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KYBERNETIKA — VOLUME 54 (2018), NUMBER 4, PAGES 718-735

DELAY-DEPENDENT STABILITY OF RUNGE-KUTTA
METHODS FOR LINEAR NEUTRAL SYSTEMS
WITH MULTIPLE DELAYS

GuAaNG-DA Hu

In this paper, we are concerned with stability of numerical methods for linear neutral systems
with multiple delays. Delay-dependent stability of Runge-Kutta methods is investigated, i.e.,
for delay-dependently stable systems, we ask what conditions must be imposed on the Runge—
Kutta methods in order that the numerical solutions display stability property analogous to that
displayed by the exact solutions. By means of Lagrange interpolation, Runge-Kutta methods
can be applied to neutral differential systems with multiple delays. Based on the argument
principle, sufficient conditions for delay-dependent stability of Runge-Kutta methods combined
with Lagrange interpolation are presented. Numerical examples are given to illustrate the main
results.

Keywords: neutral differential systems with multiple delays, delay-dependent stability,
Runge-Kutta method, Lagrange interpolation, argument principle

Classification: 65L05,65L.07,65L20

1. INTRODUCTION

We are concerned with linear neutral systems with multiple delays described by

a(t) = Lu(t) + Y [Myu(t —75) + Nyt (t — 7)] (1)
=1

satisfying the condition
DI <1, 2)
j=1

where u(t) € R", 7;, >0 for j =1,...,m and 7, > Tpp_1 > -+ > 71.

Delay differential equations are widely used for describing mathematical modelling of
various processes and systems in different applied problems [10 [T}, (14} [16]. Stability of
delay and neutral systems can be divided into two categories according to its dependence
upon the size of delays. The stability which does not depend on delays is called delay-
independent, whereas it depends on delays is referred to as delay-dependent. The sta-
bility of numerical methods is also divided into delay-independent and delay-dependent
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according to they are applied to delay-independently stable and delay-dependently sta-
ble neutral systems. In this paper, we are concerned with delay-dependent stability of
Runge—Kutta methods for neutral differential systems with multiple delays.

Stability of numerical methods has been discussed in [Il [ [7} 15, 7] for delay and
neutral differential equations. Delay-independent stability of numerical methods for
delay and neutral differential equations has been investigated in [I} Bl [I5] [I7]. For delay-
dependent stability of numerical methods, only few works have been reported [1, [7]. Up
to now, only one delay case is investigated for delay-dependent stability of numerical
methods in literature, for instant, [Il [7]. In the presented paper, we are concerned with
delay-dependent stability of Runge—Kutta methods for neutral differential systems with
multiple delays, i.e., for delay-dependently stable systems , we ask what conditions
must be imposed on the Runge-Kutta methods in order that the numerical solutions
display stability property analogous to that displayed by the exact solutions.

This paper is organized as follows. Several lemmas are reviewed in section 2. In
section 3, delay-dependent stability of Runge-Kutta methods are discussed. Numerical
examples are provided to illustrate the main results in section 4. Conclusions are given
in section 5.

Throughout the paper, ||A|| stands for the matrix operator norm. The ;' eigenvalue
of A is denoted by A;(A). The symbol p(A) represents the spectral radius. Rez and
Im z stand for the real part and the imaginary part of a complex number z, respectively.
The open left half-plane {s : Res < 0} is denoted by C~ and the right half-plane
{s:Res >0} by CT.

2. PRELIMINARIES

In this section, several lemmas are reviewed. They will be used in sections 3 and 4,
respectively.

A function P(s) is said to be meromorphic in a domain D if it is analytic throughout
D except poles. The following Argument Principle is well-known.

Lemma 2.1. (e.g. Brown and Churchill [2]) Suppose that

(i) a function P(s) is meromorphic in the domain interior to a positively oriented
simple closed contour ~;

(it) P(s) is analytic and nonzero on ~;

(iii) counting multiplicities, Z is the number of zeros and Y is the number of poles of
P(s) inside 7.

Then
1
Eﬂwargp(s) = Z—}/’

where A arg P(s) represents the change of the argument of P(s) along 7.
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Lemma 2.2. (e.g. Lancaster and Tismenetsky [I3]) For a complex matrix F), if | F|| <
1, then the matrix

1

(I —F)™!' existsand ||[(I—F)7Y < ——,
1—[|F]|

where the matrix norm || - || is some operator norm (e.g. 1-norm, 2-norm or co-norm).

Now we consider the asymptotic stability of system satisfying condition . The
characteristic equation of system (|1 is

P(s) =det[s] — L — Z(MJ exp(—T;s) + sN; exp(—7;s))] = 0. (3)

Jj=1

The asymptotic stability of system satisfying condition is determined by the
position of the characteristic roots. System is asymptotically stable if and only if all
characteristic roots lie in the open left complex half-plane [3].

Now we will review the results in [4] which are concerned with stability of (1] satisfying
condition . For completeness, the details of the proofs are provided in the appendix
section.

Lemma 2.3. (Hu []) For system (1]}, assume that condition holds. Let § be an
unstable characteristic root of Eq. (3]), then

5 < p= L1+ 35520 1M @)
- =300 I
where the matrix norm || - || is some operator norm.

We need the following definition to present a stability criterion of system .

Definition 2.4. Assume that the conditions of Lemma [2.3] hold. The set D is defined
by
D={s:Res>0 and |[s|<g},

and its boundary is denoted by C. Here 3 is given by in Lemma See Figure
where dy = i and dy = —if3.

The following lemma will exclude all the unstable characteristic root of Eq. from
the set D. A necessary and sufficient condition for asymptotic stability of system
satisfying condition is given by the argument principle.

Lemma 2.5. (Hu [4]) System satisfying condition is asymptotically stable if
and only if
P(s)#0 for seC (5)

and
Acarg P(s) =0 (6)

hold, where arg P(s) stands for the argument of P(s) and A¢ arg P(s) change of the
argument of P(s) along the curve C.
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Fig. 1. Set D.

Remark 2.6. Since the spectrum of the neutral system tend to the spectrum of the
associated difference operator at high frequencies, the neutral system may have infinitely
many unstable roots. The stability of the neutral system may be very sensitive to small
changes in delays. In order to discuss the sensitiveness of the stability, the concept
of the strong stability has been introduced (e.g.[3]). The inequality is a sufficient
condition for the strong stability of the associated difference operator. Another sufficient
condition, p(zgnzl |N;|) < 1 has been given in [6], where |W| denotes the nonnegative
matrix with elements |w;| for W = {w;;}. Based on the condition p(zgnzl IN;|) <1,
a bound for the unstable eigenvalues is derived [6] which is similar to 8 in Lemma
When the condition (2) does not hold, it is possible that the condition p(3_72, [N;[) <1
holds. A further discussion on strong stability is given in [3]. If the associated difference
operator is strongly stable, the neutral system has at most finitely many unstable roots
[3, 4, B, 14 [16]. If the neutral system is stable and the associated difference operator
is strongly stable, the stability of the neutral system is insensitive to small changes in
delays [3] [14] [16].

Now we describe an algorithm to check the delay-dependent stability of analytical
solutions due to Lemma 2.5

Algorithm 1

Step 0. Compute 3 by and determine the curve C' which consists of two parts, i.e.,
the segment {s = it; —8 <t < S} and the half-circle {s; |s| = f and — 7/2 <
args < w/2}.

Step 1. Take a sufficiently large integer n € N and distribute n node points {s;} (j =
0,1,...,n) on C as uniformly as possible. See Figure [l Let

R(s)=sI — L—Y (M;exp(—is) + sN; exp(—7:s)), (7)
i=1
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then
P(s) = det R(s). (8)
From , for each s; (j =0,1,...,n), we have
P(sj) = det R(s;), (9)
where .
R(s;) =s;1 — L — Z(MZ exp (—7;s;) — s;N; exp (—7is;)). (10)
i=1

Since R(s;) is a numerical matrix for each j, we can evaluate P(s;) by calcu-
lating the determinant of matrix R(s;) through the elementary row (or column)
operations. Also we decompose P(s;) into its real and imaginary parts.

Step 2. We examine whether P(s;) = 0 holds for each s; (j =0,1,...,n) by checking
its magnitude satisfies |P(s;)| < § with the preassigned tolerance ¢. If it holds,
i.e., s; € Cis aroot of P(s), then the neutral system is not asymptotically stable
and stop the algorithm. Otherwise, go to the next step.

Step 3. We compute the change of the argument along the sequence

{P(s0), P(s1), -, P(sn)}.

If it is zero, then the system is asymptotically stable, otherwise not asymptotically
stable.

Remark 2.7. Algorithm 1 does not evaluate the characteristic function P(s), it calcu-
lates the determinant of numerical matrix R(s,) through the elementary row (or column)
operations which are relatively efficient ways [8].

3. DELAY-DEPENDENT STABILITY OF RK METHODS

In this section, delay-dependent stability of Runge-Kutta (RK) methods for linear delay
differential systems of neutral type is investigated, i.e., for delay-dependently stable
systems (|1)), we ask what conditions must be imposed on the Runge-Kutta methods in
order that the numerical solutions display stability property analogous to that displayed
by the exact solutions. Based on the argument principle, sufficient conditions for delay-
dependent stability of RK methods are presented.

First, we assume the numerical solution we are now discussing gives a sequence of
approximate values {ug, u1, ..., un,...} of {u(to),u(ts),...,u(t,),...} of on certain
equidistant step-values {t,,(= nh)} with the step-size h > 0.

For the initial value problem of ordinary differential equations (ODEs)

§(t) = f(t,y(t), for t=0 (11)
an s-stage RK method for ODEs (11)) is defined (e.g., [12]) by

ki = f(tn+cihoyn + B _aik;) (i=1,2,...,3) (12)

Jj=1
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with
Ynt1 = Yn+ DY biki. (13)

i=1
We associate the s-square matrix A and the s-dimensional vector b as
A (a;;) and b (b))

We will analyse delay-dependent stability of RK method which is extended to apply
to the neutral system. In order to solve numerically an asymptotically stable system
satisfying , we want to determine a step-size h such that the resulting difference
system from the RK method is asymptotically stable, i.e.,

u, -0 as n— o0

for any initial function u(t) = ¢(t) with —7,,, < t < 0. Denote the stage values of the
s-stage RK formula by K, ;. We can obtain the RK scheme for system as follows [5].

S m S
K,; = hL|u,+ Zainn,j + thk Up—1,+5; + ZainnflkJrzik,j
J=1 k=1 j=1
m
+ ZNkKﬂ_lk+6k7i’ (i: 1,2,...,8), (14)
k=1
and
S
Up4+1 = Up + Z blKnﬂ (15)
i=1

Here i =1,2,...,s,a;; and b; stand for the parameters of the underlying RK method,
l; = [Tihil},ai = li—Tihfl,O <d; < 1lfori= 1,....mandl,, >l,_1 > --->11 >q+1,
where [o] denotes the smallest integer that is greater than or equal to ¢ € R, for
n=12,...,

Un—1,46, = ¢((n — 1 + 0;)h),

and
Kn—1,46.5 = ¢((n —li +6i)h)

with n —{; +9; <0, and up—y, 45, and Ky _j, 45, 5 with n —1; + ; > 0 are defined by the
following Lagrange interpolations, respectively.

Un—1;4+6; = Z Ly(6i)tn—1,+ps (16)
p=—r
Kn—i,45,5 = Z Lp(6) Kn—t;4p.5> (17)

p=—r
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for0<do;<1l,i=1...,m,j7=1...,sand

Le = [ = (18)

k=—rk#p

where 7, ¢ > 0 are integers and 7 < ¢ < r + 2.

The above scheme is a natural RK method combined with Lagrange interpolation,
see [1]. In [I0] a natural RK method combined with Lagrange interpolation for delay
differential equations is discussed. In the sequel, we only consider the natural RK method
combined with Lagrange interpolation. The following lemma is useful to prove the main
results in this paper.

Lemma 3.1. The characteristic polynomial Prg(z) of the resulting difference system
with from the natural RK scheme combined with Lagrange interpolation is
given by

Hm@>da{yw;yg%L>gjzmwﬂ[gh<§Lq -

_2’”:[ (AR M) +1. @ Nz hle ] S° 1y (5t +r+p},(1g)
i=1

p=—r

where the s-dimensional vector e is defined by e = (1,1,...,1)T.

Proof. The difference system with can be expressed with the Kronecker
product as follows:

A I |

[N O] F e |
7% [ 8 h(e @ M;) ] [ e Lp(0) Kn—t;~14p } — 0, (20)

0 ;1):77’ Lp(6i)un—1,+p
where the (ds)-dimensional vector K,, means

Ky =Ky Koo

KE T

Hence the dimension of the vector [ UK" } becomes (s + 1)d.
n+1

Taking z-transform to and introducing as Z {[ Kty —1-r }} = V{(z), we

Un—1,,—r
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obtain that

([ oo pa®D 0 T [0 <®L>} ot

7bT ® Id Id 0 Id
u RHAQ M) +IsQN; 0 0 he A —
XX[ 0 0] (o E:L
=1 p=-r
V(z) =0.
Hence, the characteristic polynomial of difference system is given as desired. O

For delay-dependent stability of an explicit RK method, we have the following result.
Theorem 3.2. For an explicit RK method, assume that

(i) system satisfying condition is asymptotically stable for given matrices
L, M;, N; and delays 7; for i = 1,...,m, i.e., Lemma [2.5] holds;

(i) the underlying RK method is of s-stage and natural;

(iii) for a step-size h, the rational function @Q gk (z) never vanishes on the unit circle
w={z:]z| =1} and its change of argument satisfies

1
%AuargQRK(z) =d(s+1), (21)

where Qri (z) relates to the RK scheme and is defined by

e

_;[ ( (A®M)()+I ®N)Z h :| Z L ;0}. (22)

p=—r

Then the resulting difference system with from the RK method combined with
Lagrange interpolation is asymptotically stable.

Proof. The difference system with is asymptotically stable if and only if all
the characteristic root of Pri(z) = 0 lie in the inner of the unit circle, i.e.,

PRK(Z) =0 = |Z‘ < 1. (23)
Notice that the coefficient matrix of the term z!m 147 in Prp(2) =0 is

[l pa®n 07,

TR I
Since the underlying RK method is explicit, a;; = 0 for ¢ < j. Hence \;(A) = 0 holds
fori=1,...,s. It means that all the eigenvalues of matrix h(A @) L) vanish because of

eigenvalue of (hA® L) =hX(A)N;(L) =0
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withi=1,...,s and j = 1,...,d. Thus that matrix Iy4 — h(A ) L) is nonsingular by
Lemma 2.2 and the matrix

sd_ (A®L) O
TR 14 I,

is also nonsingular. It means that the degree of Pri(z) is d(s + 1)(l, + r + 1) and
Pri(z) = 0 has d(s + 1)(Im + r + 1) roots in total by counting their multiplicity. The
relationship between Pri(z) and Qri (z) is as follows.

Pri(z) = 20T Qp e (2). (24)
By (24)
arg Pric(2) = arg zn UADQ () = arg 20 D L ang Qpic(z).  (26)
By , we have
LAM arg Pri(z) = LAN arg z(Um+md(s+1) 4 iA# arg Qri (z). (26)
2m 2m 2m

According to (21)) and .,

%Aw@&M@:%AwwW”WMJ+—Aa@@m“
71' T
=d(lm+7r)(s+1)+d(s+1)=d(s+ 1)({m+7r+1). (27)

By and condition (iii),
arg Prir(z) #0 for z € p. (28)

Since and hold, by means of Lemma all the roots of Prys(z) = 0 lie in the
inside of the unit circle |z| = 1. The proof completes. O

Remark 3.3. Assume that the orders of the underlying RK method and the Lagrange
interpolation are p and g, respectively, then the order of the natural RK method with
the Lagrange interpolation is min{p,q}. See [I] for neutral differential equations and
[10] for delay differential equations.

For an implicit RK method applied to the neutral system, we derive the following
result.
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Theorem 3.4. For an implicit RK method, assume that
(i) the conditions (i),(ii) and (iii) in Theorem [3.2] hold;

(%) the product hA;(A)A;(L) never equals to unity forall ¢ (1 <i<s)and j (1<j<
d).
Then the resulting difference system with from the RK method combined with

Lagrange interpolation is asymptotically stable.

Proof. The proof can be carried out similarly to that of Theorem [3.:2} Notice that
the condition (ii) ensures the matrix

La—hAQ®L) 0
TR, I

is nonsingular since the matrix Iy — h(A @ L) is nonsingular. Thus the degree of the
polynomial Prk(z) becomes d(s+ 1)(l,, + 7 + 1). O

Now we can describe an algorithm to check the conditions of Theorems [3.2] and [3.4]

Algorithm 2

Step 1. Taking a sufficiently big n € N, we compute n + 1 nodes {z, 21, ..., 2, } upon
the unit circle p of z-plane so as argzy, = (27)¢/n. For each z,({ = 0,1...n),
we evaluate the rational function Qg (z) related to the RK scheme. That is, we
evaluate it by computing the determinant

QRK(Zg) = det G(Zg) (29)

where the numerical matrix G(z;) is defined by

W—hARL) 0
G = | ! d_bT(@@ ) Id]ze—

_Z[ MAQRM;) + I, QNi)ze h(e@ }ZL Ll

[ 0 h(e®L) }

0 I

0

p=—r
Also we decompose Qg (z¢) into its real and imaginary parts.

Step 2. We examine whether Qg (z¢) = 0 holds for each z;, (¢ =0,1,...,n) by check-
ing its magnitude satisfies |Q gk (2¢)| < ¢ with the preassigned small positive toler-
ance 9. If it holds, i.e., z¢ € p is a root of QrK(z), then the numerical scheme for
the neutral system is not asymptotically stable and stop the algorithm. Otherwise,
to go to the next step.

Step 3. We compute the change of the argument along the sequence {Qrx(z¢)}. If it
equals to d(s + 1), then the numerical scheme for the neutral system is asymptot-
ically stable, otherwise not stable.
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Remark 3.5. From the above theorems, in order to solve numerically an asymptotically
stable delay differential system of neutral type by a RK method combined with Lagrange
interpolation, it is enough for us to choose a step-size h such that the resulting difference
system is asymptotically stable.

Remark 3.6. Both Schur-Cohn and Jury stability criteria [9] need information of all
the coefficients of the characteristic polynomial Prk(z). It is an ill-posed problem
to compute all the coefficients of the characteristic polynomial for a high dimensional
matrix [8]. Although Schur-Cohn and Jury stability criteria can be applied to the
resulting difference systems from RK methods in theoretical sense, they can not work
well in practice when [, or d are big. Algorithm 2 does not compute the coefficients of
the characteristic polynomial Prk(z), it evaluates the determinant of numerical matrix
G(z¢) through the elementary row (or column) operations which are relatively efficient
ways [8].

Remark 3.7. For a linear multi-step method combined with Lagrange interpolation
which is applied to an asymptotically stable system satisfying condition , similar
results can be derived. This is a current research topic of ours.

4. NUMERICAL EXAMPLES

In this section, two numerical examples are given to demonstrate the main results in

section 3. The 2-matrix norm, ||F||2 = \/Amax(FTF) is used. The classical fourth-order
RK formulas for ODEs is as follows.
ki = f(trw yn)7
h h
k = tn + = Yn + Sk1),
2 fltn + 5 Un T 5 1)
h h
k = tn + = Un + Sk2),
3 fltn + 5 Un T 5 2)
k4 = f(tn+1a Yn + hk3)7
h
Ynt1 = Yn+ E(kl + 2ko + 2k3 + ]{74).

This is the underlying scheme of the natural RK for . Let = g = 2 for Lagrange
interpolation .

Example 4.1. Consider the two-dimensional linear neutral system with five delays.
The parameter matrices of the system are as follows.

~5 2 2 -19
L‘[3 3} Ml_[og 1.3]’

-02 0.1 02 —0.1
MQ_[ 0.4 0.3}’ M3_[0.6 0.7 }

0.6 0.1 0.02 —0.01
My = [ 03 —05 } » Ms = [ 0.03  0.01 } :



Delay-dependent stability of Runge—Kutta methods 729

ui
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300 350 400

Fig. 2. Numerical solutions are asymptotically stable when h = 0.1
for m =4,72 =5,73 = 6,74 = 7,75 = 8 in Example [{.1]

02 0.1 0.1 02
Nl_[—o.l 0 ]’NZ_[—O.I 0.2]’

0.2 0.1 0.1 0 0.06 —0.04
N3_[ 0 —0.1}’ N4_[ 0 —0.1]’ and N5_[ 0 —0.03]

Let the initial vector function be

ult) = {

Since ¥°_,|[N;|| = 0.9273 < 1, the condition (2) holds. We have 3 = 160.5469.

The case of 11 = 4,75 = 5,73 = 6,74 = 7,75 = 8. First we analyze the stability of
the system by Lemma We have that P(s) # 0 for s € C and Agarg P(s) = 0
along the curve C. Lemma tells that the system with the given parameter matrices
is asymptotically stable. Now we investigate the numerical stability of the RK scheme
combined with Lagrange interpolation by Algorithm 2 with n = 3.2x10°. When h = 0.1,
we obtain that Qrx(z) # 0 for z € pand A argQrr(2) =d(s+1) =2x (4+1) =
10. Theorem [3:2] asserts the RK method for the system is asymptotically stable. The
numerical solution is converging to 0, is depicted in Figure [2l Conversely, when h = 0.3,
we obtain that Qrx(z) # 0 for z € p and Ay, arg Qri(z) = 8 # d(s + 1) = 10, the
theorem does not hold. The numerical solution is divergent and its behaviour is shown
in Figure

The case of 7y = 10,79 = 11,73 = 12,74 = 13,75 = 14.. First we analyze the stability
of the system by Lemmal[2.5] We have that P(s) # 0 for s € C and Ac arg P(s) =2 # 0

2sint + 1

cost — 1 } for te[-75,0].
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3oL i i i i i i i
0 50 100 150 200 250 300 350 400

Fig. 3. Numerical solutions are not stable when h = 0.3 for
71 =4,72 =5,73 =6,74 = 7,75 = 8 in Example 1]

-100+
0

200 400 600 800 1000

Fig. 4. Numerical solutions are not stable when h = 0.1 for
71=10,72 =11,73 = 12,74 = 13,75 = 14 in Example

along the curve C. Lemma [2.5] tells that the system with the given parameter matrices
is not asymptotically stable. Then the assumptions of Theorem [3.2] do not hold and the
numerical solution is not guaranteed to be asymptotically stable. In fact, its figure given
in Figure [d] shows a divergence for h = 0.1. We also carry out experiments for h = 0.01
and h = 0.001, respectively, the numerical solutions are still divergent.
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Example 4.2. We take the three-dimensional linear neutral system with three de-
lays. The parameter matrices of the system are as follows.

-4 0 0 -1 0 1
L=| 0 -2 0 |, Mi=|-1 -1 1|,
0 0 =5 1 0 1
(1 1 o0 0 0 -1
My=|0 2 1|, My=|1 0 -1 |,
|1 -1 1 0 -1 2
0.1 01 0 ] 01 0 0 01 0 0.1
Ni=| 0 01 0 |, No=1|02 01 0 and N3=| 0 03 0
0 0 02| 01 0 0.1 01 0 0.1

Let the initial vector function be

2sint +1
u(t)=| cost—1 for te[—73,0].
sin2t + 1

Since ¥3_,|[N;|| = 0.7618 < 1, the condition (2) holds. We have 3 = 51.4434.

The case of 1 = 0.7, 79 = 0.8, 73 = 0.9. First we analyze the stability of the system
by Lemma [2.5] We have that P(s) # 0 for s € C and A¢ arg P(s) = 0 along the curve
C. Lemma 2.5 tells that the system with the given parameter matrices is asymptotically
stable. Now we investigate the numerical stability of the RK scheme combined with
Lagrange interpolation by Algorithm 2 with n = 3.2 x 10°>. When h = 0.1, we obtain
that Qri (2) # 0 for z € pand A, arg Qric(2) = d(s+1) = 3x (4+1) = 15. Theorem3.2]
asserts the RK method for the system is asymptotically stable. The numerical solution
is converging to 0, is depicted in Figure Conversely, when h = 0.5, we obtain that
Qrr(z) #0 for z € pand A, arg Qri (z) = 13 # d(s + 1) = 15, the theorem does not
hold. The numerical solution is divergent and its behaviour is shown in Figure [6]

The case of ;1 = 0.9, 72 = 2,73 = 3. First we analyze the stability of the system
by Lemma We have that P(s) # 0 for s € C and Agarg P(s) = 2 # 0 along
the curve C. Lemma tells that the system with the given parameter matrices is
not asymptotically stable. Then the assumptions of Theorem [3.2] do not hold and the
numerical solution is not guaranteed to be asymptotically stable. In fact, its figure given
in Figure [7| shows a divergence for h = 0.1. We also carry out experiments for h = 0.01
h = 0.001, respectively, the numerical solutions are still divergent.

Remark 4.3. The two numerical examples show that the main results are valid for
actual computation. The main results explain that our following experiences are reason-
able: In order to solve numerically an asymptotically stable system , if one chooses
a small step-size h, it is possible that the resulting difference system from RK method
combined with Lagrange interpolation is asymptotically stable.

Remark 4.4. When an explicit RK formula is unstable for system , an implicit RK
scheme may be considered.
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ui
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20 25 30 35 40

Fig. 5. Numerical solutions are asymptotically stable when h = 0.1
for 1 = 0.7, 72 = 0.8, 73 = 0.9 in Example [£.2]

x10°
81—

ul
- = =u2
6 — = u3|h4

_4 i i i i i i i i

Fig. 6. Numerical solutions are not stable when h = 0.5 for
71 =0.7,72 = 0.8, 73 = 0.9 in Example [£.2]
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Fig. 7. Numerical solutions are not stable when h = 0.1 for
71 =0.9,72 = 2,73 = 3 in Example [£.2]

5. CONCLUSIONS

Theorems [3.2] and [3.4] provide sufficient conditions for delay-dependent stability of RK
methods. They show that it is possible that there is a step-size h such that the resulting
difference system from a RK method combined with Lagrange interpolation is asymp-
totically stable for an asymptotically stable system satisfying . The theorems are
useful for practical computation.

6. APPENDIX

Proof of Lemma Let § be an unstable characteristic root of Eq.. As we are
discussing an unstable root, we assume Re § > 0 throughout the proof. Since

I Njexp(=m3)l < D IN;l < 1
j=1 j=1

which assures the existence of (I — Z;nzl N exp(—7;5))~! by Lemma Introduction
of

Wi(s)=(I- Z Njexp(—T;s)) (L + Z M, exp(—7;s))

Jj=1
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for Res > 0, rewrites P(s) as

det[s] — L — Z M exp(—Tjs) — s Z Nj exp(—7;s)]

Jj=1 J=1

P(s)

det [ [T — ZNj exp(—7;s)]|[s] — W (s)]

Since p(3_7=; Njexp(—7;3)) < 3771, ||Nj|| < 1, P(3) = 0 implies the equation
det[3] — W(3)] =0 (30)

must hold. This implies the § is an eigenvalue of the matrix W (3) and there exists an
integer j (1 < j < d) such that

§= N (V). (31)
According to and Lemma [2.2] we have that

3 = NWE S IWE) =1 =D Njexp(=7;8)) (L + Y Mjexp(=753))|
j=1 j=1
< =Y Njexp(=738)) ML+ Y M exp(—7;3)|
j=1 j=1
L+ 350 Myexp(=rs®)ll _ L1+ 37 M ger 8
T LI Njexp(=m )| T 1= 30 (I
Thus the proof is completed. O

Proof of Lemma Suppose the system is asymptotically stable. All zeros of P(s)
are located on the left half plane C~. It means that P(s) # 0 when Res > 0. By the
argument principle, we have that and @ hold.

Conversely, assume that the conditions and @ hold. According to Lemma [2.3
it means that P(s) never vanishes for Res > 0. Hence and @ imply system
asymptotically stable. Thus the proof completes.
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