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Abstract. We introduce modified (p, ¢)-Bernstein-Durrmeyer operators. We discuss ap-
proximation properties for these operators based on Korovkin type approximation theorem
and compute the order of convergence using usual modulus of continuity. We also study
the local approximation property of the sequence of positive linear operators D}, ,, , and
compute the rate of convergence for the function f belonging to the class Lip,/(7).
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1. INTRODUCTION AND PRELIMINARIES

During the last two decades, the applications of g-calculus emerged as a new area
in the field of approximation theory. The rapid development of g-calculus has led to
the discovery of various generalizations of several polynomials involving ¢-integers.
The aim of these generalizations is to provide appropriate and powerful tools to
application areas such as numerical analysis, computer-aided geometric design and
solutions of differential equations. Using ¢-integers, Lupag [13] introduced the first
g-analogue of the classical Bernstein operators and investigated its approximating
and shape preserving properties. Another g-generalization of the classical Bernstein
polynomial is due to Phillips (see [21]). Several generalization of well known pos-
itive linear operators based on g-integers were introduced and their approximation
properties have been studied by several researchers. Recently, Mursaleen et al. in-
troduced (p, g)-calculus in approximation theory and constructed the (p, ¢)-analogue
of Bernstein operators (see [17]) and (p, ¢)-analogue of Bernstein-Stancu operators
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(see [16]). Most recently, the (p, ¢)-analogue of some more operators has been studied
in [4], [2], [3], [7], [14], [15], [18], [19], [20] and [24]. The (p, q)-integer was introduced
in order to generalize or unify several forms of g-oscillator algebras well known in
the earlier physics literature related to the representation theory of single parameter
quantum algebras (see [8]). Let us recall certain notations and definitions of (p, ¢)-
calculus. Let 0 < ¢ < p < 1. For each nonnegative integer k,n, n > k > 0, the
(p, q)-integer [k]p.q, (p,q)-factorial [k], 4! and (p, ¢)-binomial are defined by

k k
b —q
klpq = ,
klp.q p—
[k] | [k]p,(I[k_l]pH"'lv k> 1,
P,q 1, k=0

and

{n] — [12]p,q!

k p,q (Kt n = Elpg!

In case of p = 1, the above notations reduce to g-analogues and one can easily see
that [n],, = p”_l[n]q/p. Further, the (p, ¢)-power basis is defined as

1

(z®a)y, = (z+a)(pr+ qa)(p°z + ¢*a)...(p" 'z + ¢"'a)

and

2

(xoa)y, = (z—a)(pr — qa)(p*z — ¢*a) ... (0" 'z — ¢"'a).

Also the (p, q)-derivative of a function f, denoted by D, ,f, is defined by

f(pz) — f(qz)

®-qz x#0, (Dpqef)0):= f'(0),

(Dp,qf)(@) ==
provided that f is differentiable at 0. The formula for the (p,q)-derivative of a
product is

Dpq(u(z)v(2)) = Dpq(u(z))v(q) + Dy q(v(2))ulgr).

For more details on (p, ¢)-calculus, we refer the readers to [11] and the references
therein. Let f be an arbitrary function and a € R. The (p, ¢)-integral of f on [0, a
is defined as:

/ f@)dpgt = (q— paif( ) kil
k=0
/ f@)dpqgt = (p _q)aki;of(qu a>pZ~kH
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For 0 < ¢ <p<1ands,teRT, (p, q)-beta integral is defined as:

1
(L.1) Bl 5) = / (1 - gyt dy g

In 2008, Gupta [10] introduced g-analogue of Durrmeyer operators as

12)  Dalfi =l 1Y) [ a0,
k=0

n

@) = || P

In 2015, Mursaleen et al. [17] introduced (p,q)-Bernstein operators and theirs
variant. For 0 < ¢ < p < 1, n € N and f € C|0,1], (p, q)-Bernstein operators are
defined as

(1.3 Bupalfi) =p 0025 ) (),

=0 []p.q

where bgf’kq) (x) is a basis of (p, ¢)-Bernstein given as:

) = ) et
p,q

Bernstein polynomials, their Durrmeyer variants and Szasz operators, which are
a generalization of Bernstein polynomials, have been studied intensively by many

researchers; for details one may refer to [1], [5], [22], [25].

In 2016, Sharma [23] introduced the (p,q)-Bernstein-Durrmeyer operators for
0<g<p<l,neNand feC0,1] as:

n

_ 1
(4)  Dupalfia) = o+ ™ 3020 @ (L) [ 000 @010 dyt

k=0 p
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2. CONSTRUCTION OF OPERATORS AND AUXILIARY RESULTS

We consider 0 < ¢ < p <1 and for any n € N, f € C[0,1] we define the modified
(p, ¢)-Bernstein-Durrmeyer operators for « € [0, 1] as:

k

1
e.) D (i) = Lt Lo oot ankp,q, 108

[]p,q

[n] q/[nJrl]p,q
X / b;,k(p, a;qt) f(t) dp,qt,
0

where 7, (p,¢;x) = [n+ 1]p,q/[7]p,qx. In case of p = 1 these operators turn out to
be the modified ¢g-Bernstein-Durrmeyer operators defined in [22] and if we replace
rn(g; ) by x, we get (1.2). Moreover, if we take r,(p, ¢; x) = x, we get (1.4).

For 0 <¢<p<1,néeNand f €Cl0,1], modified (p,q)-Bernstein operators are
defined as

n —k
(2:2) B:l,p,q(f; ) = p_n(n_l)/Q Z b:z,k(pv q; x)f(pi[k]pﬂ >7

k=0 (1]p,q

where

_ [n+1]2, [n [n] n—k
b* (p’ q;x) _ pk(k 1)/2 p,q |: ] {Ek Pe
mok nlz, Lk, ([n—l— pg )

p.q
— ph(k—1)/2 [n} ([n + 1]p,qx)k (1 B n+1]p,q x)n_k.
k p,q [n]p7q [n]paq p,q
Lemma 2.1. For 0 < ¢ <p <1 andn €N we have
.. * —nlnt1]pg
(ii) B (t;x) =p "——"x,
b [1]p.q
1 n—1 n—+1

(111) B*J) q( ,J)) — pfnfl [n +2]P7qx +p72nq[ ]p!q[g ]p qu

[n]p,q [n]p,q

Lemma 2.2. For0 < ¢ <p <1 and s,t € RT we have
Bpg(t,s) = ple~ D220 g (t,5),

where 3,/,(t, s) is q/p-analogue of beta function.
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Lemma 2.3. For s =0,1,2,3,... we have

[n]p,q/[n+1]p.q
/ b:z,k(pv q; qt )t dp,qt
0

_ [n];),tll (g)k sk pn(n+2s+1)/2 [n]p.q! [k + 8]pq! .
[n+ 135 \p [Klp,q! [n+ 5+ 14!

Proof. By Lemma (2.2), we have

[n]p,q/[n+1]p,q
/O rk (P @ )t dy gt

= -2 T o [n "’ 1]y {

qu

[n]p, q/[nJrl]p q p q n—=k
X /0 ( ’ ) dp,qt

n+1pq P,q

1
qk/ tk+5(1_ )n kdp,q
D,q 0

- P,

)5 5"
[+ 1055

kv

[’I’L—l— 1]s+1
[n]erl
_pk(kfl)/2 P,q k, (n—k)(n—k—1)/2—(s+k)

= P qp
m+135 Lk],,

X Bep(s +k+1,n—k+1).

— ph=1)/2

IP?‘S

— phlk=1)/2 0" Bpa(s+k+1n—k+1)

.w :.

- Pq

3 )

Using By(t + 1,5 + 1) = [t]pq! [slpq!/[s +t + 1pq and [n], 4! = pn(n_l)/Q[n]q/m we
get

[]p,q/[n+1]p.q
/ b;,k(Pv q; qt)t® dp,qt
0

ke-1y/2_ Mo [n}
s+1
[+ 150" Lk,

(k) (n—k—1)/2—(s+) [5 T Elg/p! [0 — klg/p!
[TL + s+ 1](1/1)!

=D

s

x q"p
k(k—1)/2 oy [n}
[n+105% Lk,
(n+s)(nts+1)/2—(s+k)(s+k+1)/2 [s + klp,q! [n — klp,q!
[n+s+1lpg
[”]Zle (g)kpfskpn(n+2s+1)/2 [n]p.q! [k + 8]p.q! .
[n+ 155" \p (Klp,q! [n+ 5+ 154!

=D

x ¢"p
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Lemma 2.4. For 0 < ¢ <p <1 andn €N we have

G Dn, (L) =1,
) D)= g 1), ),

[0+ pgln+2pq
(iii) D (o) = PO a0+ 0P+ Ly glnlf g
np,a(E5 [n+1]2 [0+ 2] g[n + 3]y,
2

q4[n + 1]12;,q[n]p,q[n —1p gz
[n+ 1]12),q[n +2]p,q[n + 3pq

Proof. By Lemma (2.3), we have

[n]p,q/[n+1]p,q
(2.3) / by k(P54 qt) dp gt
0

__[nlpg (2)’“ n(n+1)/2 1
[n+1pq \p [+ 1]pq’

[n]p,q/In+1]p.q
(2.4) / by k(P @ qt)t dp gt
0

2
(n]p.q (‘J)k —kpn(nt3)/2 [k + 1lp,q

[n+ 1]12),q p 7+ 1]pqln +2)pq

[n]p,q/[n+1]p,q 9
(2.5) /O by k(P @3 qt)t" dp gt

_ [n];.q (q>k ~2kpn(n+5)/2 [k +1pqlk +2]pq

[n + 1]2,(1 p [+ 1pgn + 2]pq[n + 3lpq .

(i) For 0 < ¢ < p < 1 we use the known identity from [17]:
n B n B B
> ptne [,J (ra(p, ¢ 2)" (1 = ra(p, g5 2)) " = p" 0/,
k=0 P,

Using equality (2.3) and Lemma (2.1) (i), we get

[n+1]2 2

* . _ P9 —n
Dnpallie) = []p,q
n
* AN A 1)/2 1
St (2 (o L
kzz:o ’k(pq ) p [N+ 1pg \p P n+1]pq

Consequently, this implies D, , (1;2) = 1.
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(ii) Using equality (2.4), Lemma (2.1) (ii) and [k + 1], 4 = p* + q[k]p.4, we get

o -

n,p,q

n+1]2

[+ 1]pq[n +2]p4

n _ 2
X Zb;ﬂhk(p,q;x)(%) k[[nﬁ(q> p—kpn(n+3)/2 [k?—l— 1];,,7(1
k=0

n _n? x -
[l p" pn(n+3)/22bn’k(p,q;x)p k(pk + qlk]p.q)

T [ Ul + 2 ra

[]p,q (—n®+3n)/2
— ) n n b ;
[n+1]pq[n+2] p Z n,k pvq

[n]?, q (—n2+3n)/2 Pkl
+ ’ PTG Y by (P gy ) o=
[n+1pqln+2]pq kZ:O mk (g

73,4

[+ 1]pq[n + 2], 4

["]p q "B
= : B (1
0t Uyl 2yg? Drralie) F

P+

[]p,q (5.4 " ( a1,

- [+ 1pgln +2]pq

_ []p.q
B [N+ 1]pq[n +2]p4

[+ 1pgln +2]p,4 []p,q

(" + aln + 1p.q).
(iii) Using equality (2.5), Lemma (2.1) (iii), we have

Dy, (%)
[n+1]7 p,q —n -k [n]g’q
T, Zb”kpq’ ( ) [+ 12,

9k n(n k4 1]p.41k+ 2],
% (Q) p2hpn(n+5)/2 [ Jp.al Jp.a
p [n 4+ 1pq[n + 2]pq[n + 3]pq

[l

T 12,0t 2pgln + 3lpg
x (pF + q[k]p.q) (P + @)p" + ¢ [Klpq)

= (r+q) [n]iq p(*n2+5’n)/2 zn: b L (p g )
[+ 1]12741[” + Z]p,q[n + 3];,,7(1 n,k\D> 45

k=0

k=0
n a(p +29)nl; , o +5n)/22b (g _’“[’C]m
[n+1]2 gIn + 2]pq[n +3]pq " [n]p.q
37,14 _
*[nlpq pn 245n)/2 [k]p.q
+ : bn p7 q,T —"
[n+ 1];:2;,q[n + 2]p,q[n + 3]p,q Z * ( [n]p.q

n
2 N _
D,q p(fn +5n)/2 Z bn,k(p7 q; x)p 2k

p"qB,, ;. 4(t;7)

")

;
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P ((p+ Q)2 B .o (12) + q(p + 29)[n]} By, o (8 7))
[n + 1];2;,q[n + 2]p.g[n + 3lp.q
"¢l By, (5 7)
[n+1]2 ;[0 + 2]pq[n + 3,
P+ QI+ a4 29)[n + 1], 0] 2
B [n+ 12 [n+ 2]pq[n + 3]y
Pn71q3 [n + 1]p,q[n];2;,qx + q4 [n+ 1];2;,q[n]p,q[n - 1]p,qx2
[+ 112 ;[ + 2]p [0 + 3],
P"(p+ @)l + 0" talp + @)%+ 1, g[n]2 @

[0+ 15 g[n + 2lp.q[n + 3]p.
2

+

+

q4[n + 1];21,q["]p,q[" —1p 47
[n+ 112 40+ 2]pq[n + 3]pq

Lemma 2.5. For 0 < ¢ <p <1 andn €N we have

() D pqlt = zi2) = 1]Lnjf7f+ o W+l 1) =,

S\ Tk o ¢*[n]p,aln —1pq _ 2q[nlp,q
(i) Dn?p?q((t B a?)2, =) = v (1 * n+2)pgn+3lpe [+ 2]1)41)

N ([ P"lalp + 9)%nl3, 20" [, )

n+1pem+2pgn+3lpg [+ 1pen+2]p,
P (p+q)nl?,

+ .
[n 4115 [0+ 2p.a[n + 3]p.q

Remark 2.1. Forq e (0,1), p € (g,1] we easily see that lim [n], , =1/(p — ¢q).
n—oo
In order to study convergence properties of the operators, we take ¢, € (0,1),
Pn € (¢n,1] such that lim p, =1, lim ¢, = 1, so lim 1/[n],, 4. = 0. Such a
n—00 n—00 n—00

sequence can always be constructed; for example, we can take ¢, = 1 — n~! and
_ 1,-1 . _a—1/2 _ 1 . _
pn=1—45n"", clearly nlingo pr=e /2, nl;rgo qr =e ! and nl;rgo 1/[npn.q. = 0.

3. KOROVKIN TYPE THEOREM

Let C[0, 1] be the linear space of all real valued continuous functions f on [0, 1] and
let T be a linear operator defined on C[0,1]. We say that T' is positive if for every
nonnegative f € C[0,1] we have T'(f,x) > 0 for all = € [0,1]. Classical Korovkin’s
approximation theorem (see [6], [12]) states as follows:
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Let (T,,) be a sequence of positive linear operators from C0, 1] into Ca,b]. Then
lim |7, (f,7) — f(@)llco, = 0 for all f € C[0,1] if and only if lim ||T,,(f;,z) —
n n
fi(@)|lcpo,1) = 0 for i = 0,1,2, where fo(z) =1, fi(x) = z and fao(r) = z2.
Theorem 3.1. Let 0 < ¢, < p, < 1 such that lim p, =1, lim ¢, = 1. Then
n—oo n—oo
for each f € C[0,1], D}, , . (f;x) converges uniformly to f on C10,1].

Proof. By Korovkin’s theorem it is sufficient to show that

nlggo ”‘D:,pn,qn (tm;x) - xm”C[O,l] =0, m=0,1,2.
By Lemma (2.4) (i) it is clear that
lim D7, o (L2) = 1llcp,y = 0.

71— 00 ,Pnsqn

Now, by Lemma (2.4) (ii)

[]pn.q
* t, _ — ‘ n4dn n 1 _ ’
| n’pmq"( 33) 37|C[0,1] [n + 1]pn,qn [n+ 2]pmqn (pn - Qn[n * ]pmqnx) !
g ‘ pz[n]pnﬂln ( [n]pnv(hz _ 1)1/,‘
[n+ 1p, .4, [0+ 2lp, 00 [n + 2]p, .40

Taking supremum on both sides of the above inequality, we get

PrlPpa.gn
n~+ 1p,.q.[17 + 2p,.gn
lim | Dy, (t;2) — zl[cpo,

n— 00 T;Pn»4n

} [n]pna(hz _ 1}
7+ 2]p,.q.

D7, p,..g (&%) — @l[cp0,1] < }[

[n]pn »dn -1

n
< lim Palnlpa.an o ‘
n—oo |l [n + 2]p, q,

n—oo [ [n +1]p, 4,0+ 2]p, g,

)

which yields
lim [|D}, . (t;2) — 2] cp = 0.

n— 00 M,Pnsqn

Finally, using Lemma (2.4) (iii), we get

2n 2
. . i (Pn 4+ @n)[n]7, 4
1 D* t2' _ 2 < 1 n Pn,dn
nl_{goH n,pn,qn( T) — T ||C[0,1] S [n+1]?)7l,q7l[n+z]pmqn[n+3]pn,qn
1 2 2
+ lim Pp qn(Pn + Gn) [n]pmqn

n—oo [ [n +1]p, g, 7 + 2]p, ¢, [0+ 3p, .qn

qg ]p, .7 = p, 4.

+ lim ‘ -1 ‘,
n—oc | [n+2lp, g, [0+ 3lp, qn
o ([D7 g, (5 2) = @lleg, = 0.
The proof is now complete. O
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4. DIRECT THEOREMS

Now we will compute the rate of convergence in terms of modulus of continuity.
The modulus of continuity of f € C[0,1] gives the maximum oscillation of f in any
interval of length not exceeding é > 0 and it is given by

w(f,0) = sup |f (@) = f(y)l-

|z —y|<; =,y€[0,1]

The modulus of continuity possesses the following property:

(4.6) w(f,A0) < (14 MNw(f,0).

Further, let us consider the following K-functional:
K>(f,0) = mf {If-gll+ allg"I1},

where § > 0 and W? = {g € C[0,1]: ¢',¢"” € C[0,1]}. By [17], Theorem 2.4, there
exists an absolute constant C' > 0 such that

K (f,0) < Cwa(f,V9),

where

wo(f, V)= sup  sup |f(z+2h) —2f(x+h)+ f(z)|
0<h<V/35 2€[0,1]

is the second order modulus of smoothness of f € C[0,1].

Theorem 4.1. Let 0 < g, < p, < 1 such that lim p, = 1, lim ¢, = 1 and
n— oo n—oo
lim [n]p, 4. = 0o. Then for each f € C[0,1],

n—oo

D, o (f32) = F(@)] < 20(f,V/6n(2)),

where 0, (xz) = D, ((t —x)?%; ).

,Pnyqn

Proof.

f) = f@)]; ).

|D;;:pn:qn (f;z) = f(@)] < D:z,pmqn(
Also, in view of equation (4.6)

)2
2 N}

(4.7) 6 = f@l < (1+
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Using equations (2.1) and (4.7), we get

—k

% [’I’L+ ],L n —n? qn
1D i)~ Fla) < Bt S0 g ()

(7] ppam =0 n

[n]P7L,<17L/[n+1]PrL an
x / F(t) = F()I6% 1 (s G ) gt
0
= (D5 (50) + 33D, (0= 2)52) ) (1,0).

But by Lemma (2.5),

* LN q4[n]p,q[n —1lpg _ 2q[n]p.q
b ’pq(( —x)z,x)fo(l—l— 7+ 2]p,q[n + 3lp,q [""‘2]1)41)

" lalp + @)?nl3 , 2p" [nlp,q

" x( [n+ 1pqgln +2]pqn +3lpg - [n+ 1pqln + 2]p7q)
P (p+q)[nl2,

[+ 112 [0+ 2]pq[n +3]pq

+

Therefore we get

lim Dy, ((t t—x)%z)=0

n—oo

because [n]p, 4, — 00 as pp — 1, ¢ — 1. So, letting 6,(z) = D}, , . ((t — x)% )
and taking 6(z) = y/dn(x), we finally get

D5 o (F32) = [(@)] < 20(f, /60 ().
O

Theorem 4.2. Let f € C[0,1] and 0 < ¢ < p < 1 such that lim [n],, = .

n—oo

Then for all n € N there exists an absolute constant C > 0 such that

D5 g (f32) = f(2)] < Cwa(f, 0n(2)) +w(f; am(2)),

where

\/Dn pat—2)% @) + (an(2))?, an(z) = [n]z[,;f:]_f;]:qq[%j;]]pp:x) a
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Proof. For z €0,1] we consider the auxiliary operators EZ defined by

[]p,q(P" + qln + 1]1),(137))

D, (f;x) = Dr pq(f32) + f(2) = f( [+ 1pqln+2]pq

From Lemma (2.4) (i), (ii) and Lemma (2.5) (i), we observe that the operators
EZ (f;x) are linear and reproduce the linear functions. Hence,

D,(;z) =D, (Lz)+1-1=1,
[n]p.q(P" + q[n + 1]p7qa7)) =7
[+ 1pen+ 2] ’
D, ((t —x);x) = D, (t;z) — 2D, (1;2) = 0.

Di(t:x) = Di (tz)+a— (

n,p,q

Let # € [0,1] and g € W?. Using the Taylor’s formula,

t
o) = 9(a) + g @t~ ) + [ (¢~ u)g" () du,
Applying D,, to both sides of the above equation, we have

D, (g;%) — g(x)

= ¢'(2)D,((t - x);x) + D, (/:(t — u)g" (u) du; x>

- D, ( / (¢ w)g(u) dus )

/[n]p,q(pn+q[n+1]p,qm)/[n+1]p,q[n+2]l}>q ([n]p q(pn + q[n + ]_]p qx)
x [+ 1lpqln + 2)pq

— u) g" (u) du.
On the other hand,

t t t
/ (t — u)g"(u) du| < / 1t — ullg” ()] du < 1g" | / 1t — ) du < (¢ — 2P [lg"]
xT xT xT

and

/[n]p,q(p"+q[n+1]p,qx)/[n+1]p,q[n+2]p,q ([n]p,q(p” +gln+1p47) u)g”(u) du
z [n+1]pqln+2lpq
Np.q(P" +qln + 1]p ¢ 2
([ ];0 q( [ ]pq ) —J?) ||g//H
[+ 1pqn+2p,g
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We conclude that

D, (g5 ) — g()]

<D [ 6= w1g ) a0z

/[n]p,q(p7L+(I["+1]p,qx)/["+1]p,q[n+2]p,q ([n]p,q(pn + q[’n + 1]1),(1.23)
x [N+ 1]pq[n+2]pq

— u) g"(u)du

<9107 (0 = 2%50) + | (PRI ) g2 o)

Now, taking into account boundedness of l_):“ we have

D) < 1Dyl i)+ 2171 < 3]
Therefore
1D}y (i) — (@)
<DL = gs2) = (=)o) + | (Pl EAEeat)) i
+ (D5 (g; ) = g()]
<DL =gl + 1 = g) (o) + | (sl A D)) g

"+1]pq[n+2]pq
+ D, (g: %) — g()|
<Af = gl + w(f, an(2)) + 62 (2)]lg"||-

Hence, taking the infimum on the right-hand side over all ¢ € W?2, we have the
following result:

D}, g (F2) = f(2)] S 4Ka(f, 07 (2)) + w(f, an(@)).

In view of the property of K-functional, we get

|D:<z,p,q(f;x) - f(CL')| < CwQ(fa 5n(x)) +w(f7 an(x))

This completes the proof of the theorem. O

Now we give the rate of convergence of the operators Dy, , (f;) in terms of the
elements of the usual Lipschitz class Lip,, (7).
Let f € C[0,1], M > 0 and 0 < v < 1. We recall that f belongs to the class
Lipy, () if
PO = f@] <Mt —a', tae (0,1

185



Theorem 4.3. Let 0 < ¢ < p < 1 such that lim [n],, = oo. Then for each

n— oo

f € Lipy,(v) we have
1Dy p.q(fi2) = fl2)| < M6 (),

where 6., ( \/Dn v )2 x).

Proof. By the monotonicity of the operators D, , (f;z), we can write

D5, pq(f32) = [(@)] < Dy o(1£(8) = ()] 2)

n

[n+1pq 2 -k
<t tha Sy (9
[n] Zn,kpq p

p.q

[ ]p q/[”+1]
x / F(8) — F(@)[b (o5 01) dpgt

[n+ 1 - k [n]p,q/[n+1]p,q
Mk p=n ank (p.q;@ (p> / |t — 276}, (P, ; at) dp,qt-
0

[ p,q

Now, applying the Holder’s inequality and taking into consideration Lemma (2.4) (i)
and Lemma (2.5) (ii), we have

|anq — f(2)]
n—|—1 7n q k [n]p,q/[n+1]p,q v/2
{ pq by k(PG )(p) /0 (t—2)2b kP qt) dp gt }

k=
q —k (n)p.q/[n+1]p,q (2—7v)/2
{ pq —" bk g; )( ) / b;*l’k(p,q;qt)dnqt}
p 0

n—|—1 7n q k rnlp.a/[n+1]p,q v/2
pq ankp7Q’ <p)/o (t—x)? nk(p,q,qt)dp’q}

[n—|— —n k rnlp,a/[n+1]p,q . (2—v)/2
{ . pq ank P, q;T (;)/0 bn’k(p,q;qt)dp,qt

]qu

_M{anq(( —J)) ;x)}AV/2'

Choosing 0%(z) = 0z (x) = D;, , ,((t — )% ), we arrive at our desired result. O

186



1]
2]

3]

[4]
[5]
[6]
[7]
8]
[9]
[10]

[11]

[12]
[13]
[14]

[15]

[16]

[17]

18]

[19]
[20]
21]

[22]

References

T. Acar: Asymptotic formulas for generalized Szisz-Mirakyan operators. Appl. Math.

Comput. 263 (2015), 233—-239. MR]
T. Acar: (p, q)-generalization of Szdsz-Mirakyan operators. Math. Methods Appl. Sci.
39 (2016), 2685-2695. MR]

T. Acar, A.Aral, S.A.Mohiuddine: Approximation by bivariate (p,q)-Bernstein-
Kantorovich operators. To appear in Iran. J. Sci. Technol., Trans. A, Sci. (first on-

line in June 2016), 8 pages. doi

T. Acar, A. Aral, S. A. Mohiuddine: On Kantorovich modification of (p, ¢)-Baskakov op-

erators. J. Inequal. Appl. 2016 (2016), Paper No. 98, 14 pages. MR
T. Acar, G. Ulusoy: Approximation by modified Szasz-Durrmeyer operators. Period.

Math. Hung. 72 (2016), 64-75. MR] doi

F. Altomare, M. Campiti: Korovkin-type Approximation Theory and Its Applications.

de Gruyter Studies in Mathematics 17, Walter de Gruyter & Co., Berlin, 1994. IMR]
Q. B. Cai, G.Zhou: On (p,q)-analogue of Kantorovich type Bernstein-Stancu-Schurer

operators. Appl. Math. Comput. 276 (2016), 12—20. MR] doi

R. Chakrabarti, R. Jagannathan: A (p,q)-oscillator realization of two parameter quan-

tum algebras. J. Phys. A, Math. Gen. 24 (1991), L711-L718. zbl MR} doi]
V. Gupta: Some approximation properties of g-Durrmeyer operators. Appl. Math. Com-

put. 197 (2008), 172-178. MR
M.N. Hounkonnou, J.D. B. Kyemba: R(p,q)-calculus: differentiation and integration.

SUT J. Math. 49 (2013), 145-167. MR]

P. P. Korovkin: Linear Operators and Approximation Theory. Russian Monographs and
Texts on Advanced Mathematics and Physics. Vol. III. Gordon and Breach Publishers,

New York, 1960. MR
A. Lupas: A g-analogue of the Bernstein operator. Prepr., “Babeg-Bolyai” Univ., Fac.
Math., Res. Semin. 9 (1987), 85-92. zb] MR}

G. V. Milovanovié, V. Gupta, N. Malik: (p, q)-Beta functions and applications in approx-

imation. To appear in Bol. Soc. Mat. Mex., III. Ser. (first online in June 2016), 19 pages.

M. Mursaleen, A. Alotaibi, K.J. Ansari: On a Kantorovich variant of (p,q)-Széasz-

Mirakjan operators. J. Funct. Spaces 2016 (2016), Article ID 1035253, 9 pages. IMR]
M. Mursaleen, K. J. Ansari, A. Khan: Some approximation results by (p, ¢)-analogue of
Bernstein-Stancu operators. Appl. Math. Comput. 264 (2015), 392-402; corrigendum

ibid. 269 (2015), 744-746. MR]
M. Mursaleen, K. J. Ansari, A. Khan: On (p, q)-analogue of Bernstein operators. Appl.
Math. Comput. 266 (2015), 874-882; corrigendum ibid. 278 (2016), 70-71. MR]

M. Mursaleen, Md. Nasiruzzaman, A.Khan, K. J. Ansari: Some approximation results
on Bleimann-Butzer-Hahn operators defined by (p,q)-integers. Filomat 30 (2016),
639-648. M REdoi
M. Mursaleen, Md. Nasiuzzaman, A. Nurgali: Some approximation results on Bern-
stein-Schurer operators defined by (p, ¢)-integers. J. Inequal. Appl. 2015 (2015), Paper

No. 249, 12 pages. IMR]
M. Mursaleen, A. M. Sarsenbi, T.Khan: On (p,q)-analogue of two parametric Stancu-

beta operators. J. Inequal. Appl. 2016 (2016), Paper No. 190, 15 pages. MR
G. M. Phillips: Bernstein polynomials based on the g-integers. Ann. Numer. Math. /

(1997), 511-518. MR

H. Sharma: Note on approximation properties of generalized Durrmeyer operators.

Math. Sci., Springer (electronic only) 6 (2012), Paper No. 24, 6 pages. MR]
H. Sharma: On Durrmeyer-type generalization of (p,q)-Bernstein operators. Arab. J.

Math. 5 (2016), 239-248. IMR]

187


http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3348539
http://dx.doi.org/10.1016/j.amc.2015.04.060
https://zbmath.org/?q=an:1342.41019
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3512775
http://dx.doi.org/10.1002/mma.3721
http://dx.doi.org/10.1007/s40995-016-0045-4
https://zbmath.org/?q=an:1333.41007
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3479372
http://dx.doi.org/10.1186/s13660-016-1045-9
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3470805
http://dx.doi.org/10.1007/s10998-015-0091-2
https://zbmath.org/?q=an:0924.41001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1292247
http://dx.doi.org/10.1515/9783110884586
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3451993
http://dx.doi.org/10.1016/j.amc.2015.12.006
https://zbmath.org/?q=an:0735.17026
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1116019
http://dx.doi.org/10.1088/0305-4470/24/13/002
https://zbmath.org/?q=an:1142.41008
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2396302
http://dx.doi.org/10.1016/j.amc.2007.07.056
https://zbmath.org/?q=an:06308085
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3222506
https://zbmath.org/?q=an:0094.10201
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0150565
https://zbmath.org/?q=an:0684.41014
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0956939
http://dx.doi.org/10.1007/s40590-016-0139-1
https://zbmath.org/?q=an:1337.41011
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3459656
http://dx.doi.org/10.1155/2016/1035253
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3351620
http://dx.doi.org/10.1016/j.amc.2015.03.135
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3377604
http://dx.doi.org/10.1016/j.amc.2015.04.090
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3498662
http://dx.doi.org/10.2298/FIL1603639M
https://zbmath.org/?q=an:1334.41036
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3382856
http://dx.doi.org/10.1186/s13660-015-0767-4
https://zbmath.org/?q=an:1347.41029
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3532366
http://dx.doi.org/10.1186/s13660-016-1128-7
https://zbmath.org/?q=an:0881.41008
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1422700
https://zbmath.org/?q=an:1264.41017
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3002753
http://dx.doi.org/10.1186/2251-7456-6-24
https://zbmath.org/?q=an:06682028
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3570370
http://dx.doi.org/10.1007/s40065-016-0152-2

[23] H.Sharma, C.Gupta: On (p,q)-generalization of Szész-Mirakyan-Kantorovich opera-

tors. Boll. Unione Mat. Ital. 8 (2015), 213-222. MR
[24] G. Ulusoy, T.Acar: g-Voronovskaya type theorems for g-Baskakov operators. Math.
Methods Appl. Sci. 39 (2016), 3391-3401. MR]

Authors’ address: Mohammad Mursaleen, Ahmed A. H. Alabied, Department of Mathe-
matics, Aligarh Muslim University, Aligarh 202002, India, e-mail: mursaleenm@gmail . com,
abied1979@gmail.com.

188


https://zbmath.org/?q=an:1331.41030
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3425421
http://dx.doi.org/10.1007/s40574-015-0038-9
https://zbmath.org/?q=an:1347.41030
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3521262
http://dx.doi.org/10.1002/mma.3784

		webmaster@dml.cz
	2020-07-01T19:43:20+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




