9=k for all t > 1.
Assume that n > 2d — k in the following.

If ¢t = 1, the result holds for all n by Theorem 2.5. Now let t > 2. We denote
U= Tpedtl - Tn—dik, UV = Tpn—d+k+1 - - - Tn, and consider the short exact sequence

0— S — S — S — 0.

(Ifhd D uw) (Iﬁhd ;) ((Irtud ), u)

Let G(In,a) = {a1,a2,...,0(n—k)/(d—k)}, the same as in the proof of Lemma 2.3,
w . t—1
and w e G(I'fl,d) If a(n,k)/(d,k) | w, then m S G(I’fl,d : ’LL’U) N In,d I
An—k)/(d—k) { w and a,_ay/@a—r) | w, then & € G(I}, ; : uv) and 7{1(”’_;)”/“_,6) | 2,
m IS Ifl,_dl' If Q(n—k)/(d—k) tw and A(n—d)/(d—Fk) t w, then % € G(Ifl’d :

uv) and w must be divisible by some element of If;dl. Hence (I}, ; : uv) C I T
follows that (I}, ; : uv) = Ifl:il. /

We get sdepth(S/(I}, ; : uv)) = sdepth(S/If;dl) = n—2=% by induction hypothesis
on t. Similarly, we prove that depth(S/(I}, ,: uv)) =n — ok

Since u divides any element of G(Iﬁ%d) which is divided by a(,—)/a—r) or

where

An—dy/(d—k)> We get (I, 4 v),u) = (I}, 9440545 u). Notice that u is regular
on S/I', 54 o145, hence the induction hypothesis on n and [8], Lemma 3.6, imply

that

Sp—
sdepthg(S/((I} 4 : v),u)) = sdepths, .., (ﬂ) +(2d—2k)—1

It
n—2d+2k,d
— (n—2d+2k)— " jf/ﬁ ko od— k-1
n—=k
—n— 1
gkt

where S,,_o4yor = K[z1,...,Zn_2d+2k]. Similarly, depth(S/((Iﬁm tv),u)) =n—

4=k + 1. Then we have sdepth(S/(I}, 4 : v)) = n — 2= and depth(S/(I}, ; : v)) =

n— % by Lemma 2.1 and Lemma 2.2.
Since v divides any element of G(I}, ;) which is divided by a(,—x)/a—r), (I}, 4,v) =
(I} 4y r.qS,v). Noting that v is regular on S/I} ;. ;S, by induction hypothesis

n
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on n and [8], Lemma 3.6, we get

Sn
sdepths (S (I}, 4, v)) = sdepths, ., (7"~ ) + (d — k) -

n—d+k,d
:(n—d+k)—%+d—k—l
___n—k
T Ak

where Sy, g1 = K[z1,...,2n—q1x]. Similarly, we get depth(S/(I}, ;,v)) =n — nok,
By applying Lemmas 2.1 and 2.2 to the short exact sequence
S S S

0= = 5 — — 0,
(Irtz,d L v) Irtz,d (Ifz )

we obtain sdepth(S/I} ;) > n — o=r and depth(S/1I} ;) =n — ok

From Lemma 2.3, P = (Tkt1,Thiit(d—k)s--->Tn—dikt+1) € Min(S/l,q) =
Min(S/T}, ;) € Ass(S/I}, ;) for all t > 1, and ht(P) = 4% Then sdepth(S/I}, ;) <
dim(S/P) = n — Z=% by [8], Proposition 1.3. This completes the proof. O

Proposition 2.8. bight(J, q4) = pd(S/Jna) = ara(Jn,q) = |G(Jna)| = 72%-

Proof. We have P = (Tki1, Thiit(d—k)s Tho142(d—k)s- - > Tn—dt2kt1) €
Min(S/Jp,a) and ht(P) = Z%¢ by Lemma 2.3. Then %+ < bight(J,4) <
pd(S/Jn,a) < ara(Jy,q) < |G(Jn,a)| = 725 The proof is completed. O

Theorem 2.9. sdepth(S/J,, q) = depth(S/Jn.q) = n — 7.

Proof. Since |G(Jn,a)] = 7%, by [4], Proposition 1.2, we have sdepth(S/J,,,a) >
n — %%. On the other hand, there exists a prime ideal P € Ass(S/.J, 4) such that
ht(P) = 7% by Lemma 2.3. Then sdepth(S/J,a) < n — 7% by [8], Proposi-
tion 1.3. By the Auslander-Buchsbaum formula and Proposition 2.8, we obtain
depth(S/Jpn.a) =n —pd(S/Jna) =n — 77%. O

The following corollary implies that the Stanley inequality holds for .J, 4.

Corollary 2.10. sdepth(J, q) > n — Lﬁj > depth(Jp,q)-

Proof. Since |G(Jy,q)|= 7%, we have sdepth(Jy,,q) > max{1, n—|3|G(Jn.4)||} =
n— LQ(d"_k)J >n — 7% +1=depth(J, 4) by [10], Theorem 2.3, and Theorem 2.9. [J




2.2. The case d = 2k. Let P C 2["! be a poset. If F, G C [n], the interval [F,G]

consists of all subsets X of [n] such that F C X C G. Let P : P = |J [F;,Gi] be
i=1
a partition of P, ie. [F;,Gi] N [Fj,G;] = 0 for all i # j. We denote sdepth(P) =

mﬁ{|Gz|} Also, we define the Stanley depth of P to be the number
re(r

sdepth(P) = max{sdepth(P): P is a partition of P}.
For o € N and o € P, we put
,PO,:{TE,PI |T|:Oz}, Pa,a:{TEIP(y:UCT}.

From the proof of [5], Theorem 1.9, we see that if o € P is such that Py, = 0,
then sdepth(P) < a. We recall the method of Herzog, Vladoiu and Zheng in [8] for
computing the Stanley depth of S/I and I, where I is a squarefree monomial ideal.
Let G(I) = {u1,...,us} be the set of minimal monomial generators of I. We define
the following two posets:

Pr= {a Cn]: u|ze = ij for some z} and Pg/r = 2\ Py
jEoT
From [8], Corollary 2.2, it follows that sdepth(I) = sdepth(P;) and sdepth(S/I) =
sdepth(Pg/ ).
Now, we give another main result of this article.

Theorem 2.11. sdepth(S/I, q) = depth(S/L, q) = @ + (3—3]

Proof. First, we show that sdepth(S/I, q) > depth(S/I, q) = % + [22] by
induction on n. If n = d, then I,, g = (x1 ...2q) is principal. Thus sdepth(S/1,,.q4) =
depth(S/I,q4) = d—1. If n = d+ k, we denote u := zj41 ... 24 and consider the

short exact sequence
0—S/(Ina:u)— S/Ihqa— S/(Inq,u) — 0.

Note that (Inq : w) = (1...2%, Tat1 - - - Tat+k), (In,d,u) = (u), and they both are
complete intersections. Thus sdepth(S/(l,,q : u)) = depth(S/(Inq : v)) = n — 2
and sdepth(S/ (1,4, u)) = depth(S/(I,.a,u)) = n—1. Then we get sdepth(S/I,, q4) >
depth(S/I,.4) = n — 2 by Lemmas 2.1 and 2.2.

Suppose that n > d + 2k and consider the short exact sequence

0— S —>i—> S — 0.

(In,d : Tr—dt1 - Tn—d+tk) In.q (In,d) Tr—d+1 - - - Tn—d+k)
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Then (In,d P Tp—d+1 - - .(En,dJrk) = (In,gk,dS, Tn—3k+1-+-Tn—ds Tn—d+k+1--- :L’n) =1T.
Since Tp—3k+1 - - - Tn—ds Tn—d+k+1 - - - T, 1S & regular sequence on S/I,_3i 4.5, by in-
duction hypothesis and [8], Lemma 3.6 we get

depths(S/I/) = depthg, ., (Snfgk/fn,?,kyd) + 3k —2

_ (d— Q)EZn—?)k) n [Q(n:;l?)k)w L3k_2

where S,,_s; = K[21,...,Zn_3k|. Similarly, sdepth(S/I") > @ + f%—:ﬂ

Also, we have (I, d, Tn—d+1 - - - Tn—d+k) = (In—d,dS, Tn—d+1 - - - Tn—g+k) := I , and
Tr—dt1 - - - Tn—d+k 18 regular on S/I,_44S. We deduce that

depthg(S/I") = depths, ,(Sn—a/In—a.4) +d—1
(d=2)(n—d) [2(n—d)
- d b Tl XA
_(d=2)n  r2n+4d
n d [ 3d W

by induction hypothesis and [8], Lemma 3.6, where S,,_4 = KJ[z1,...,Tn_q4]. Sim-
ilarly, sdepth(S/1") > =2 4 r204d] " Then sdepth(S/ly,q) > depth(S/In.q) =
W@=2)n 4 28] by Lemmas 2.1 and 2.2.

Next we only need to show that sdepth(S/1,, q4) < % +[22].

Let P = PS/[
cases.

L If2=1(mod3)ando={k+1,...,2kk+14+3k,...,2k+3k,....k+1+
(t—2)3k, ..., 2k + (t — 2)3k, k + 1+ (t — 2)3k + 2k, ..., 2k + (t — 2)3k + 2k}, then
Pot1,0 = 0. Thus sdepth(S/1,, q4) = sdepth(P) < .

2. If 2 =0 (mod 3)or =2 (mod 3),and o = {k+1,...,2k, k+1+3k,...,2k+
3k,...,k+1+(t—1)3k,...,2k+(t—1)3k}, then Poy1,, = 0. Thus sdepth(S/I, q4) =
sdepth(P) < a.

It follows that sdepth(S/ I, 4) < o = {=2 4 207, O

wot=[3p]and a = % + [22]. We consider the following two

Remark 2.12. Set d =2,k =1 in Theorem 2.11. Then we get depth(S/I,2) =
sdepth(S/ I, 2) = [4n], so our results generalize [9], Lemma 2.8, and [14], Lemma 4.
On the other hand, by the Auslander-Buchsbaum formula, we have pd(S/I,2) =

n — [4n], which coincides with [2], Proposition 3.1.1 (1).

As a consequence of Theorem 2.11, we get the following corollary.

Corollary 2.13. sdepth(l,,4) > n — %% ]| > depth(/p,q).
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Proof. Note that |G(I,q4)] = % — 1, which implies that sdepth(l,q) >
max{1,n — |1|G(L,4)|]} = n— |%] > depth(l,,4) by [10], Theorem 2.3 and
Theorem 2.11. O

The following proposition generalizes [9], Proposition 3.2, (where d = 2).

Proposition 2.14. depth(S/I}, ;) > max{l (d— 2) + (2” AT for all ¢ >
and sdepth(S/I}, ;) > max{l, (d_dQ)" + [2n=dird]y for allt >

Proof. Notice that (x1,...,%,) ¢ Ass(S/I} ;), hence depth(S/Ifl’d) > 1 for all
t > 1. By [4], Theorem 2.1, we also get sdepth(S/I} ;) > 1 for all ¢ > 1. Then

it remains to show that depth(S/I} ;) > (d_dQ)n + [22=20447 and sdepth(S/IL ;) >
(d=2)n | [2n—ditd /
g T IFm

The proof is by induction on n and t. If n = d, then I}, ; = (2 ... x}) is principal.
Thus sdepth(S/I} ;) = depth(S/I ;) = d — 1 > =24 4 [2ddthd] for q)) ¢ > 1. If
n=d+k, then I g = (x1...24, Tg41 - .- T3x). Next we use induction on j to show
that depth(S/Iid) >3(k—1)+[%52] and sdepth(S/Iid) > 3(k— 1)+ [%52] for all
i>1

If j = 1, then the results hold by Theorem 2.11. Let j > 2. We denote w; :=
Tl ---Td, W2 1= X411 - .. T3 and consider the short exact sequence

0—>,S —>.S —>,S — 0.

(Ifhd D wiws) (Ifl’d s ws) ((Ifl’d D wa), w)

Note that (Ii_d twiwe) = '71 from the proof of Theorem 2.7. We get depth(S/(Ii_d :
wiws)) = 3(k— 1+ ]'HW and sdepth(S/(I}, ; : wiwz)) = 3(k—1)+ (4%1 by induc-
tion hypothesis. Also, ((I;, ; : wa),w1) = (wl) is principal. Thus depth(S/((Iid :
wa),wy)) = sdepth(S/((IgL_d twz),wy)) = 3k — 1. Then depth(S/(Ii_d Dws)) =
3(k — 1) + [%52] and sdepth(S/(I] , : ws)) > 3(k — 1) + [%52] by Lemmas 2.1
and 2.2. We consider another short exact sequence

0 S S S 0
n,d - W2 n,d d» W2

n7

Since (17 pW2) = (27 .. xd,wg) is a complete intersection, depth(S/(Ij W) =

n,
sdepth(S/(I}, ;,w2)) = 3k — 2. Then we get depth(S/I; ;) = 3(k — 1) + f4 17 and
Sdepth(S/Ii )= 3(k—1)4[&L 3 1] by Lemmas 2.1 and 2.2,

Assume that n > d+2k. If t = 1, by Theorem 2.11 the results hold for all n. Now
let t > 2. We denote u := Tp—g+1 .- Tn—dtk, U = Tp—d+k+1 - - - Tn, and consider the

short exact sequence

(%) 0— 5 — S — 5 — 0.

(I} 4 uv) (I} 4 u) (I}, 4 s u)sv)

761



Let G(I,a) = {a1,a2,...,0(n—k)/(d—k) ), the same as in the proof of Lemma 2.3.
Note that (Ifhd Juv) = If;dl from the proof of Theorem 2.7. By induction hypothesis

on t,

depth(S/(Ifhd Juw)) = depth(S/If;dl)

> (d—d2)n+ Vn—d(;d— 1)+dw
_ (d—dZ)n+ {2n—§l§+2d‘|.

Similarly, sdepth(S/(Ifhd Tuv)) = (d7d2)n + f2"7§%+2d1.

Since v divides any element of G(Ifl’d) which is divided by a(,—x)/(a—k), we have
(I, g s u),v) = (I}, 4S : w),v). Noting that v is regular on S/(I},_, ;S : u), by [8],
Lemma 3.6, we get depths(S/((I}, ;: u),v)) = depths, , (Sn—r/(I},_} 4:u)) +k—1
and sdepths(S/((I}, ; : u),v)) = sdepths, , (Sn—r/(I} ;4 w)) + k — 1, where
Sn—r = Kl[z1,...,2n—k]. We denote w := x,,_3k+1...2,_q and consider another

short exact sequence

Sn—k Sn—k Sn—k
0— — — — 0.
(Iflf,“d D wu) (Irtsz,d ) ((Ifkk’d fu),w)

From the proof of Theorem 2.7, (Irtsz,d Jwu) = Iyt;lk,w By induction hypothesis,

depth(Sn_k/(I,tL_hd fwu)) = depth(Sn_k/If;lkyd)
> (d— 2)L§n —k) N [Z(n —k) _3Cfi(t -1)+ dw

(d —dZ)n n {Zn —Scclit+d1 Ch—1),

Similarly, sdepth(Sn_k/(Ifl_hd Jwu)) = (d_dQ)" + fQ"_:S(ét"'d] —(k-1).
We see that (I, 4 u),w) = (I}, 3}, 4Sn—k,w) := I, since w divides any element

of G(Ifkk’d) which is divided by a(,—a4)/(d—k) O @(n—3k)/(a—k). Noticing that w is
regular on Sn,k/IﬁL_3k7dSn,k, by induction hypothesis on n and [8], Lemma 3.6, we
get

depths, , (Sp—r/I") = depths, , (Sn—3k/I}_3p.a) + 2k —1

§ (d—2);n—3k)+ [Z(n—3l;)d—dt+d1+2k_1
(d-2)n 2n—dt+d
SR Sl B RN

where S,,_3r = K|[z1, ..., Zn_3k|. Similarly, sdepth(S,,_/I") > (d_dQ)”—l— [2n-ditd]_

(k —1). Thus we have depth(S,—r/(I}_; 4 :u)) > (djiz)n + [22=ditd] _ (K — 1) and
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sdepth(Sp—x/(I}, 44 u)) = (d_dQ)n + [22=di4d] _ (k — 1) by Lemmas 2.1 and 2.2.
It follows that depth(S/((I}, 4 : u),v)) = (djf)" + [2n=ditd] and

(d—2)n+[2n—dt+d]

sdepth(S/((I,tL,d tu),v)) = d 3d

By applying Lemmas 2.1 and 2.2 to the sequence (x), we get depth(S/(I}, ; : u)) >

(djf)n + [2n=ditd] and sdepth(S/(I}, 4 : u)) > (dj)” + [Zn=divd]

Finally, we consider the following short exact sequence

Oeiﬁie S —0
(I;d:u) In (IfL 2 '

Since u divides any element of G(Ifl’ ¢) which is divided by element a(,_x)/(a—k) Or
An—d)/(d—k), We get (I}, 4,u) = (I, _4 45, u). Noting that u is regular on S/I, _, ,S,

by induction hypothesis on n and [8], Lemma 3.6, we obtain

depthS(S/(Ifl!d, u)) = depthsnfd(Sn_d/Ifkd’d) +d-1

d—2)(n—d) r[2(n—d) —dt+d

2 d JJ 3d %Ld_l
(d=2)n [2n—dt+2d

-4 ‘% 3d ]

where Sy, g = K[z1,...,2n_a]. Similarly, sdepth(S/(I}, 4, u)) > (df)n + [2n=dit2d]
Now the results follow from Lemmas 2.1 and 2.2. O

Example 2.15. Let Ag4 be the simplicial complex with the set of facets
F(Aga) ={{1,2,3,4},{3,4,5,6}}. Then Is 4 = (x1222324, T3T4T5%¢) and we com-
pute that depth(S/I§,) = 4, while in this case (d_dQ)n + [22=dd] = 3. So the
bound for the depth given by Proposition 2.14 is not necessarily sharp.

Now we consider the depth and Stanley depth of S/J, 4. The next proposition
generalizes [5], Propositions 1.3 and 1.8 (where d =2, k = 1).

Proposition 2.16. sdepth(S/J,, 4) > depth(S/J,.q4) = @ + [2=4].

Proof. We use induction on n. If n = 3k, then we have J, 4 = (z1... 22,
Tkl .- T3ky T2t - - - L3KT1 . .. T). We denote u := Togt1 ...xs, and consider the
short exact sequence

0—=S/(Jna:u) = S/Ina—S/(Jnau) — 0.

Note that (Jy.q : u) = (@1... Tk, Tht1 - - - T2k)s (Jn,a,u) = (@1... 22k, u) and they
= p‘ﬂh(S/( nyd P U)) =
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3k—2 and sdepth(S/(Jp,4,u)) =depth(S/(Jp,q4,u)) = 3k—2. Hence sdepth(S/J,, 4) >
depth(S/Jy,.q) = 3k — 2 by Lemmas 2.1 and 2.2.
Suppose that n > 4k and consider the short exact sequence
S S S

0— - = = — 0.
(Jn,d cTn—k+1-- xn) Jn,d (Jn,(h Tn—k+1--- xn)

We denote w := Tp_g41...2n. Then (Jpq:w) = (T1... Tk, Tn_2k+1---Tnk,1'S),
where I' := (Tpq1... T3k, Tn—akt1 - Tn—2k) C S := K[Tpt1,...,Tn_2k), and
X1 ... Xk, Tn2k+1 - - - Tn—k 1S & regular sequence on S/I'S. By [8], Lemma 3.6, and
Theorem 2.11, we have

depthg(S/(Jn,a : w)) = depthg: (S'/I") + 3k — 2
= depthg, ., (Sn—Bk/In—3k,d) +3k—2
_ (d—2)(n —3k) 2(n — 3k)
= . + | FE k-2
_(d=2)n 2n
- +[5l

where S,,_3j, = K[xl, <oy Tp_3k|. Similarly, sdepth(S/(Jy.q4 : w))
(d=2)n 2)” [2

Also, (de, w) = (In—g,aS,w) and w is regular on S/I,_j 4S. By [8], Lemma 3.6,
and Theorem 2.11, we get

d—2 n
=2+ 15 >

depths(S/( n,ds W )) = depthsnfk(sn_k/fn_k’d) + k-1
(d—2)(n—k) 2(n — k)
- d el KA
_(d=2)n  r2n—d
ekl el

where S,,_x = K[z1,...,Zn—g]. Similarly, sdepth(S/(Jy,qa, w)) = @ + (%],
thus sdepth(S/J,.q) > (d=2)n 2)" + [22d d] by Lemma 2.2.
Now we c0n51der the depth If # =0 (mod 3) or ¥ =2 (mod 3), then @ +
] = @d=2)n 4 [2 47 so0 depth(S/Jn d) = (d=2)n 2)" + [2" 471 by Lemma 2.1.
Assume tha # =1 (mod 3). We have

(Jn,d : T—kt1---Tn)
Jn,d

= Tpoktl - Tnk(R/Q)[Tn—2k41,- -+ Tn—k)
P wn ki wak(Ri/Q) @1, Tk T ki Tk,
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where R = K[Z1,...,Zn—2k, Tn—k+1ls---sTn), @ = (Tn—38k+1 - Tn—2k, Tn—k+1 - - - Ty
Infgk’dS), Ri = K[xk;Jrl, ey T2k Tn—2k+1s---yLn—k—iyLn—k+1y--- ,:L’n], 1 < ) < k,
and Q1 = (Tkt1 .- Tok, Tkl -« Loy T2kt 1 « - - Ldky « -« y e a1 - - - Tn—2k). Using
the isomorphism and Theorem 2.11, we obtain that

depth(W) — min{depthp(R/Q) + k, depthr, (Ri/Q1) + (k +i — 1)}
= (d_2)iln_4k) + [2(713_6[4]6)} +Bk—i—2)+(k+i—1)
_(d=2)n 2n—d
- d [ 3d W

Now, applying Lemma 2.1 to the short exact sequence

(Jna:w) S s
0— 8 2 s — 5 — 50,
Jn,d Jn,d (Jn,d : ’U})

the proof is completed. ([

Corollary 2.17. sdepth(J,,q4) > n — 5] > depth(Jy q).

Proof. Since |G(Jna)| = %, we have sdepth(J, q) > max{1l,n—[$|G(Jnq)|]} =
n — 55| > depth(J, q) by [10], Theorem 2.3, and Proposition 2.16. O

The next theorem generalizes [5], Theorem 1.9.

Theorem 2.18. (1) sdepth(S/J, q4) = @ + [22=47 for 2 = 0 (mod3) and

7 =2 (mod3). (2) sdepth(S/Jp.a) < @ + [22] for 2 =1 (mod3).

Proof. Let P = Pg/s, ,» t = [5:] and o = @ + (275;‘11. We consider the

following two cases.

1.If =0 (mod 3)or z =2 (mod 3),and o = {1,...,k, 1+3k,... . k+3k,... 1+
(t—1)3k,...,k+ (t — 1)3k}, then Poy1,0 = 0. Thus sdepth(S/Jp q) = sdepth(P) <

— (d=2)n | r2n—d
a ==+ [F5%].

2. If =1 (mod 3)and o = {1,...,k,14+3k,...,k+3k,..., 1+(t—2)3k,... . k+
(t —2)3k,1 + (t — 2)3k + 2k,...,k + (t — 2)3k + 2k}, then Pyt2, = 0. Thus
sdepth(S/J,, q) = sdepth(P) < a4+ 1 = (df)n + [2t2d] = (df)" +[22].

Then the results follow from Proposition 2.16. O
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